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Introduction

General notations

Probability

) abstract set representing the sample space of a random experiment. The elements in
w € € are the possible outcomes of the experiment.
o P(9): power set of €, the set of all possible subsets of 2.

e Most of subsets A, B, ... will be thought as events.

o Collection of subsets A, 3, ....

e The empty set 0.

e Bis a o-field, usually connected with the sample space €.

e B(R) is the Borel o-field of R.

o P is a probability measure function P : B — [0, 1].

e (Q,B,P) is a probability space.

e L is a shortcut to denote a disjoint union, for example writing ALIB means that the sets
A and B are disjoint, while writing AUB means that the sets A and B are not disjoint.

Linear algebra
e Bold and capital letter stands for a matrix, e.g. X.

¢ Bold with small letter stands for a vector, e.g. x.
e Small letter not bold denotes a scalar, e.g. x.
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Probability

11



1 Set and events

In probability, an event is interpreted as a collection of possible outcomes of a random exper-
iment.

Definition 1.1. (Random experiment)
A random experiment is any repeatable procedure that results in one out of a well-defined
set of possible outcomes.

e The set of possible outcomes is called sample space and denoted as €.

e A set of zero or more outcomes is an event.

¢ A map that goes from events to probabilities is called a probability function and it is
denoted as P. Together, sample space, event space and probability function characterize
a random experiment.

1.1 Set operations

There are several definitions related to sets and their operation.

Definition 1.2. (Complementation)
The complement of a set A is denoted by A€ and represents the set of elements that do not
belong to A, i.e.

A={weN:w¢ A} (1.1)

Definition 1.3. (Containment)
A set A is said to be contained in a set B if every element of A is also an element of B.
Formally,

ACB < weA = weB Ywe. (1.2)

Definition 1.4. (Equality)
Given two sets, A is equal to B, written A = B, if and only if every element of A is an element
of B and every element of B is an element of A. Formally,

ACB and BCA. (1.3)

12



Figure 1.1: Elementary set operations.

Let’s now state some elementary operations between sets.

Definition 1.5. (Union)
The union of two sets, written AUB, is the set of w that belongs either to A or B, i.e.

AUB={weQ:we Aorwe B}. (1.4)

As a consequence of the definition of the union the following relations holds true, i.e.

AUA=A AUQ =0
AUp=A AUAS=Q

Definition 1.6. (Intersection)
The intersection of A and B is written ANB and is the set of elements that belongs at the

same time to A and B.
ANB={weQ:we Aand w e B}.

As a consequence of the definition of the intersection the following relations holds, i.e.

ANA=A4 AnNQ=A
AN =0 ANAc=10

Moreover, let’s state the distributive laws of the union and the intersection, i.e.

Intersection. (AUB)NC = (ANC)U(BNC)
Union. (ANB)UC = (AUC)N(BUC)

13



And the De Morgan’s laws:

Intersection. (ANB)¢ = (A°UB®)

Union. (AUB)® = (A°NB°) (1.6)

Definition 1.7. (Difference)
The difference between two sets A and B, written A— B (or also A/B), is the set of elements
of A that do not belong to B. Formally

A—B=ANB*={weN:we Aand w ¢ B}. (1.7)

Disjoint reppresentation of a set

Given two set A and B, then each one can be written as the union of disjoint sets. In
fact, their union can be decomposed into the union of three disjoint sets, i.e.

AUB = (ANB)U(ANB®)U(A°NB), (1.8)
and therefore for example the set A can be written as

A= (ANB)U(A — B) = (ANB)LU(ANB®). (1.9)

Definition 1.8. (Symmetric difference)
The symmetric difference between two sets A and B is written AAB and is the union of
elements of A that do not belong to B and of elements of B that do not belong to A, i.e.

AAB=(A—-B)U(B—A) =
= (ANB°)U(A°NB) =
:{w:wEA,w¢B}U{w:WEB7W¢A}

Proposition 1.1. Given two set A, B, the symmetric difference can be written as

AAB = (AUB)N(A°LIB®).

Proof: Proposition 1.1

Proof. Let’s denote with C' = A°NB, then apply the distributive law of the union twice

14



(Equation 1.5) and develop the computations, i.e.

AAB = (ANB¢)U(A°NB) =

(ANB°)LIC =

(AUC)N(B°UC) =
[AU(A°NB)]N[B°U(A°NB)] =
[((AUA®)N(AUB)N(B*UA®)N(B°LIB) =
(AUB)N(AUB®)

1.2 Indicator function

Definition 1.9. (Indicator function)

An indicator function is a function that associate an w € A C  to a real number, i.e. either
0 or 1. It is a tool that allows to transfer a computation from the set domain into the real
numbers domain, i.e. {0,1}. Formally, 1 ,(w): Q — {0,1}, i.e.

1 weAd
Lalw) = {0 w e A€

Proposition 1.2. The containment between two sets can be equivalently written in terms of
indicator functions:
ACB <= 1,4(w) <1p(w), VYweQ.

Proof: Proposition 1.2

Proof. In order to prove the results in Proposition 1.2, let’s start by assuming A C B
and let’s distinguish two main cases.

1. Assuming w € A implies that w € B, and therefore one have an equality 1 =1, <
1z=1.

2. Assuming w € A€ implies [w € B]U[w € B€]. In this situation for both cases one
will have that 1, < 1, in fact:

o Considering w € B implies that 0 =14 <15 = 1.
o Considering w € B¢ implies that 0 =1, <15 =0.

Hence, assuming A C B implies that 1 4(w) < 1(w) for all w € Q. Now let’s assume the
contrary: 1, < 1y and let’s again distinguish in two main cases:

15



1. Assuming w € A, i.e. 14, = 1, the inequality 1,4 < 15 holds and since the indicator
function is bounded by 1 by definition it is possible to write 1 = 1, < 15 < 1.
Therefore, one obtain 1; =1 and so w € B.

2. Assuming w € A i.e. 1, = 0, the inequality 1, < 15 holds and it is possible to
write 0 =1, <15 < 1. Hence, when w € A°, there are two possible cases, i.e.

e 15 =1, but this implies that w € B.
e 15 =0, but this implies that w € B°.

When an w € A implies that w € B, but the contrary do not holds true. Hence, it is
possible to conclude that A C B. ]

1.3 Limits of sets

Let’s define the infimum (inf) and the liminf of a sequence of sets A, as:

é;fl = k@Ak, T}gr&lan = Sup inf A, = U ﬁ A,

>1 k=n n=1k=n

Informally, the infimum of a sequence of sets is the smallest set in k = n, ..., 0o, it follows that
the limit of the infimum (liminf) is the biggest (union) among all the smallest (intersection)
sets. Instead the supremum (sup) and the lim sup are defined as:

oo o0
sup = A,, lim supA, = infsup A, = A,
k=n kLJn R SNy Dl kL:Jn *

On the other hand, the supremum of a sequence of sets is the biggest set in k = n, ..., 00, it
follows that the limit of the supremum (limsup) is the smallest (intersection) among all the
biggest (union) sets. Moreover, by De Morgan’s laws:

(hm sup 4,,) (m UAk> Ej ﬁ Af = lgm inf AS,
n=1k=n n=1k=n nree

and similarly

n—oo

(lim infA,) ( m Ak> = ﬁ G Af = li_}In sup A¢.
n k=n n=1k=n nee

16



1.4 Fields and o-fields

Definition 1.10. (Field)

Let’s consider the sample space €2, then a field is a non-empty class of subsets of 2 closed
under finite union, finite intersection and complementation. Formally, A is a field if and only
if:

1. Qe A
2. Ac A = A e A.
3. ABe A = AUBc A.

Definition 1.11. (o-field)

Let’s consider the sample space €2, then a o-field is a non-empty class of subsets of {2 closed
under countable union, countable intersection and complementation. Formally, B is a o-field
if and only if:

1. Qe B.
2. BeB = B°e€ B.
3. B B,i>1 = |JB, € 3.

n>1

Field vs o-Field

The main difference between a field and a o-field is in the third property of the definitions.
A field is closed under finite union, namely the union of a finite sequence of events A,
indexed by n € {0,1,2,...,n} (property 3 of Definition 1.10). On the other hand, a
o-field is closed under countable union, namely the union of an infinite sequence of
events A, indexed by n € {0,1,2,...,n,n+1,... } (property 3. of the Definition 1.11).

17



2 Probability measure

A probability space is a triple (€2, B, P) where

1. Q, the sample space.
2. B, a o-field of subsets of (2 where each element is called event.
3. P is a probability measure.

Definition 2.1. (Probability measure)
A probability measure P is any function P : B — [0, 1] such that

1. P(A) > 0 for all sets A € B.
2. P(Q) =1.
3. P is o-additive: if {A, },>; are a sequence of disjoint events in B, then:

() -Seen o
n=1 n=1

In general, a probability measure P is a function that always goes from a o-field of subsets of
Q to [0, 1].

2.1 Consequences of the axioms

Here we list some consequences of the axioms.

1. Probability of the complement of a set A:

P(A°) = 1 — P(A). (2.2)

Proof: probability of the complement

Proof. Since it is possible to write 2 = AUA® as the union of disjoint set, we can apply

18



o-additivity (Equation 2.1) to obtain:

0 = AuAc s P(Q) = P(A) + P(A°)
— 1=P(A) + P(A°)
— P(A4%) =1— P(A)

O
2. Probability of the empty set (): P(0)) = 0.
Proof: probability of the empty set
Proof. Using the fact that P(£2) = 1 by assumption and applying Equation 2.2:
PO)=1—-P0°)=1—-P(Q)=0
O

3. Probability of the union of two sets:

P(AUB) = P(A) + P(B) — P(ANB).

Proof: probability of the union of two sets

Proof. Let’s write the sets A and B in terms of union of disjoint events (Equation 1.9)
and apply P on both side and o-additivity (Equation 2.1).

P(ANB) + P(ANB°) = P(ANB°¢) =P(A) — P(ANDB)
P(ANB) + P(BNA°) = P(BNA¢) =P

(B) — P(ANB) (2:3)

Let’s now decompose AUB in the disjoint union of 3 events (Equation 1.8) and again,
apply P on both side and o-additivity:

P(AUB) = P(ANB) + P(ANB°) + P(A°NB).
Substituting P(ANB¢) and P(ANB¢) from Equation 2.3 gives the result:

P(AUB) = P(ANB) + P(B) — P(ANB) + P(A) — P(ANB) =
=P(B) + P(A) — P(ANB)

19




4. Monotonicity property: the measure P is non-decreasing. Given two events A and B,

ACB = P(A) <P(B).

Proof: monotonicity property

Proof. The proof of the statements follows once the set B is written as disjoint union of
subsets of A and B (Equation 1.9). Then, applying the probability P and o-additivity
on both sides one obtain:

P(B) = P(A) + P(B — A) > P(A).

O

6. Subadditivity: the measure P is o-subadditive. For a sequence of events {4, },-, in B

then:
P (G An> < i P(A,). (2.4)

7. Continuity: the measure P is continuous for a monotone sequence of sets A, € B,

ie.
A, 1A = P(A)TP(A), A, LA = P(4,)|P(4). (2.5)
8. Fatou’s lemma: consider a sequence of events {4, }, -, in B, then we have the following
result:
P(liminfA,) <liminf P(A4,,) < limsup P(4,,) < P(limsupA4,,). (2.6)
n—oo n—oo n—oo n—oo

2.2 Maps and inverse maps

Let’s be very general and consider a probability space (€2, B,P) and consider a map X that
associate an w € Q) to an outcome w’ € ', i.e.

X:(Q2,38)— (V,B).
Then, X determine a function X! called inverse map, i.e.
X1 (Q,B) = (Q,3B).
In general, given a subset A’ C B’, its inverse map is defined as

X 1A) ={weQ: X(w) e A}
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@ Example: Map and inverse map

Example 2.1. Let’s consider a deck of poker cards with 52 cards in total. We have 4
groups of 13 distinct cards, where the Jack (J) is 11, the Queen (Q) is 12, the King (K)
is 13 and Ace (A) is 14. Then, let’s consider a very general experiment setup in which
we define a map

+1 ifwe{2,3,4,5,6}
X(w)=40 ifwe{7,8,9}
—1 ifwe {10,11,12,13,14}
In this case the sample space will composed by 54 elements, i.e. all the cards, and " =

{—1,0,1}. Let’s say that we observe the value X(w) = {+1} C Q’. Then, the inverse
map is the set X 1({+1}), i.e.

X1{+1}) ={weQ: X(w) € {+1}} = {2,3,4,5,6}.

In practice, we have to search those w’s such that X(w) = {1}.

Here we list some properties of inverse maps.

L X 1) =q.

2. X10) =0.

3. XA = (X7 HA))e.

4. XHQNA) = QnX (A,

5. XU, An) =U, X (A;) for all A, € B

1 Properties of inverse maps
Let’s consider two sets A” and B’ both in €’. Then, by definition:

X YA'UB) ={weQ: X(w) € A/UB'} =
={weQ: X(w) e A/ OR X(w) € B’} =
={we: X(w) e A} H{weN: X(w)eB'} =
=X 1 AHuxL(B)
Similarly for the intersection, i.e.
X YANB) ={weQ: X(w) € A/NB'} =
={weQ: X(w)€e A AND X(w) € B’} =

—{weN: X(w)eAIN{weN: X(w) € B} =
= X~ Y(A)NX"Y(B)
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Proposition 2.1. If B’ is a o-field of subsets of ', then X Y(B') is a o-field of subsets of
Q. Moreover, if C’ is a class of subsets of ', then

XY o(C") = a(X7HC")),

that is. the inverse image of the o-field generated by the class €’ € Q' is the same as the o-field
generated in ) by the inverse image X 1. In practice, the counter image and the generators
commute. Usually can be difficult to know all about the o-field B, however if we know a class
of subset that generate it, namely C" € ), we are able to recreate the o-field.

2.2.1 Measurable maps

A measurable space is composed by a sample space 2 and a o-field of subsets of €2, namely
B.

Definition 2.2. (Measurable map)
Let’s consider the function X : (2,8) — (£2',8’), then X is B-measurable, namely X €
BB, iff:

XeB/B = X YB)eB

Note that the measurability concept is very important since only if X is measurable it is
possible to make probability statements about X. Since, X ~1(B’) € B for all B’ € B’ it is
possible to assign probabilities to the events that are in 5.

Definition 2.3. (Test for measurability)
Consider a map X : (Q, B) — (', B’) and the class €’ that generates the o-field B’, i.e. B’ =
o(€C"). Then X is B-measurable iff:

xX-1e) c B
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3 Random variables

Definition 3.1. (Random variable)
Let’s consider a probability space (2, &, P), then a random variable is a map where (Q', B') =
(R, B(R)) and therefore the map takes values on the real line, i.e.

X :(Q,B) > (R, B(R))

and such that:
VBe B(R) X !(B)={weQ:Xw)eB}CB

Note that when X is a random variable the test for measurability (Definition 2.3), became:

X (oo y) =[X(w) <y]CB VyeRr

I Discrete vs continuous random variables

Definition 3.2. Let X be a random variable with set of possible outcomes 2’. Then, X
is called discrete random variable if ' is either a finite set or a countably infinite set.
X is called continuous random variable if €}’ is either a an uncountable infinite set.

3.1 Induced distribution function

Consider a probability space (2, B,P) and a measurable map X : (2,8) — (Q,3B’), then
the composition P o X! is again a map. In this way at each element w € Q) is attached a
probability measure. In fact, the composition is a map such that

1
PoX1:(,8) = [0,1 < (., 5) = 5 501
In general, the probability of a subset A" € B’ is denoted equivalently as:

Po X 1(A') = P(X"1(4)) = P(X(w) € 4')
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@ Example: Map and inverse map (continued)

Example 3.1. Let’s continue from the Example 2.1 and compute the probability of
Po X *({+1}). Let’s consider one random extraction from the 52 cards, then for each
distinct number we have 4 copies. Therefore the probability is computed as:

PXTI({+1}) = P({w € Q: X(w) € {~1}}) =
P({2.3,4,5,6}) =
5.4 5

=2 0= 2 384
52 T 1g T osA6%

Let’s now consider the probability of observing either {41} or {—1}, then

P(X'{-1,+1}) =PH{weQ: X(w) € {—1,+1}}) =
= P({2,3,4,5,6,10,11,12,13,14}) =

= — =~ T76.92%
52 3 76.92%

Finally, by property of the probability measure P(X(w) € {0}) = 1 — P(X(w) €
{—1,+1}) ~ 23.08%.

3.1.1 Distribution function on R

When X is a random variable the composition P(X1(A’)) is a probability measure induced
on R by the distribution:

P(X7H((—o0,y]) =P(X <y) VyeR

Hence, it is possible to attach to a random variable a distribution function of X that is a
measure induced on the real line R and defined as:

Fy(y) = P(X(w) € [-00,y)) = P(X <)

The distribution of X is a function that goes from Fy : (R, B(R)) — [0, 1]. If a random variable
has a continuous and it’s distribution function is differentiable, then it is possible to define the

density as:

Fxly) = Cl}}lfy(y) o dFy(y) = fx(y)dy (3.1)
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4 Independence

Definition 4.1. (Independent events)
Given a probability space (2, B, P), two events A, B € B are said to be independent if:

P(ANB) = P(A) P(B)

A finite sequence of events, namely A, A,,..., A, € B, is said to be independent, if for all
2§j§nandlgklgkzg...gkjgnwehave:

=1

@ Events not pairwise independent.

Consider the probability space (2, P(Q2),P), where Q = {1,2,3,4,5,6} and for every
w; € O we have a constant probability P(w;) = ¢ Vi. Consider the events 4; = {1,2,3,4}
and A, = A; = {4,5,6}, are these events independent? Note that the events have
probabilities P(4,) = 2, P(A,) = P(A;) = 3. Consider all the events A, A,, A5, then
the intersection of those sets gives [A;NA,NA3] = {4} that has probability P({4}) = ¢.
Then we can compute the product of the probabilities of the single events:
1 211 1
9 = P([A,NA;NA3]) = P(A;)P(Ay)P(A43) = 399 = 9
Hence the events A, A,, A5 are pairwise independent. Consider now only the events
A,, Az, the probability of the joint set, namely [A,NA3] = {4,5,6}, is P({4,5,6}) = 3.
However the product of the probabilities of the single events gives a different result:
1 11 1
5 = I]D([A20A3]) 7& [P<A2)[P(A3) = 55 = Z

Hence the events A,, A; are NOT pairwise independent.

Proposition 4.1. (Independence and complementation)
If two events A and B are independent, then also are A and B°, B and A°, A° and B¢ are
independent.
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1 Independence and complementation

Proof. If two events A and B are independent, then also are A and B¢, B and A¢, A°¢
and B¢. In order to prove that A and B¢ are independent let’s write the event A as union
of disjoint events (Equation 1.9). Then since A and B are assumed to be independent:

P(A) = P(ANB) 4+ P(ANB*) =

P
P(A)P(B) + P(ANB®)

Recovering P(ANB€) one obtain:

P(ANB®)

P(A) — P(A)P(B) =
P(A)(1—P(B)) =
P(A)P(B)

The same follows for A° and B. Now let’s consider the case of A° and B¢. Using the
same trick done previously A¢ = [A°NB]LI[A°NB¢]|. Since we have already proven that
B¢ and A are independent, we can write:

P(A°)

P([A°NB]L[ANBe]) =
P(A°NB) + P(A°NB°) =
P(A°)P(B) + P(A°NB°)

Recovering P(A°NB°) one obtain:

P(A°NB°) (A°) —P(A°)P(B) =

P
— P(4%)(1— P(B)) =
P

26




5 Expectation

The expectation represents a central value of a random variable and has a measure theory
counterpart as a Lebesgue-Stieltjes integral of X with respect to a (probability) measure
P. This kind of integration is defined in steps. First it is shown the integration of simple
functions and then extended to more general random variables. In general, let’s consider a
probability space (£2, B,P) and a random variable X such that

X : (Q,B) — (R, B(R))

where R = [—o0, 00]. Then, the expectation of X is denoted as:

E{X} = /Q XdP = /Q X (w)P(dw)

as the Lebesgue-Stieltjes integral of X with respect to the (probability) measure P.

5.1 Simple functions

In general a random variable X (w) is simple if it has a finite range. Let’s consider a probability
space (€2, B,P) and consider a B/35B(R)-measurable simple function X : Q@ — R, i.e.

X(w) = Zai]lAi (w), (5.1)

where a; € R and A; € B are a disjoint partition of the sample space, i.e. |_|ZL:1AZ- = . Let’s
denote the set of all simple functions on 2 as £. In this settings, £ is a vector space. This
implies that he following two properties holds.

1. Constant: given a simple function X € &, then aX € £. In fact:

n n
aX = Zaai]lAi = Z a;jly €& (5.2)
=1

i=1

where a} = aa;.
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. Linearity: given two simple function X,Y € &, then X +Y € £. In fact:

where the sequence of sets {AiBj 1<i<nandl<j<m} form a disjoint partition of
Q.

. Product: given two simple function X,Y € &, then XY € £. In fact:

XY = Zn:a,iILAi ibjllBj =
i=1 j=1

M3
NgE

=33 ab)ia1p = (5.4)

.

3 |l
—
<
I
—

|
.MS

(aibj)]lAiﬂBj

-
Il

—_
<
Il

—_

5.1.1 Measurability

Simple functions are the building blocks in the definition of the expectation in terms of
Lebesgue-Stieltjes integral. In fact a known theorem called Measurability theorem shows
that any measurable function can be approximated by a sequence of simple functions.

Theorem 5.1. Suppose that X(w) > 0 for all w € Q. Then, X is B/B(R) measurable if and
only if there exists simple functions X,, € & and

0<X, 71X < X=lm 17X,
n—,oo

5.2 Expectation of Simple Functions

The expectation of a simple function X is defined as:

(X} = aP(4))
i=1

where |a,;| < oo.
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5.2.1 Properties

1. Non-negativity: If X > 0 and X € & then E{X} >0

1 Expectation of a simple function is non-negative

Proof. By definition of simple functions O

2. Linearity: the expectation of simple function is linear, i.e.

E{aX + BY} = oE{X} + BE{Y}

1 Expectation of a simple function is linear

Proof. Let’s consider two simple functions, i.e.

Zzn:ai]lAi(w) and Y (w Zb]lB
i=1

and let’s fix a, f € R. Then, by the second property of the vector space & (Equation 5.3)
it is possible to write:

aX +BY = Z Z(aai + ﬂbj)]lAiﬂBj

i=1 j=1

Then, taking the expectation on both sides:

E{aX + Y} = ZZ aa; + Bb;)P(A;NB;) =

=1 j=
m m n
= Z aa; Y P(ANB) + Y Bb; > P(ANB))
i—1 j=1 j=1 i—1
Fixing i, the sequence A;NB; for j = 1,...,n is composed by disjoint events since by

definition B; are disjoint. Hence, applying o-additivity it is possible to write:

i[PAﬂB _[P(|_|AmB)

()

P (A,NQ) = P (A,)
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Therefore, the expectation simplifies in:

E{aX +B8Y} = zn:ozailP(Ai) + iﬁbj[P(Bj) =
i1 =1

= oE{X} + BE{Y}

5.3 Review of inequalities

5.3.1 Modulus inequality
Definition 5.1. (Modulus Inequality)

Let’s consider a random variable X € £, where £, stands for the set of integrable random

variables, i.e.
L ={X: Q= R: Xisarv. ,E{|X|} < o0}

Then, the modulus inequality states that:

[E{XG] < B{IX]}

5.3.2 Markov inequality

Definition 5.2. (Markov Inequality)
Let’s consider a random variable X € £, and fix a A > 0, then by the Markov inequality:

P(IX| > X) < SE(IX])

5.3.3 Chebychev inequality

Definition 5.3. (Chebychev Inequality)
Consider a random variable X with first and second moment finite, i.e.

E{|X|} < oo, V{|X]|}<o0

then by the Chebychev inequality:

P(X 2 3) < 3 E{X]?) (5.5)
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5.3.4 Holder inequality

Definition 5.4. (Holder Inequality)
Let’s consider two numbers p and ¢ such that

1 1
p>17q>157+7:1
p q

and let’s consider two random variables X and Y such that:
E{|X]P} < o0, E{|[Y|?} <0

Then,
[E{XY}| < E{|XY]} < (E{|X|P})7 (E{|Y]¢})s (5.6)

In terms of norms:
XYl < [[XT1[1Y ]

5.3.5 Schwartz inequality

Definition 5.5. (Schwartz Inequality)
Consider two random variables X,Y € £,, i.e. with first and second moment finite, i.e.

E{|X|} <o, E{X?} <

Then

IE{XY}| < E{|XY]} < VE{X?}E{Y?} (5.7)
In terms of norms:
XYl < [ XT|2[IY]]2

Note that this is a special case of Holder inequality (Equation 5.6) with p = ¢ = 2.

5.3.6 Minkowski inequality

Definition 5.6. (Minkowski Inequality)
For 1 <p < oo let’s consider two random variables X,Y € £, then X +Y € £, and

X+ Y, < [1X1], + 1Yl (5-8)

Note that the triangular inequality is a special case of Minkowski inequality with p =1, i.e.

X +Y] < |X]+]Y] (5.9)
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5.3.7 Jensen inequality

Definition 5.7. (Jensen Inequality)
Let’s consider a convex function u : R — R. Suppose that E{X} < oo and E{|u(X)|} < oo,
then

F{u(X)} > u(E{X}) (5.10)

if u is concave the results revert, i.e.

Efu(X)} < u(E{X}) (5.11)

32



6 Conditional expectation

Theorem 6.1. (Radom Nikodym)
Consider a measure space (2, B) and two measures i, v such that u is o-finite (Definition 31.4)
and p << v (Definition 31.1). Then there exists a measurable function X : Q — R such that:

,u(B):/Xdl/ VB e B
A

Definition 6.1. (Conditional expectation)

Given a probability space (€2, B, P), consider G as a sub o-field of B, i.e. § C B. Let’s consider
a random variable X : Q@ — R with finite expectation E{|X|} < +o00. We define a conditional
expectation for X given G, any random variable Y = E{X |G} such that:

1. Y has finite expectation, i.e. E{|Y|} < 4o0.

2. Y is G-measurable.

3. E{1,Y} = E{1,X}, VA € G, namely if X and Y are restricted to A € G, then their
expectation coincides.

A o-field can be used to describe our state of information. It means that, VA € G we already
know if the event A has occurred or not. Therefore, when we insert in G the events that
we know were already occurred, we are saying that the random variable Y is G-measurable,
i.e. the value of Y is not stochastic once we know the information contained in G. Moreover,
the random variable Y = E{X |G} represent a prediction of the random variable X, given the
information contained in the sub o-field G.

Definition 6.2. (Predictor)

Consider Z any G-measurable random variable. Then Z can be interpreted as a predictor of
another random variable X under the information contained in the o-field §. However, when
we substitute X with its prediction, namely Z, we make an error given by the difference X — Z.
In the special case in which E{|Z|*} < oo, we can take as error function the mean squared
error, i.e.

E{error?} = E{(X — 2)?}
We say that the conditional expectation E{X |G} is the best predictor in the sense that:

E{(X — E{X]9})?} = min E{(X — 2)}
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Hence, E{X|G} is the best predictor that minimize the mean squared error over the class 2
composed by G-measurable functions with finite second moment, formally

2 ={Z G-measurable and E{|Z|?} < oo}

6.1 Properties of conditional expectation

Here we state some useful properties of conditional expectation:

Linearity: E{aX 4+ 0Y|G} = aE{X|G} + bE{Y |G}, for all constants a,b € R.

Positive: X >0 = E{X|G} > 0.

Measurability: If Y is G-measurable, then E{XY|9} = YE{X|G}.

Constant: E{a|G} = a Va € R. In general, if X is G-measurable then E{X |G} = X,
i.e. is not stochastic.

Independence: If X is independent from the o-field G, then E{X |G} = E{X}.

6. Chain rule: consider two two sub o-fields of B such that G; C G, then we can write:

Ll o

ot

E{X]9:} = {E{X|9}|9:}

Remember that, when using this property it is mandatory to take the conditional ex-
pectation before with respect to the greatest o-field, i.e. the one that contains more
information (in this case G,), and then with respect to the smallest one (in this case G,).

6.2 Conditional probability

Definition 6.3. (Conditional probability)
Given a probability space (Q,F,P), consider G as a sub o-field of &, i.e. § C F. Then the
general definition of the conditional probability of an event A given G is:

P(A]G) = E(14]9) (6.1)

Instead, the elementary definition do not consider the conditioning with respect to a o-
field, but instead with respect to a single event B. In practice, take an event B € F such that
0 < P(B) <1, then VA € & the conditional probability of A given B is defined as:

P(AN B)
P(B)

P(AB) = ZANBY (6.2)

P(A|B) = P
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i1 Elementary and the general definition are equivalent

The elementary (Equation 6.2) and the general (Equation 6.1) definitions are equivalent,
in fact consider a sub o-field G which provides only the information concerning whenever
w is in B or not. A o-field of this kind will have the form G5 = {Q,0, B, B°}. Then,
consider a G p-measurable function, f : {2 — R, such that:

a weEBRB
f<w):{ﬁ we B°

It remains to find o and § in the following expression:
P(AlGp) = E{14]9p} = alp + Bl
Note that, the joint probability of A and B can be obtained as:

P(ANB) = E{1,15} = E{E{1,415|9p}} = E{E{14|Gp} 15} =
= E{P(A[Gp)1p} =
=E{(allg + Blg:)lp} =
= al{1p} + BE{1p. 15} =

= aP(B)
Hence, we obtain:
B _ P(ANB)
P(ANB)=aP(B) = a= W
Equivalently for P(A N B¢) it is possible to prove that:
P(AN B°)
[P A BC = lP BC = —-—
(ANB7) = B R(BY) = f= g

Finally it is possible to write the conditional probability in the general definition as a
linear combination of conditional probabilities defined accordingly to the elementary one,
i.e.

P(AlGp) = P(A|B)1 + P(A[B)15.

@ Conditional probability

Example 6.1. Let’s continue from the example Example 2.1, let’s say that we observe
X(w) = {+1}, then we ask ourselves, what is the probability that in the next
extraction X(w) = {0}7 The chances that with 52 cards we obtain X(w) = {0} is
approximately % ~ 23.08% (see Example 3.1). Then, given the fact that the extracted
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card originates X (w) = {41} we have that the probability, conditional to the fact that
in the first extraction we had a card {41}, that in the next extraction we have {0} is
£ =23.52%. Let’s now investigate the chances that in the next extraction X (w) = {+1}
given that in the previous was {+1}. The unconditional probability is % ~ 38.46%, the

conditional probability will be % ~ 37.25%.

@ Conditional probability: numerical example

Example 6.2. Let’s consider two random variables X(w) and Y (w) taking values in
{0,1}. The marginal probabilities P(X = 0) = 0.6 and P(Y = 0) = 0.29. Let’s consider
the matrix of joint events and probabilities, i.e.

(e o) - (5 08)

Then, by definition the conditional probabilities are defined as:

| [X=0
1

N 0
AY =0 [X=

P(X =0NY =0) _ 0.17

PX = 0)Y = 0) = =g = gop ~ 5863%

and
PX =0y =1)= DX =0V =1 043 g 560
- T YT T Ppiy=1)  1-o029 77

Considering Y instead:

P(Y =0NX =0) 0.17

PY =01X=0) = P(X=0 06

~ 28.33%

and
P(Y =0nX=1) 0.12

PX=1  1-06
Then, it is possible to express the marginal probability of X as:

P(Y=0X=1)= ~ 30%

P(X =0) = E{P(X =0]Y)} =
—P(X =0y =0)P(Y =0)+P(X =0]Y = )P(Y =1) =
= 0.5863 - 0.29 4 0.6056 - (1 — 0.29) ~ 60%

And similarly for Y

P(Y = 0) = E{P(Y = 0|X)} =
—P(Y =0|X=0)P(X =0)+P(Y =0 X =1)P(X=1) =
—0.2833-0.6 +0.30 - (1 — 0.6) ~ 29%
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7 Characteristic functions

Definition 7.1. (Characteristic function)
Consider an n-dimensional vector X, then the characteristic function is defined Vt € R™ as:

Xy
itTX T Xy

Py (t) = E{e’™ *} where t7X = (t,15,...,t,) :
X

n

The characteristic function always exists when treated as a function of a real-valued argument,
unlike the moment-generating function. The characteristic function uniquely determines the
probability distribution of the correspondent random vector X. More precisely, saying that
two random variables has the same distribution is equivalent to say that their characteristic
functions are equal. It follows that we can always work under characteristic functions to prove
that two distribution of some random vectors are equal or that a distribution converges to
another distribution. Formally X and Y ave same distribution, i.e.

Here, we list some properties considering the random variable case, i.e. n = 1, with t € R.
1. Independence: X and Y are independent iff:

2. Existence of the j-th moment: If the j-th moment of the random variable is finite then
the characteristic function is j-times differentiable and continuous in 0, i.e. ®, € CU,
Formally,

E{|X|]"} <00 = &, €C™ and &V (t) = E{(iX)"eX} r=1,2,..,]
Note that, if j is even, it became an if:

E{|X|"} <00 = @y eC, P (1) = E{(iX) e} r=24, ..,
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3. Inversion theorem: The characteristic function uniquely determines the probability
distribution of the correspondent random vector X:

1 ¢ —ita __ ,itb
F(b) —F(a) = — lim | &

271 e—oo ) t

®(t)dt Va <b

Then, the density function is obtained as:

1
o

f(x) /OO e XDy (t)dt

4. Convergence in distribution:

X, 5 X < Dy(t) = lim By (t) VtER

n—oo n—0o0

5. Scaling and centering: Given Y = a + bX, the effect of scaling and centering on the
characteristic function is such that:

(I)Y(t> — [E{eitY} — ﬂ,:{eit((H-bX)} — eitb[E{ei(ta,)X} — 6itb(I)X(at> Va,b,t € R
6. Weak Law of Large Numbers: consider a sequence of IID random variables {X,,},~1,
such that exists the first derivative of the characteristic function in zero, namely 3¢’ (0)

and the first moment of X, is finite, i.e. E{|X;|} = p < oo, then the sample mean
converges in probability to a degenerate random variable o € R.

for some o € R.

1 WLLN and characteristic function

Proof. To prove the above statement, let’s compute the characteristic function of X, :

¢x (t) = [E{exp (Z ZL;X”> }@ [¢X1 (Z)r

Let’s now apply the Taylor series of a function f(x) around the point a (Equation 30.1)

to expand till the first order term the function ¢y (%) around zero (¢ =0 and = = %),
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ie.

ox (1) = (%, 0 + Lok, 0+ (;)) _
_ (1 L 1%, <o>n+ no<;>)" . exp {5, 0}

The convergence going to the limit as n — oo follows from the fact that in general if
a, — a, then the following limit holds:

n
n—oo

(1 + a”) — e°
n n—o00
Therefore, since ¢y (0) = ia for some a € R, it follows that:

lim ¢ (t) = %0 = gita ¢ ¢ R
n—oo n
Hence, since e'® is the characteristic function of a degenerate random variable, namely a
random variable that is constant almost surely, it is possible to conclude that the sample
mean converges in distribution to a degenerate random variable a. Moreover, in this
specific case in which the limit is a degenerate random variable it can be proved that
having convergence in distribution implies also convergence in probability, something that
in general is not true. O

7.1 Moment generating function

Definition 7.2. (Moment Generating Function)
Consider an uni dimensional random variable X, then the moment generating function is
defined as:

Yx(t) = E{e'*} VvVt e R—{0}

Proposition 7.1. (Moment generating function and sequence of moments)
Consider a random variable X, such that it’s moment generating function exists and it’s finite

around zero, i.e.
Px(t) = E{e®} < oo €>0,Vt € (—¢,¢)

Then this implies that the sequence of moments are finite E{|X|"} < oo for all n and the
sequence of moments uniquely determine the distribution of X. According to this result, if
we consider another random variable Y such that E{|X|"} = E{|Y|"} for all n, then the
distribution of X and Y is the same, i.e. X ~ Y.
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8 Convergence concepts

Let’s consider a sequence of real number, say a,,, then stating that the associated series con-
oo . . . .
verges, formally Zk:l oy, < oo, implies that from a certain £ awards a; = 0, i.e.

o0

N
o <00 < lim Zak:()
Pt N%ook:

8.1 Types of convergence

Definition 8.1. (Pointwise)
A sequence of random variables { X, },~; is said to be convergent point wise to a limit X iff
for all w € Q: B

X, (w) — X(w) < lim X, (v) = X(w)

n—oQ n—,oo

This kind of definition requires that convergence happen for every w € 2.

Definition 8.2. (Almost Surely)
A sequence of random variables {X, } -, is said to be convergent almost surely to a limit
X iff: -

P{we Q: 71,11—>IrOlOXn<W) =X(w)}=1

Usually, such kind of convergence is denoted as:

X, (w) =5 X(w)

n—oo

In other terms, an almost surely convergence implies the relation must holds for all w €
with the exception of some w’s, that are in 2, but whose probability of occurrence is zero.

Definition 8.3. (In Probability)
A sequence of random variables {X,},>; is said to be convergent in probability to a limit
X if, for a fixed € > O:

lim P{we Q: X, (w) — X(w)] >€} =0

n—oo
Usually, such kind of convergence is denoted as:
X, (w) = X(w)

n—oo
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Definition 8.4. (L))
A sequence of events X, such that:

E{|X, [P} < oo, E{[X[P} < oo,

is said to be convergent in L,,, with p > 0, to a random variable X iff

L
X, (w) — X(w) < lim E{|X, — X[P} =0
n—oo n—oo

Usually, such kind of convergence is denoted as:

LP
X, — X
n—,oo
Note that, it can be proved that there is no relation between almost sure convergence and L,
convergence, i.e. one do not imply the other and viceversa. However, a convergence in a bigger
space, say q > s implies the convergence in the smaller space, i.e.

L(I LP
X, X =X, — X, 0<p<yg

n—oo n—,oo

Definition 8.5. (In Distribution)

A sequence of random variables X, is said to be convergent in distribution to a random
variable X if the distribution of [y ~weakly converges to I, i.e.

lim Fy () =Fx(z) Vz

n—odo

where z is a continuity point of F. Usually, such kind of convergence is denoted as:

X, (@) -5 X(w)

n—,oo

In other terms, we have convergence in distribution if the distribution of X, ,
converges as n — oo to the distribution of X, namely Fy. Note that the convergence in
distribution is not related with probability space but involves only the distribution functions.

namely [y ,

8.2 Laws of Large Numbers

There are many versions of laws of large numbers (LLN). In general, a sequence {X }, -, is
said to satisfy a LLN iff:

X :i:liXiﬁX

n n i=1
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I Strong vs weak laws of large numbers

In general, if convergence happens almost surely (Definition 8.2) we speak about strong
laws of large numbers (SLLIN). Otherwise, if convergence happens in probability we
speak about weak laws of large numbers (WLLN). A crucial difference to be noted is
that when convergence happens almost surely we are dealing with a limit of a sequence
of sets (limit is inside P), instead if convergence happens in probability we are dealing
with a limit of a sequence of real numbers in [0, 1] (limit is outside P).

8.2.1 Strong Laws of Large Numbers

Definition 8.6. (Kolmogorov SLLIN)
Let’s consider a sequence of IID random variables {X,,},,-;. Then, there exist a constant ¢ € R
such that:

el 1 n S a.s.
X,==> X;==" S ¢
ni:l n mn—oo

Then, if E{|X;|} < oo in which case ¢ = E{| X, |}.

Definition 8.7. (SLLN without independence)
Let’s consider a sequence of identically distributed random variables { X, },,-, i.e. E{X,} =
E{X,} for all n, such that:

1. E{X?} < ¢ where ¢ > 0 is a constant independent from n.

= 1 n Sn a.s.
Xn:EZXi:* E{X)}
i=1

n n—oo

Note that the existence of the first moment and the fact that it is finite, i.e. E{ X, } < oo, implies
that there exists the characteristic function of the random variable in zero, i.e. 3¢y (0). On
the other hand, the existence of the characteristic function in zero do not ensure that the first
moment is finite.

8.2.2 Weak Laws of Large Numbers

Let’s repeat a random experiment many times, every time ensuring the same conditions in such
a way that the sequence of the experiment are IID. Then, each random variable X; comes from
the same population with a unknown mean E{X} and variance V{X}. Thanks to the WLLN
and repeating the experiment many times we have that the sample mean of the experiment
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converges in probability to the true mean in population. Convergence in probability means

that:
> e} =0
Definition 8.8. (WLLN with variances)
Given a sequence of independent and identically distributed random variables {X, },-,
such that:

n—oo

lim [P{wEQ:

3 Xilw) — E{X ()
=1

1. [E{Xl} == /,L.
2. E{X?} < .

1 Proof WLLN with variances

Proof. Let’s consider the random variable X, = %2?11 X, then since by assumption
the mean and variance are finite, let’s apply the Chebychev inequality (Equation 5.5),
i.e.

_ 1 _
P(X, — 1l 2 ) < 5V, — u}

Using a well known scaling property of variance let’s simplify it as:
_ 13
V{X, —pt=V { ZXZ' —u = (Constant)
Lt
1 n
=V { Z X, p = (Scaling)

Lt
1 n

= ﬁ\/ Z X, ¢ = (Independence)

=1

1 n

=— Z {X,} = (Identically distribution)
i

_not_o*

2

Therefore the Chebychev inequality became
2

o
n\2

P(IX,, —pl > ) <
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Taking the limit as n — oo proves the convergence in probability, i.e.

2
lim P(|X, —p| > \) < lim —— =0

n—00 n—oo A2

Definition 8.9. (Khintchin’s WLLN under first moment hypothesis)
Given a sequence of independent and identically distributed random variables {X, },-,
such that:

1. E{X,} < 0.
2. E{X,} = .

— 1< S p
T D R "

n mn—oo

Definition 8.10. (Feller’s WLLIN without first moment)
Given a sequence of independent and identically distributed random variables {X,,},~;
such that: -
lim zP{|X{| >z} =0
T—00

then

- 1 ¢ S, P
X, = - ZXi =— E{X11x,1<n)}

n n—oo

Note that this result makes not assumptions about a finite first moment.

1 SLLN (without independence) implies WLLN

Let’s verity that under the assumptions of the SLLN without independence (Defini-
tion 8.7) we will always have convergence in probability, i.e.

_ n P

X, = ZXi — E{X;}
i—1

n—oo

S

Proof. Using Chebychev inequality (Equation 5.5), fix an € > 0 such that:

P(, — E(X,}] > 0) < L)
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Let’s explicit the computations, i.e.

V{X,} _ 1 9 _
= n%zv{;){i} -
- n2152 [Z ViXit+ Z Z ColXi, X;}

i=1 i=1 j#i

By assumption the covariances are zero Cv{X;, X;} = 0Vi # j. Moreover, since V{X,} =
E{X?} — E{X,}? it is possible to upper bound the variance with the second moment,
namely V{X,} < E{X?}, i.e.

1 & 1 S,
e 2 VK < g ) HXT
=1 i=1

Since by the assumption of the SLLN we have that E{X?} < ¢ where ¢ > 0 is a constant
independent from n we can further upper bound the probability by:

1 & ) 1 & ne c
22z:[E{Xi}S 22262 2.2 2
n2e? &~ n2e? &~ n2e ne

Finally if we take the limit for n — oo it is equal to zero implying convergence in
probability:
0< lim P(X, —E{X,}| >¢) < lim — =0
n—,oo

n—o00 NE

8.3 Central Limit Theorem

Theorem 8.1. (Central Limit Theorem (CLT) - IID case)
Let’s consider a sequence of n random variables, X, = (Xy,...,X,,), where each X, is inde-
pendent and identically distributed (IID), i.e.

X, ~ ID(p,0%) — E{X,} = E{X,} = u
— V{X,} = V{X,} = o2

Then, let’s define a random variable, namely S,,, given by the sum of all the X;, i.e.
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It is easy to see that due to the fact that the random variables are IID the moments of S, are:
£{S,} = nE{X,} =np, V{S,} = nV{X,} = no?
Hence, the standardized variable Z, on large samples is normally distributed, i.e.

_ noxo
A Sn [E{Sn} — Zz:l ? np i N(O,l)

SEVERT Vo nSe

46



Part |l

Statistics

47



9 Population, sample and moments

A population refers to the entire group of individuals or instances about whom we hope to
learn. It encompasses all possible subjects or observations that meet a set of criteria. The
population is the complete set of items that interest the researcher, and it can be finite (e.g. the
students in a particular school) or infinite (e.g. the number of times a die can be rolled). A
population size is given by the number of distinct elements and it includes every individual
or observation of interest.

A sample is a subset of the population that is used to represent the population. Since studying
an entire population is often impractical due to constraints like time, cost, and accessibility,
samples provide a manageable and efficient way to gather data and make inferences about the
population. It is important that the sample is representative of the population of interest to
allow for valid inferences. It is always important to distinguish between a random sample,
e.g. a random group of students in 5th year from a school to make inference about the students
at the bth year of such school, and a convenience sample, e.g. a class of 5th year students
who are easily accessible to the researcher, but that can be not representative of all the 5th
year students in the school.

Aspect Population Sample

Definition Entire group of interest Subset of the population

Size Large, potentially infinite Small, manageable

Data Often impractical to study directly Practical and feasible

Collection

Purpose To understand the whole group To make inferences about the
population

9.1 Expectation

The expectation of a random variable X is it’s first moment, also called statistical average. In
general, it is denoted as E{X}. Let’s consider a discrete random variable X with distribution
function P(X = x;) = p;. Then the expectation of X is the weighted average between all
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Figure 9.1: Population vs sample.

the possible m-states that the random variable can assume by it’s respective probability of
occurrence, i.e.

E{X} =) zp;.
=1

In the continuous case, i.e. when X takes values in R and admits a density function, the
expectation is computed as an integral, i.e.

F{X} = [ : 2dFy(z) = [ " ().

o

9.1.1 Sample statistic

Let’s consider a sample of IID observations, i.e. X,, = (z4,...,%;,...,2,). Then the sample
expectation is computed as:

~ 1<
N3

Population vs sample

In general, the notation X, refers to a finite sample, e.g. i(X,,) is the sample mean.
Instead the notation without n, i.e. X, stands for the random variable in population,
e.g. E{X} is the mean in population. A population can be finite or non-finite. In the
case of a finite population with N element it is useful to distinguish between:
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e Extraction with reimmission of n elements for the sample gives N™ possible
combinations.

o Extraction without readmission of n elements for the sample gives (]X ) possible
combinations.

Table 9.2: Expectation in a discrete and continuous population and in a sample X,.

Population (continuous) Population (discrete) Sample

ff:o xf(x)dx Z;n:l TP, EODAIES

9.1.2 Sample moments

Let’s consider an the moments of the sample mean of an IID sample. Since all the variables
has the same expected value, i.e. E{z;} = E{X}, the expected value of the sample mean is

computed as:
E{A(X,)} = - > Efa} = E{X}. 91)

i=1

The variance of the sample mean is computed as:

V(X)) = v {Zx} -

9.1.3 Sample distribution

Proposition 9.1. Let’s consider a sample X,, of n IID random variables. If n is sufficiently
large, independently from the distribution of the X, by the central limit theorem (CLT) the
distribution of the sample expectation converges to the distribution of a normal random variable,

" ) Lo (E{X},W{X}>.

A(x et
n—oo n

n

Proof: Distribution of sample expectation (Proposition 9.1)

Proof. In order to prove Proposition 9.1 it is useful to compute the expectation and the
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variance of the following random variable, i.e.

n
S, = E x;.
=1

The expectation and the variance of S,, can be easily obtained from Equation 9.1 and
Equation 9.2 respectively and read:

E{S,} =n-E{X}  V{S,}=n-V{X}
Applying the central limit theorem (Theorem 8.1) one obtain:

S, —n-E{X} S —E{X}

. B Sa{X}
V- Sd{X} IR

~ N(0,1).

Hence the random variable mean fi(X,,) = %‘ on large samples is distributed as a normal
random variable, i.e.

ax,) =Ly, v ([E{X} WX})

n n 1

Note that on small sample this results holds true if and only if X is normally distributed
also in population. Under normality also in population we have that independently from
the sample size:

. ~ V{X
X~ NEXRVEXD, Vi = i) ~ v (£, ).
]
V(x) la V(X) Ta_
— N(E(x),T) — E{X} - - ;;xn — N(E(X)'T) — EX} - - E;xn
. anliss o ]
. 154
4@‘ 5]
8 10
14 5
0 0
06 08 10 12 14 092 0.96 1.00 1.04
Sample mean Sample mean
(a) Small sample (166). (b) Large sample (5000).

Figure 9.2: Distribution of the sample mean.
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9.2 Variance and covariance

In general the variance of a random variable in population defined as:
2
V{X} = H{(X —E{X})"}.

Let’s consider a discrete random variable X with distribution function P(X = z;) = p;. Then
the variance of X is the weighted average between all the possible m-centered and squared
states that the random variable can assume by it’s respective probability of occurrence, i.e.

VIX} = (o, — E(XD,

In the continuous case, i.e. when X admits a density function and takes values in R, the
expectation is computed as:

vix) = [ - B xods,

Let’s consider two random variables X and Y. Then, in general their covariance is defined

| Co{X, Y} = E{(X — E{X}) (Y —E{Y})}.

In the discrete case where X and Y have a joint distribution P(X = z,;,Y = yj) = p;j, their
covariance is defined as:

Cv{X,Y} = Em: i (z; — E{X}) (yj - [E{Y}> Dij-

i=1 j=1

In the continuous case, if the joint distribution of X and Y admits a density function the
covariance is computed as:

Co{X, Y} = / / (& — E{X})(y — E{Y}) fx.y (2, y)ddy.

9.2.1 Properties

There are several properties connected to the variance.
1. The variance can be computed as:
V{X} = E{X?} - E{X}>. (9.3)
2. The variance is invariant with respect to the addition of a constant a, i.e.

V{a+ X} = V{X}. (9.4)
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3. The variance scales upon multiplication with a constant a, i.e.

V{aX} = a®V{X}. (9.5)

4. The variance of the sum is computed as:

V{X + Y} = V{X} + V{Y} 4+ 2Co{X, Y}. (9.6)

5. The covariance can be expressed as:

Cu{X,Y} = E{XV} — E{X}E{Y}. (9.7)

6. The covariance scales upon multiplication with a constant a and b, i.e.

Cv{aX,bY} = abC{X,Y}. (9.8)

Proof: Properties of the variance

Proof. The property 1. (Equation 9.3) follows easily developing the definition of variance,
i.e.

VIX} = E{(X —E{X})*} =
= E{X?} + E{X}? - 26{X}? =
= E{X?} - E{X}?
The property 2. (Equation 9.4) follows from the definition, i.e.
Via+ X} =E{(a+ X —E{a+ X})*} =
= E{(X ~ E{X})") =
= V{X}

The property 3. (Equation 9.5) follows using the expression of the variance in Equa-
tion 9.3, i.e.

V{aX} = E{(aX)?} — E{aX}? =
= a’E{X?} — ’E{X}? =
= a®(E{X?} — E{X}?) =
= a?V{X}
The property 4. (Equation 9.6), i.e. the variance of the sum of two random variables is:
VIX+Y}=E{(X+Y -E{X+Y})?} =
= H{((X —E{X} +[Y —E{V}])?} =
= E{(X —E{X})?} + E{(Y - E{Y'})?} + 2E{(X —E{X})(Y —E{V})} =
=V{X} +V{Y} +2Cuv{X,Y}
where in the case in which there is no linear connection between X and Y the covariance
is zero, i.e. Cv{X,Y} = 0. Developing the computation of the covariance it is possible
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to prove property 5. (Equation 9.7), i.e.

Co{X,V} =H{(X —E{X}) (Y —E{Y}} =
= E{XY — XE{YV} — YE{X} + E{X}E{Y}} =
= E{XY} — 2E{X}E{Y} + E{X}E{Y} =
= E{XY} — E{X}E{Y}

Finally, using the result in property 5. (Equation 9.7) the result in property 6. (Equa-
tion 9.8) follows easily:
Cv{aX,bY} = E{aXbY} — E{a X }E{DY} =
= abE{ XY} — abE{X}E{Y} =

= abCv{X,Y}
O
9.2.2 Sample statistic
The sample’s variance on X,, = (2, ...,,,...,%,) is computed as:
~9 1 ¢ 2
VX, =52(X,) = — 3 (o —E{X,})" (9.9)

i=1

Equivalently, in terms of the first and second moment:

7%(X,) = ;f:xg— (;i:@) : (9.10)

In general, the variance computed as in Equation 9.9 is not correct for the population value.
Hence, to correct the estimator let’s define the corrected sample’s variance:

2(X,) = nﬁ L52(X,). (9.11)

9.2.3 Sample moments

Let’s consider an the moments of the sample variance on an IID sample. The expected value
of the corrected sample variance:

E{5*(X,)} =% (9.12)
The variance of the corrected sample variance is:
ot /o n
V{8(X :7<74_3 2 ) 9.13
P =2 (M- +2-"0), (913)
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where £4 is the kurtosis of X, . If the population is normal, £4 = 3 and the variance simplifies
g g
in:
204

ViR, = 20

(9.14)

9.2.4 Sample distribution

The distribution of the sample variance is available when we consider the sum of n-IID
standard normal random variables. Notably, from Cochran’s theorem:

$(X,,)

T,=(n—-1)—Z ~x*(n—1) (9.15)

n o

Going to the limit as ¥ — oo a x2 random variable converges to a standard normal random
variable, i.e.
X*(n)—n d

— N(0,1
vV 2n n—oo ( )
therefore, on large samples the statistic 7,, converges to a normal random variable, i.e.
d T —
T, -5 N(n,2n) < 2" ~ N(0,1) (9.16)

n— o0 \2n

Distribution of 52(X,,) under normality.

If the population X, is normal, then the distribution of $%(X,,) is proportional to the
distribution of a x2 ;. In fact, from Equation 9.15 the expectation of §%(X,,) is:

E{5*(X,,)}

E{T,} = (n—1)—"

= E{8%(X,)}
— E{5%(X,)} = o2

_ o’K{T,} o*(n—1)
- n—1  n-1

Similarly, computing the variance of Equation 9.15 and knowing that V{7, } = 2(n — 1)
one obtain: V(X))
VT, = (- 12
o*V{T,} o*2(n—1)
-12 (-1
204

n—1

= V{5%(X,)} =

— V{P(X,)} =
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1, 1a
- - N(n2n) — ET} -~ 3T — X*(165) - - N(n2n) — E{T)} -~ 3T — X*(4999)
: né
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]
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@ ]
8 0.010 4 0.002 A :
\
]
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(a) Small sample (166). (b) Large sample (5000).

Figure 9.3: Distribution of the statistic 7,, under normality.

9.3 Skewness

The skewness is a measure of the asymmetry of the probability distribution of a real-valued
random variable about its mean. The skewness value can be positive, zero, negative, or
undefined. For a uni modal distribution, negative skew commonly indicates that the tail is on
the left side of the distribution, and positive skew indicates that the tail is on the right.

— SKk{X}<0 — Sk{X}=0 — Sk{X}>0

0.5+

0.4 -

0.3

Density

0.1-

0.0+

—I2 (I) 2
Figure 9.4: Skewness of a random variable.

Following the same notation as in Ralph B. D’agostino and Jr. (1990), let’s define and denote
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the population skewness of a random variable X as:

X — E{X} ’
Sk{X}=p5,(X)=E{ | =—=20 ,
{X} =81(X) {( W{X})}

9.3.1 Sample statistic

Let’s consider an IID sample X,, = (zq,...,2;,...,2,), then the sample’s skewness is esti-

is o
mated as:

3
SE{X,} = b, (X,) = %Z (”%_\/[{E\/%;}) . (9.17)

i—1
The estimator in Equation 9.17 is not correct. Hence, let’s define the correct sample esti-

mator of the skewness as:
nin—1)

9:1(X,,) = W@Q&)-

9.3.2 Sample moments

Under normality, the asymptotic moments of the sample skewness are:

E(h,(X,)} =0, V{n(X,)} ="

In Urzda (1996) are also reported the exact mean of the estimator in Equation 9.17 for small
normal samples, i.e.

and variance

6(n —2)
V{b,(X,,)} = . 9.18
9.3.3 Sample distribution
Under normality, the asymptotic distribution of the sample skewness is normal i.e.
b(x,) 5 (0,8 9.19

o7



9.4 Kurtosis

The kurtosis is a measure of the tailedness of the probability distribution of a real-valued
random variable. The standard measure of a distribution’s kurtosis, originating with Karl
Pearson is a scaled version of the fourth moment of the distribution. This number is related
to the tails of the distribution. For this measure, higher kurtosis corresponds to greater
extremity of deviations from the mean (or outliers). In general, it is common to compare the
excess kurtosis of a distribution with respect to the normal distribution (with kurtosis equal
to 3). It is possible to distinguish 3 cases:

1. A negative excess kurtosis or platykurtic are distributions that produces less outliers
than the normal. distribution.

2. A zero excess kurtosis or mesokurtic are distributions that produces same outliers
than the normal.

3. A positive excess kurtosis or leptokurtic are distributions that produces more out-
liers than the normal.

— Cauchy(0,1) — Logistic(0,1) — N(0,1) Student-t(0,1,5)
0.4-
0.3
2
202
[
a
0.1-
0.04 == —
-5 0 5

Figure 9.5: Kurtosis of a different leptokurtic distributions.

Let’s define and denote the population kurtosis of a random variable X as:

X —E{x})
KX} =By(X)=EL [ Z—=20 ) %
HX} = By(X) {( V{X}>}

or equivalently the excess kurtosis as Kt{X} — 3.
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9.4.1 Sample statistic

Let’s consider an IID sample X, = (x4,...,x,,...,x,), then the sample’s kurtosis is denoted
as:
o (o —Ex)
1 T; —
Ki{X,,} = by(X,,) = — (’”) . (9.20)
n ; VX,
From Pearson (1931), we have a correct the version of b,(X,,) defined as:
3n+1)] (n+1)(n—1)
X,) = [by(X,)— .

9.4.2 Sample moments

Under normality, the asymptotic moments of the sample kurtosis are:

24

E{by(X,)} =3, V{bo(X,)} =~

Notably in Urzia (1996) are reported also the exact mean and variance for a small normal
sample, i.e.
3(n—1)

TEESIE (9.21)

[E{bQ (Xn)} =

and the variance as: 2n(n — 2)(n — 3)
V(X)) = G R 915 (9.22)

9.4.3 Sample distribution

Under normality, the asymptotic distribution of the sample kurtosis is normal, i.e.

n—oo

by(X,) —5 N (3,%). (9.23)

99



10 Likelihood

In general, we define the likelihood of a sample X ... X, their joint density, function of a
general parameter 6 and denoted as

£(6) = £(0] X,)) = £(0 | 01, r,) = Fx(@y, e, | 0)

For a given value of the parameter 6, the likelihood tells us how likely it is that the data are
generated under the distributive law implied by f.

10.1 Maximum likelihood estimators

In statistics, thw maximum likelihood estimation (MLE) is a method of estimating the pa-
rameters of an assumed probability distribution, given some observed data. This is achieved
by maximizing a likelihood function so that, under the assumed statistical model, the ob-
served data is most probable. For example, let’s consider a generic sample X, = (zy,...,,)
drown from a parametric distribution with unknown parameters 6. Then, given the likelihood
function, if the observations are independent and identically distributed, then the following

factorization of the joint density holds true, i.e.

’5(0 ’ Xn) = fX(wlﬂ"Wxn ’ 9) =
= fx(@ 1 0) ... fx(z,]0) =

= [ Fx(x; 16)
i=1
Then, the log-likelihood function is computed taking the logarithm of the likelihood, i.e.

(0] X,)=logL(0]X,)=> logfx(z, | 0)
=1

If the likelihood function is differentiable, the derivative test for finding maxima can be applied.
Since the logarithm is a monotonic function, the maximum of £(6 | X,,) occurs at the same value
of £(0] X,,). Considering a vector of k-parameters the first order conditions(FOC) and if
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the log-likelihood function is is differentiable in 6, a sufficient conditions for the occurrence of
a maximum (or a minimum) are

Op, L(0] X,,) =0

9, (0] X,,) =0

9y 00| X,,) =0

Whether the identified the optimal solution 0 of the likelihood equations is indeed a (local)
maximum depends on whether the matrix of second-order partial and cross-partial derivatives,
the so-called Hessian matrix, i.e.

00,00, 001 X0 | 050,001 X0 | o 0,,00001X,)|
9—0 9—0 0—0

- 0p,0p (0| X,,) 0p,0p, (0 | X,,) o Op,0p L(0] X,,)
H(0) = 0=0 0=0 § 0=0
00,00,0001X,) | 0,00,0001X,)| . 90,0,001%,)|
9—0 9—0 0—0

that has to be negative semi-definite at 0 denoting a local concavity. In some cases, the
first-order conditions of the likelihood function can be solved analytically.

10.2 Example: MLE in the Gaussian case

In the context of maximum likelihood estimation (MLE) for a normal (Gaussian) random
variable, let’s consider a set of n independent and identically distributed (i.i.d.) random
variables X, = {z;, %y, ...,x,} drawn from a normal distribution with unknown mean p and
variance o2. The probability density function (pdf) of a normal distribution is given by:

1 )2
o mo?) = ey (<51

The likelihood function £(u,0?; X,,) is the joint probability of the observed data, viewed as a
function of the parameters u and o2, i.e.

n

2 _ - 1 _(xi—,u)Q
L(po? | X,) =] fla,; | g0 —Hmexp e

i=1 i=1

The log-likelihood function #(u, 0?) is the natural logarithm of the likelihood function:

< 1 (z; — p)?
U, 02 | X,) = log £(u,0% | X)) = Y 1 A
(:U’a g ‘ n) og (/’La o | n) Zz:; og (W exp ( 20-2
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Simplifying the log-likelihood function:

n

T — )2
f(,u, o? ‘ Xn) = Z <—; 10g(27r) — %log(gg) — (1'u)> —

=1 207
n
=3 log(2m) — — log 02 Z

To find the maximum likelihood estimates, we have to solve the partial derivatives of £(u,o? |
X,,) with respect to u and o2, setting it equal to zero.

1. Condition for the mean (u):

o0(p,0? | X,) 1 i( |

2. Condition for the variance (o?):

8€(u,02|Xn)_ n 1 & 5
B = PO

1=

@ MLE in the Gaussian case

Example 10.1. Let’s consider a normal random sample with n-observation. Let’s con-
sider the variance of the distribution known. Then, we can estimate the maximum
likelihood mean maximizing the log-likelihood.

Table 10.1: Moments estimate on the sample

Mean Variance Std.deviation

0.9936231 4.216398 2.053387
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Log-likelihood

Max-likelihood mean

—10695.15 -

—32085.45 -

—-5.000

Figure 10.1: Log-likelihood function for a normal sample.
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11 Multivariate data

Let’s consider a matrix X with n-observations and k-variables. Then, let’s define some useful
operations that can be performed on the matrix.

-rl’l e x17] e l’l’k,
X = 'Tl,l oo ‘/L‘,L’] ces {L‘Z’k (11.1)
nxk . 5 .

xn,l xn,j ‘Tn,k

11.1 Vector of means

Let’s consider the matrix X (Equation 11.1), then the vector of means for each column is
computed as:

T
g = | =a,x) = 1xg (11.2)
Kl Lf nv1ln n n,1
k

where J,, ; is defined as in Equation 32.2.

11.2 Deviation matrix

Let’s compute the matrix of centered observations, where each element is computed as 7, ;=

$l7] —(E], le.
:E171 e .1/‘17] e x17k
X =%, .. &. .. 7 11.3
nxk l_’l ?’J Z,’k ( )
xn’l $n7] e xn’k.
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In matrix notation, it is possible to compute X as:

X=X-J,,x =
1 T
= X_Jl n (7XTJ1 n) =

bl n ?

1
~X—-J3,,3,,X =

= (1n— 1Jn) X = AX
n

where I, the identity matrix (Equation 32.3) and J, ,, a matrix of ones (Equation 32.2). A is
called centering matriz and it is formally defined as:

A-1, -3 (11.4)
n

11.3 Variance-covariance matrix

Remembering the case for two vectors x;, and x;, the covariance is defined as:

1¢ _ _
Col{xy, %)} = n Z(%,k —Tp) (T, — Tp) =
i=1
Iem. . X; X,
~ ;$zk$zh T
For a matrix X, ;, the covariance became a matrix k x k of the form:
V{x,} e Co{xy,x;)  Cofxg,xy}
Co{X} = | Co{x;, %1} ... Vix;} o Cof{xj,x}
kxk . : :
Co{xp,xy} - Cofxy,x;} .. V{x.}
In matrix notation, it can be computed as
1o
Co{X} =-X"X =
n
1
=~ (AX) AX =
n
1
= -XTATAX

where A is the centering matrix (Equation 11.4). The variance-covariance matrix is:

1. Squared, i.e. k x k, and symmetric.
2. Semi-definite positive.
3. Has the variances on the diagonal. Hence the trace (Equation 32.8) is trace(Cv{X}) =

S V{x}

65



11.4 Stardardized variables

In order to remove the effect of the unit of measure in the different variables it is possible to

work under the matrix of standardized variables, i.e.

Zl,l cee 2/’17] cee Zl,k
Z =z . Zi o .. %
nxk ’Lfl Z,’] l_’k
Zn71 Zn’j Zn,k
where each element z; ; is defined as:
Li,j Lij —Tj

T Mgy M)

In matrix notation, Z can be rewritten as:

Z=X-D:
where the matrix D is defined as:
V{x;} ... 0 0
ka)k = Cuv{X} I, = () \/{xj} 0
0 0 v V{x;}

The standardized variables have mean equal to zero and unitary variance.
numbers do not depend anymore from the unit of measure of the variables.

11.5 Correlations matrix

(11.5)

(11.6)

Moreover, the

The correlation is a statistic that measure the linear dependence between two variables, in the

simplest case the correlation between two vectors X, and X, is computed as:

Crixy, %)} = v Xa) =

VX PV, }
1 Z (%k —i’k> (%h _i'h> _
i\ vV {xgt VvV V{x,}

= — 202, = —7Z,) Z
n - i,k ~i,h n k “h
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In matrix notation, Cr{X} can be rewritten as a k x k matrix:

Cr{X} =D z2Cu{X}D 2 =
_lpixkpio

n

1
=-7'Z
n
where D is defined as in Equation 11.6. The correlation matrix is:

1. Squared, i.e. k x k, and symmetric.

2. Positive semi-definited matrix. i

3. Trace (Equation 32.8), i.e. trace(Cr{X}) = Zj:l 1=k
The elements of the correlation matrix are:
1 e Crixy,xb o Cr{xy,x,}
(E?;{)k(} = Cr{x:j,xl} 1 (Dr{x;-,xk}
Cr{x;,xl} Cr{x;,xj} 1

! Correlation matrix and standardized variables

The correlation matrix can be seen as the variance-covariance matrix of the standardized
variables Z (Section 11.4). In fact, a generic standardized j-variable has V{z;} = 1 and

Cv{zj,zk} = Cr{zj,zk}.
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Statistical models
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12 Statistical models

Statistical modeling applies statistical methods to real-world data to give empirical content to
relationships. It aims to quantify phenomena and develop models and test hypotheses, making
it a crucial field for economic research, policy analysis, and decision-making. The aim of the
statistical modeling is to study the (unknown) mechanism that generates the data, i.e., the
Data Generating Process (DGP). The statistical model is a function that approximates the

DGP.

12.1 The matrix of data

Let’s consider n realizations defining a sample for i = 1,2, ..., n. Suppose we have p dependent
variables and k explanatory variables (also known as predictors). The data matrix for X, the

exogenous (regressors), is then composed as:

T

$171 $172 cee x17‘7 cee l’l,k Xl

T

X — x271 x272 cee xQ’j cee $27k — X2
nxk . . . . . .

X X X X XT

n,1 n,2 n,j n,k k

where

e The i-th row contains the variables related to the i-th statistical unit (e.g., an individual,

a firm, or a country).

e The j-th column contains all the observations related to the j-th variable.

The matrix Y represent the endogenous (dependent), i.e.

Yir Y12 - Y15 - Yip y;

v = | Y21 Y22 o Y25 e Yap [ | Y2
T

yn71 yn72 yn,] yn’p yp

Hence, the complete matrix of data is given by:

W = (Y X)=

nx(k+p)

yn,l yn,p xn,l xn,k
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In general, if p = 1 then the model has only one equation to satisfy for ¢ = 1,...,n. For
example, a linear model with one equation reads:

Y, = by +b1m; +byw; o+ b toe (12.2)

Otherwise, when p > 1 there are more than one dependent variable and the model is composed
by p-equations for ¢ = 1, ..., n, i.e. the same linear model with p equations reads:

Yi1 =bo1 T 01121 +b10% 0+ + 0y 32+ €54

9 ="bpo+by1%; 1 +byom;o+ by T+ €0 (12.3)

p = 00p +0p 1% 1 A0, 0% o -+ by g7y F €

12.2 Joint, conditional and marginals

Let’s consider the bi-dimensional random vector W in Equation 12.1 and let’s write the joint
distribution of X and Y, i.e.

[P<Y < y7X < X) = FY,X<y7X> (124)

joint probability distribution function

In the continuous case, there exists a joint density fy x(y,x) such that:

Fy x(y,x) / / fy x (v, x)dydx (12.5)

Moreover, from the joint distribution (Equation 12.4) it is possible to recover the marginals
distributions, i.e.

(12.6)
Ix(x) = aFYXYv / fYXY7

Given the marginals (Equation 12.6), it is possible to compute the unconditional moments,
i.e.

1. First moment: E{Y} = f_o:o yfy(y)dy
2. Second moment: E{Y?} = ff:o v fy(y)dy
3. Variance: V{Y} = E{Y?} — E{Y}%.
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Using the Bayes theorem, from the joint distribution (Equation 12.4) it is possible to recover
the conditional distribution, i.e

(ol = X2 (127

Given the conditional distributions, it is possible to compute the conditional moments, i.e.
1. First moment: E{Y|X} = ff:o Y fyx (yx)dy.
2. Second moment: E{Y?|X} = f_o:o nyY‘X(y|x)dy.

Hence, from Equation 12.7 the joint density can be represented as the product of the condi-
tional and the marginal, i.e.

fY,X(Y7X> = fY|X<Y‘X) - fx(x) (12.8)

joint conditional =~ marginal

@ TInference in a multivariate Gaussian model

Let’s consider a Gaussian setup, i.e.

W= ()~ () Gy o)
X :UX :U'XY Z]XX
For a Gaussian setup if (X Y) are jointly normal, then the marginals are normal, i.e.
Y~ N(Myv Yyy), X~ N(M)@ z:XX)'

and also the conditionals distributions are normal, i.e.

Y[X ~ N(Nyp@ Yyyx), XY~ N(Mx‘w Yxx[y)-
and the conditional moments reads explicitly as:

ELY | X} = iy =
= fiy + Syx - Sxx (X — ) =
= Hy — Yyx - E)_(lxﬂx‘f‘zyx Yxx X =
= ly —byjx ix + byx X =
=ayx +byxX
and
V{Y[X} =Eyy — Zyx - E;(1XEYX

In this setup the parameters are:
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« Conditional distribution, \; = {ayx, by|x, Xyvx}-
e Marginal distribution, Ay = {1y, Yxx}-

Noting that \; is a function of 6, i.e. 7 = f(\;) in the Gaussian case it is possible
to prove that A\; and )\, are free to vary. Hence, imposing restrictions on A; do not
impose restrictions on A,. In general, if the parameters of interest are a function of the
conditional distribution and A; and A, are free to vary, then the inference can be done
without losing of information considering the conditional model. In this case we say that
X is weakly exogenous for 7 = f(A;).

12.3 Conditional expectation model

Let’s consider a very general conditional expectation model with p = 1, of which the linear
models are a special case. In matrix notation it can be written as:

y=Hy|X}+e (12.9)
where the conditional expectation errors are defined as:
e=y—Hy|X} (12.10)

Then, in general the unconditional expectation of the residuals e and the covariance between
the residuals and the regressors are zero, i.e.

E{e} =0, E{eX}=0.

Moreover, the conditional expectation error is orthogonal to any transformation of the condi-
tioning variables. Consider a more general setup, i.e.

y=Hy[X}+e, Hy|X}=yg(X) (12.11)

we have that

E{eg(X)} =0.

1 In a conditional expectation model the residuals and the regressors are uncorrelated

Proof. Let’s start the unconditional expectation of the residuals defined in Equation 12.9,
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Efe} —E{y — Ely | X)} -
— E{y} - E{E{y | X} =
=Hy} -Hy} =0

Then, let’s compute the expected value of between the residuals and the regressors, i.e.
E{e} =0 = Cuv{e, X} = E{eX}

For simplicity let’s assume that X can takes only values in {0,1}. Applying the tower
property of conditional expectation one obtain:

E{eX} = E{E{eX | X}} =
—E{eX | X =0}P(X =0) + E{eX | X = 1}P(X = 1) =
—F{eX | X =1}P(X =1)

Then, let’s substitute e from Equation 12.9 and X with 1, i.e.

E{eX} = E{(y — E{y|X})X | X = JP(X = 1) =
—E{y | X=1}P(X=1)— F{E{y|X} | X = 1}P(X = 1) =
—Ey | X=1}P(X=1)—E{y | X =1}P(X=1) =0

For a general transformation of the regressors as in Equation 12.11, the covariance is
computed as:

E{eg(X)} = E{E{eg(X) | X}} =
=Hy(X)He [ X}} =
=HyX) Hy - HylX} [ X}} =
= HgX) [Hy | X} - Hy [ X}]} =0
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13 Introduction to linear models

Let’s consider an uni-equational linear model, i.e. with p = 1 in (Equation 12.2), is expressed
in compact matrix notation as:
y = Xb + e, (13.1)

where b and e represent the true parameters and residuals in population. Let’s consider a
sample of n-observations extracted from a population, then the matrix of the regressors X
reads

.
Ty11 L1,k X1

X - - )

nxk T
Tp1 e Ty X,

while the vectors of dependent variable and of the residuals reads

y = S s e =
nx1
Yp €n

Hence, the matrix of data is composed by:

Y T11 - Trg
W =(yX)=1]: : : 13.2
nx(k+1) <y ) ( )
Yn Typa - Tpg
Depending on the assumptions made on the variance of the residuals the linear models can be
distinguished in 3 classes as shown in Figure 13.1.

For a generalized linear model the variance-covariance matrix of the residuals in matrix nota-
tion is written as:

Y =V{ee'|X} =[E{ee'|X}

nxn

where the n x n elements are

2 2
el €1y ... ee, of 012 - O1n
2 2
o | €61 € e €y | | 031 03 . Oy (13.3)
nxn : : : : : :
e, € e, € 62 g g 0'2
n-1 n-2 e n n,l n,2 e n

Since the matrix ¥ is symmetric the number of unique values (free elements) are given by n

n—1)

variances and YL(T covariances. Hence, the total number of free elements is given by:

+n(n—1) 2n+n® —n n+n®* nn+1)
n - = =
2 2 2 2
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Generalized linear models
(heteroskedasticity & correlation)

Classic linear Generalized linear
models models

(omoskedasticity) (heteroskedasticity)

Figure 13.1: Different classes of linear models.

13.0.1 Estimators of b

Let’s denote with ©,, the parameter space, i.e. ©;, C R¥, and with @ an estimator function
of the unknown true parameter b € ©,. Then, the function ) defines an estimator of
b, meaning it is a function that takes the matrix of data as input and returns a vector of
parameters within ©,, as output:

Q: W — 0O, suchthat QW)= be O

where b is an estimates of the true population’s parameter b. Then, the fitted values y are
a function of the estimate and are defined as:

y = Xb (13.4)

Consequently, the fitted residuals, which measure the discrepancies between the observed and
the fitted values, are also a function of b, i.e.

~

e(b)=y—y=y—Xb (13.5)

13.1 Variance decomposition

In a linear model, the deviance (or total variance) of the dependent variable y can be decom-
posed into the sum of the regression variance and the dispersion variance. This decomposition
helps us understand how much of the total variability in the data is explained by the model
and how much is due to unexplained variability (residuals).
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o Total Deviance (Dev{y}): represents the total variability of the dependent variable y.
It is calculated as the sum of the squared difference of y; from its mean ¥.

o Regression Deviance (DevReg{y}): represents the portion of variability that is ex-
plained by the regression model. It is computed as the sum of the squared differences
between the fitted values g, and ¥.

o Dispersion Deviance (DevDisp{y}): represents the portion of variability that is not
explained by the model. It is computed as the sum of the squared differences between
the observed values y; and the fitted values y; (Equation 13.4).

Hence, the total deviance of y can be decomposed as follows:

Dev{y} = DevReg{y} + DevDisp{y}
Z(yz —y)? = Z@z -y)?  + Z@z —y,)? (13.6)
=1 =1 =1
yy—ny? =Db'X'Xb—ny? + e'e

[ . .
1 Regression deviance

Proof. Let’s prove the expression for the regression deviance DevReg{y}, i.e.

DevReg{y} = Dev{y} — DevDisp{y} =
=y'y—ny’—ele=
=y'y—nij?— (y—Xb)' (y —Xb) =
=y'y—ny®+y'y—y Xb—yb'X" +b ' X"Xb =
=2y'y—ny* =2y (Xb) +b'X Xb =
— b XXb — nj?

O]

The decomposition of the deviance of y holds true also with respect to the correspondents
degrees of freedom,

Table 13.1: Deviance and variance decomposition in a multivariate linear model

Degrees of

Deviance freedom Variance
Dev{y} =Y. (y; — 9)* n—1 §2 = bevlyt
DevReg{y} = >, (5; — 9)? k 52 = Defealy)
DevDisp{y} = .1, (7 — v,)? n—k—1  §=beleelyl
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13.2 Multivariate R Squared

The R? statistic, also known as the coefficient of determination, is a measure used to assess
the goodness of fit of a regression model. In a multivariate context, it evaluates how well the
independent variables explain the variability of the dependent variable.

Definition 13.1. (Multivariate R?)

The R? is defined as the ratio of the deviance explained by the model (DevReg{y}) to the total
deviance (Dev{y}). It can also be expressed as one minus the ratio of the residual deviance
(DevDisp{y}) to the total deviance, i.e.

R? DevReg{y} . DeuvDisp{y}
~ Dev{y} Dev{y}

Using the variance decomposition (Equation 13.6), it is possible to write the R? as:

(13.7)

_ b'X"Xb — ny? _1_ e'e

R2
y'y —ny? y'y —ny?

The numerator represents the variance explained by the regression model, while the denom-
inator the total variance in the dependent variable. The term e'e in the second expression
represents the variance of the residuals, or the variance not explained by the model. An R?
value close to 1 indicates that a large proportion of the variability in the dependent variable
has been accounted for by the regression model, while a value close to 0 indicates that the
model explains very little of the variability.

Limitations of R?2

The R? metric has some limitations. Firstly, it can be close to 1 even if the relationship
between the variables is not linear. Additionally, R? increases whenever a new regressor
is added to the model, making it unsuitable for comparing models with different numbers
of regressors.

A more robust indicator that does not always increase with the addition of a new regressor is
the adjusted R?, which is computed as:

R2o1_ n—1 IDev[Disp{y}Zl_g
n—k—1 Dev{y} 52

The adjusted R? can be negative, and its value will always be less than or equal to that of
R?. Unlike R?, the adjusted R? increases only when the new explanatory variable improves
the model more than would be expected simply by adding another variable.
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1 Adjusted R?

Proof. To arrive at the formulation of the adjusted R? let’s consider that under the null
hypothesis H, : b; = by = -+ = b;, the variance of regression 52 (Table 13.1) is a correct
estimate of the variance of the residuals o2. Hence, under H,:

et

This implies that the expectation of the R? is not zero (as it should be under H,) but:

~ k
E{R*} = —
B} =
Let’s rescale the R? such that when H, holds true it is equal to zero, i.e.
k
n—1

R2:R2_

C

However, the specification of R? implies that when R? = 1 (perfect linear relation between
X and y) the value of R? < 1, i.e. R?2 = k=1 < 1 Hence, let’s correct again the

n—1
indicator such that it takes values in [0, 1], i.e.

R2:<R2— k:) n—1

n—1)n—k—1
_ (R*(n—1)—k n—1
_( n—1 )n—k:—l_
. on—1 5 k
Tn—k—1 n—k-—1

Remembering that R? can be rewritten as in Equation 13.7 one obtain:

— o n—1 DevDisp{y} k
RR="""_(1- - -
n—k—1 Dev{y} n—k—1
_ (n—=1)Dev{y} — (n —1)DevDisp{y} k
B Dev{y}(n —k—1) n—k—1
n—1 n—1 DevDisp{y} k

n—k—1 n—k—1 Dev{y} n—k—1
n—1 DevDisp{y}

=1—
n—k—1 Dev{y}
22
5y
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14 Classic linear models

14.1 Working hypothesis

Let’s start from the classic assumptions for a linear model, i.e. the Gauss-Markov ones. The
working hypothesis for such kind of models are:

1. E{y;|xq,...,x,} = H{y| X} =x/bfori=1,..n.
2. Vy,|xq,...,x,,} = V{y;|X} = 02 with 0 < 02 < oo.
3. Coly;, yjlxq, -, %, } = Co{y;, ;[ X} =0 with i # j and 4,5 € {1,...,n}.

Equivalently the formulation in terms of the stochastic component reads

1.y, =x/b+e, fori=1,..n.

2. E{e;|xq,...,%x,} = E{e;| X} =0.

3. Ve;|xq, .., %, } = V{e;|X} = 02 with 0 < 02 < oo.

4. Co{e;,e;lxy, ..., %, } = Cv{e;, €5/ X} =0 with 7 # jand 4,5 € {1,...,n}.

1) 7]

Hence, the error terms is assumed to be IID with constant variance and the variance covariance
matrix in Equation 13.3 reduces to ¥ = ¢2I,,.

14.2 Ordinary least squares (OLS)

Proposition 14.1. (Ordinary Least Squares (OLS))
The ordinary least squares estimator (OLS) is the function Q that minimize the sum of the
squared residuals and return an estimate b9 of the true parameter b. The OLS optimization

problem reads:
argmin Q(bL%) = argmin {e(b%L%)Te(bOL%)} (14.1)

bOLScO, bOLScO,
Notably, if X is non-singular it is possible to recover an analytic solution, i.e.
bOLS = (XTX)'X Ty (14.2)

Equivalently, it is possible to express the solution in terms of the covariance matriz of the X
and between the X and they, i.e.

bOLS = Co{X}1Cv{X, Y} (14.3)
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Singularity of X

Note that the solution is available if and only if X is non-singular. Hence, the columns
should not be linearly dependent. In fact, one of the k-variables can be written as a
linear combination of the others, then the determinant of the matrix XX is zero and
the inversion is not possible. Moreover, to have that rank(X'X) = k it is necessary that
the number of observations have to be greater or equal than the number of regressors,
ie.n>k.

i1 Ordinary Least Square (OLS)

Proof. Let’s prove the optimal solution in Equation 14.2. Developing the optimization
problem in Equation 14.1:

Q(bOLS) — e(bOLS)Te(bOLS) —
— (y _ XbOLS)T(y _ XbOLS) —
=yTy — (bOLS)TX Ty — yTXbOLS 4 (hOLS)TXTXbOLS =
— yTy _ Q(bOLS)TXTy 4 (bOLS)TXTXbOLS

(14.4)

In order to find the minimum, let’s compute the derivative with respect to bOS of Q
and setting it equal to zero, i.e.

dQ(bOLS)
dbOLS
— XTy = XTXpOLs
— pOLS — (XTx)—ley
The second derivatives is positive, hence the solution corresponds to a minimum for the
function Q, i.e.

=—2XTy +2XTXb¥ =0

d2Q(bOLS)
dbOLSd(bOLS) T
Let’s now consider the alternative expression in Equation 14.3. Considering the same
optimization problem, let’s denote as:

=2X"X >0

1S 1 &
f§:..—@ X 7§ yl = Cu{X,Y
n 2 X;X; v{X} n 2 X,;Y; {X,Y}

Then, substituting such values in Equation 14.2 it is straightforward to prove that bOLS
can be written as in Equation 14.3. O
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Intercept estimate

If in the data matrix X was included a column with ones, then the intercept parameter
is obtained from Equation 14.2 or Equation 14.3. However, if it was not included, it is

computed as:
aOLS — [E{Y} _ bOLS[E{X}

14.2.1 Projection matrices

Substituting the OLS solution (Equation 14.2) in Equation 13.1 we obtain the matrix H, that
project the vector y on the sub space of R™ generated by the matrix of the regressors X, i.e.

H=XX"X)"tXT (14.5)
As properties we have that:

1. H is an n X n symmetric matrix.
2. HH = H is idempotent.
3. HX =X.

Instead, substituting the OLS solution (Equation 14.2) in the residuals (Equation 13.5) we
obtain the projection matrix M that project the vector y on the orthogonal sub-space with
respect to the sub-space generated by the matrix of the regressors X, i.e.

M=I,—-H (14.6)
As properties we have that:

1. M is an n X n symmetric matrix.
2. M M = H is idempotent.
3. MX=0.

By definition M and H are orthogonal, i.e. H M = 0. Hence, the fitted values defined as y =
Hy are the projection of the empiric values on the sub-space generated by X. Symmetrically,
the fitted residuals € = My are the projection of the empiric values on the sub-space orthogonal
to the sub-space generated by X.
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i Projection matrices
Proof. Let’s consider the property 2 of H, i.e.

HH= (X(X'X)'X") (X(X'X)!XT) =
— (XTX)XT =
—H

Let’s consider the property 3 of H, i.e.
HX=(XX"X)'X" X=X

Let’s consider the property 2 of M, i.e.

Let’s consider the property 3 of M, i.e.

MX=(I,—-—HX=
= (I, - X(X'X)'X") X =
=X-X=0

Finally, let’s prove the orthogonality between M and H, i.e.

HM=H(I,-H=H-H=0

14.3 Properties OLS

Theorem 14.1. (Gauss-Markov theorem)

Under the Gauss-Markov hypothesis the Ordinary Least Square (OLS) estimate is BLUE
(Best Linear Unbiased Estimator), where “best” stands for the estimator with minimum
variance in the class of linear unbiased estimators of b. The Gauss-Markov hypothesis are:

1. y=Xb +e.

2. E{e} =0.

3. E{ee'} = 021, i.e. omoskedasticity.

4. X is non-stochastic and independent from the errors for all n’s.
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Proposition 14.2. (Properties OLS estimator)
1. Unbiased: b is correct and it’s conditional expectation is equal to true parameter in
population, i.e.

E{b%"| X} =b (14.7)

2.  Linear in the sense that it can be written as a linear combination of y and X,
i.e. bOLS = Ay, where A, do not depend on 'y, i.e.
bOLS = Ay, A, =(X'X)XT (14.8)

3. Under the Gauss-Markov hypothesis (Theorem 14.1) it has minimum variance in the
class of the unbiased linear estimators and it reads:

V{bOL5 | X} = 02(XTX) ™! (14.9)

Variance Inflation Factor (VIF)

The elements on the diagonal of the matrix (X"X)™! determine the variances while the
other elements the covariances. In general the variance of the j-th regressor is denoted as
V{b,;} = o2c;; where c;; is the j-th element on the diagonal of (X'X)™'. An alternative
expression for the variance is:

2
o; 1

Vibsh = Dev{X;}1— R,

where RJZO is the multivariate coefficient of determination on the regression of X; on

the other regressors. The term ﬁ is also denoted as VIF; standing for Variance
50

Inflation Factor.

1 Properties of the OLS estimator

Proof.

e The OLS estimator is correct: it’s expected value is computed from Equation 14.2
and substituting Equation 13.1, is equal to the true parameter in population, i.e.

E{b°M | X} = E{(X'X) ' Xy | X} =
= E{(XTX)"'XT(Xb +e) | X} =
= (X"TX)"!1X"Xb + (XTX)’lXT[E{e | X} =
=b

o In general, applying the properties of the variance operator, the variance of bOS

83



is computed as:

V{bOLS | X} = V{(X X)Xy | X} =
= V{(XTX)"'XT(Xb +e) | X} =
= V{(XTX)"'XTXb + (X"X)1XTe | X} =
=V{b+ (X'X)'XTe | X} =
= V{(XTX)'XTe | X}

Then, since X is non-stochastic it is possible to take it outside the variance squaring
it and obtaining:

V{bOLS | X} = (XTX)" !X V{e | X} X(XX)!

~ (14.10)
= (XTX)"'XTE{fee” | X} X (X X)"!

Under the Gauss Markov hypothesis (Theorem 14.1) the conditional variance V{e |
X} =0 -1, and therefore the Equation 14.10 reduces to:

V{bO | X} = o2(XTX)IXTX(XTX)™! =
=o2(XTX)™!

e

14.4 Estimator of o2

The OLS estimator do not depend on o2 and it is not possible to obtain in one step both
the estimators. As far as we know o2 is the variance of the residuals of which we know the
realized values on the sample € = {€;, é,, ..., €, }. Hence, let’s define a correct estimator of the

. . 2 .
population variance o as:

. e'e
§f=——
¢ n—k—1
Instead, in general the regression variance overestimate the true variance o2, i.e.
Only in the special case where by = b, = --- = b, in population, then g(b,X, k) = 0 and also

the regression variance produces a correct estimate of ag.

(] .
1 Correct estimator of az

Proof. By definition, the residuals can be computed pre multiplying the matrix M to y,
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ie.

e
bOLS —

X <

y—
y—
y —X(X'X)"' X"y =
=, -H)y=

= My

Substituting y = XbOS + e:

e = M(XbO te) =
= MXbOLS + Me =
= Me

since MX = 0. Being M symmetric and idempotent:

e'e (Me) (Me) =
=e' M 'Me =
= e Me

The expected value of the deviance of dispersion is:

E{e' e} = E{e'Me} =
= E{trace(e'Me)} =
= E{trace(Mee')} =
= trace(ME{ee'}) =
= E{ee'} - trace(MI,)) =
=02 - trace(M1,) =
=02 - trace(M)

since @' Meé is a scalar. The trace of the matrix M is:

trace(M) = trace(I,, — H) =

(
= trace(l,)) — trace(X(XTX)1XT) =
= trace(l,)) — trace(X"X(XTX)™1) =
= trace(I,)) — trace(J, ) =
=n—k—1

Hence the expectation of the deviance of dispersion is:

e'e

E{DevDs =02 - (n—k—1 2=
{DevDisp{y}} = o2 - (n ) = =
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Instead, in general the expected value of the deviance of regression is greater than o2,

i.e.

E{DevReg{y}} = k-o? +g(b,X), g¢(b,X) >0
In the special case in which b; = by = -+ = b, in population, then g(b,X) is zero and
also the variance of regression produces a correct estimate of o2. O

14.5 Test on the parameters

Let’s consider a linear model where the residuals e are IID normally distributed random
variables. Hence, the working hypothesis of the Gauss Markov theorem holds true.

14.5.1 F-test

The F-test evaluates the significance of the entire regression model by testing the null hypoth-
esis of linear independence between y and X, i.e.

H0:b1:b2:"‘:bkzo

where the only coefficient different from zero is the intercept. The test statistic is given by

52 DevReg(y): - (n—k—1)
F= S . ~ Fk,nfkfl
s k- DevDisp(y)

where 52 is the regression variance, $2 is the dispersion variance. By fixing a significance level
a, the null hypothesis H|, is rejected if F' > F,.

Interpretation F'-test
If the null hypothesis H, is rejected then:
e The variability of Y explained by the model is significantly greater than the residual
variability.
o At least one of the k regressors has a coefficient b, that is significantly different

from zero in the population.

On contrary if H, is not rejected, then the model is not adequate and there is no
evidence of a linear relation between y and X.

Remembering the relation between the deviance and the R?, i.e.
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o DevReg(y) = R?Deuv(y).
e DevDisp(y) = (1 — R?)Dev(y).

it is possible to express the F-test in terms of the multivariate R? as:

R? n—k—1

F= 1— R2 Lk ~ kafkfl

14.5.2 t-test

The t-test evaluates the significance of the one regression parameter by testing the null hy-
pothesis of linear independence between y and X; given the effect of the others k—1
regressors, i.e.

~

J J

If the normality of the residuals holds true, then b is a multivariate normal and so ?)j is
normally distributed. Standardizing:

b=y
t= 2 N(0,1) (14.11)

2. c..
0g " Cjj

Under H,, and substituting o2 with it’s correct estimate 62, then

H, b;

14.5.3 Confidence intervals

From Equation 14.11 it is possible to build an interval with confidence level « for b; as:

;£ ta/2,n7k71\/ o2 Cjj
7 + ta/2,n—k:—1 \/ W{b]p{}

where ¢, /5 ,_j_1 is the quantile at level /2 of a Student-t distribution with n —k —1 degrees
of freedom and c;; is the j-th element on the diagonal of (XTX)™!.

)

b.

J

)
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15 Generalized least square

15.1 Working hypothesis

The assumptions of the generalized least square regression are:
1. [E{yi‘xh ’Xn} = |E{yz|X} = X;rb
2. Vy,|xq, ..., x,,} = V{y;|X} = 02 with 0 < 07 < oo.
3. (]:U{yia yj|x17 7xn} = CU{yl,y]‘X} = Uij

equivalently the formulation in terms of the stochastic component u reads

1.y, =x/b+e fori=1,..n.

2. E{e;|xq,...,x,,} = E{¢;|X} = 0.

3. Ve;|xq, ., %, } = V{e;|X} = 02 with 0 < 02 < oo.
4. Cv{e;, e %y, .., %, } = Covle;, e X} =0y

AR i

In this case the variance covariance matrix ¥ is defined as in Equation 13.3 and contains the
variances and the covariances between the observations.

15.2 Generalized least squares estimator

Proposition 15.1. (Generalized Least Squares (GLS))

The generalized least squares estimator (GLS) is the function @ that minimize the weighted
sum of the squared residuals and return an estimate of the true parameter b, i.e. b = bOLs,
The GLS optimization problem reads:

argmin Q(b%Y%) = argmin {e(bGLS)TZfle(bGLS)} (15.1)

bCLScOy, bCLScOy,

Notably, if X and ¥ are non-singular it is possible to recover an analytic solution, i.e.

bOLS — (XTE'X)IXTx y (15.2)
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Singularity of X or X

The solution is available if and only if X and ¥ are non-singular. In practice the
conditions are:

1. rank(¥) = max = n for the inversion of ¥.
2. rank(X) = max = k and condition 1. for the inversion of X ¥ ' X.

1 Generalized Least Square (GLS)

Proof. Let’s prove the optimal solution in Proposition 15.1. Developing the optimization
problem in Equation 15.1:

Q(bGLS> — e(bGLS)Tzfle(bGLS) —
— (y _ XbGLS)TE—l(y _ XbGLS) —
— yTE—ly _ Q(bGLS)TXTE—ly + (bGLS)TXTE—1XbGLS
In order to find the minimum, let’s compute the derivative with respect to b5 of Q
and setting it equal to zero, i.e.
dQ(beS)
dbOLS
= X3 'y = X8 ' XpoLs
— bOLS — (XTy 'X)1XTx 'y

= X'y 'y + 2XTE ' XbOLS = ¢

15.3 Properties GLS

Theorem 15.1. (Aikten theorem)

Under the hypothesis of the Generalized linear models the Generalized Least Square (GLS) esti-
mate is BLUE (Best Linear Unbiased Estimator), where “best” stands for the estimator
with minimum variance in the class of linear unbiased estimators of b. The Aikten hypothesis

are:

1. y=Xb+e.

2. E{e} =0.

3. E{ee'} =%, i.e. heteroskedastic and correlated errors.

4. X is non-stochastic and independent from the errors e for all n’s.
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Proposition 15.2. (Properties GLS estimator)

1. Unbiased: b is correct and it’s conditional expectation is equal to true parameter in
population, i.e.

E{b¢"¥X} =b (15.3)

2. Linear in the sense that it can be written as a linear combination of y and X,
i.e. O = Ay, where A, do not depend on 'y, i.e.

bS—Ay A, =X'¥'X)IXTn! (15.4)

3. Under the Aikten hypothesis (Theorem 15.1) it has minimum variance in the class of
the unbiased linear estimators and it reads:

V{bCL5X} = (XTE'X)! (15.5)

1 Properties of the GLS estimator
Proof.

e The GLS estimator is correct. It’s expected value is computed from Equation 15.2
and substituting Equation 13.1, is equal to the true parameter in population, i.e.

E{bSS|X} = E{(X"8 X)X 2 'y} =
—E{X'2'X)' XS (Xb+e)} =
= (X' X)X ' Xb + (X" X)X TS T E{e] X} =
=b

(15.6)

e Under the assumption of heteroskedastic and correlated observations the condi-
tional variance of b&S follows similarly as for the OLS case (Equation 14.10) but
with V{e|X} = ¥, i.e.

XTX) X T 'WeX} ' X(XTX) ! =

Xy ' X)) IXTe ' o' XX T IX) =

X'y ' X)IXTe ' X(X Ty X)L =

Xy 'x)!

V{b®S|X} =

(15.7)

P N e T

where Equation 14.9 become a special case of Equation 15.7 where ¥ = 021 .
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15.4 Alternative derivation

Let’s consider a linear model of the form y = Xb + ¢ and a transformation matrix T, ,,.
Multiplying on both sides by T, the model can be rewritten as follows:

Ty=TXb+
(8 N8 N8
§ = Xb +

The conditional mean of the transformed models reads as:
E{7/X} =Xb
while it’s conditional variance
V{y|X} = V{EX} =TxT"

The idea is to identify a transformation matrix T such that the conditional variance became
equal to the identity matrix, i.e. V{Z|X} = I,. In this way it is possible to work under the
Gauss-Markov assumptions obtaining an estimator with minimum variance. Let’s decompose
the variance-covariance matrix (Equation 13.3) as

Y=eAe”l
where

e A is the diagonal matrix containing the eigenvalues.

e e is the matrix with the eigenvectors that satisfy the following relation, i.c. e'e = ee’ =

J

ne

Setting the transformation matrix as T = A HPeT gives that the conditional variance is
equal to 1 for all the observations, i.e.
V{Z| X} =TSTT =
= (A_l/2 elleAe' (e A_l/z) =
—APANTP =
Moreover, the matrix T = A% eT satisfies the product:

TTT=eA ?A T =eA e =%} (15.8)

Finally, substituting X = TX in the OLS formula (Equation 14.2) and using the result Equa-
tion 15.8 one obtain exactly the GLS estimator in Equation 15.2, i.e.

b=(X"X)"'XTy =
= (X"TTTX) !X T Ty =
= (X'2'X) X"y y
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15.5 Models with heteroskedasticity

15.5.1 Working hypothesis

The assumptions of the generalized linear model with heteroskedastic errors are:

1. [E{yi‘xla"wxn} - [E{yz|X} :Xsz
2. V{y|xq, ..., %, = V{y;|X} = 02 with 0 < 0? < 0.
3. Cv{yia yj|xla 7Xn} = C’U{yi,yﬂx} =0

equivalently the formulation in terms of the stochastic component

y; =%; B+e; fori=1,..n.

E{e,|xq, ..., x,} = E{¢;|X} = 0.

V{e;|xy, .., %, } = V{e;|X} = 02 with 0 < 02 < o0.
Co{e;, e;0%q, -, %, } = Cofe;, ¢4 X} =0

Ll o

For an heteroskedastic linear model the variance-covariance matrix of the residuals in matrix
notation is written as:

o; O 0
10 o2 .. 0] . s ,
71,2x]n,_ = diag (Ul, 09y «ovy O‘n>
0 0 .. o2
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16 Restricted linear models

16.1 A general framework for linear restrictions

Let’s consider a generic uni-variate linear model with k-regressors, namely

and suppose that we are interest in testing if the b; coefficient is statistically different from a
certain known value 7. In this case the null hypothesis, that is H;, : b; = r, can be equivalently
represented using a more flexible matrix notation, i.e.

HoiijT <~ HO:RTb_r:O

where

R'=(0..1..0)

j-th position
Hence, the linear restriction in matrix form reads explicitly as
by

H:R'b -1 =0 < (0..1..0) b, —(r) = (0)

'k7><1 kx1 1x1 1x1

16.2 Multiple restrictions

Let’s consider a linear model of the form
Y = by Xy 405Xy + b3 X5 40, Xy
and suppose that the aim is to test at the same time the following null hypothesis, i.e.
Hy: (1) b, —by,=0 b, and b, has same effect
(2) by+by=1 by plus b, unitary root
Let’s construct the vector for (1) (first column of R) and (2) (first column of R), i.e.

by
- B 1 —10 0\[n] (0 (0
Bop-r=0 < (0 0 1 1) by <1>_(0>
by
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16.3 Restricted least squares

Proposition 16.1. Let’s consider a set of m linear hypothesis on the parameters of the model
taking the form
Hy: R'b—r1 =0

mxk kx1 mx1 mx1

Then the parameters that satisfies the condition are no more in ©y but in a subset (:)b where
the linear constraint holds true, i.e.

Op={becR:R'b—r=0}

Hence, the optimization problem is restricted to search only the parameters that satisfy the
constraint, i.e.

argmin Q(bRLS) = argmin {e(b®L5)Te(bRLS)} (16.1)

bRLScO, bRLScO,,

Notably, it is available an analytic solution for b™S, ie.

biLS — HOLS _ (XTX)ilR [RT(XTX)*lR]_l (RTbOLS — r) (162)

1 Restricted Least Square (RLS)

Proof. In order to solve the minimization problem in Equation 16.1, let’s construct the
Lagrangian L(z,\), i.e.
-

where \ is the vector of the Lagrange multipliers. Minimizing L(x, \) is equivalent
to find the value of x that minimize f(z) under the constraint g(z) = 0. In fact, it is
possible to prove that the minimum is found as:

argmin L(z, \) =
reX

(16.3)

In the case of RLS estimate the Lagrangian reads:
L(bRLS, )\) — Q(bRLS) _ QAT(RTbRLS _ I‘),

where @ is the same loss function defined for the OLS case (Equation 14.4) and 2 is a
constant. Then, from Equation 16.3 one obtain the following system of equation, i.e.

(A) Opres L(BRYS \) = —2X Ty + 2XTXDbRES — 2R\ =0
(B) O,L(bRS )\) = 2(R"ORS —r) =0
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Let’s explicit b*S from (A), i.e.

bRLS — (XTx)fley _ (XTX>71R)\ — (16 4)
= bOLS — (XTX) 1R '

Let’s now substitute Equation 16.4 in (B), i.e.

R™bAS —r =0
= RT [b9% — (XTX)"'RA|-r=0
— RO —RT(X'X)'RA\-r=0
= R —r = [RT(X'X)'R| A

Hence, it is possible to explicit the Lagrange multipliers A\ as:
A=[RT(XTX)'R] " (RTHOS — ) (16.5)
Finally, substituting Equation 16.5 in Equation 16.4 gives the optimal solution, i.e.
bRLS = pOLS _ (XTX) 1R =
— pOLS _ (XTX)'R [RT<XTX>—1R]*1 (RTHOLS _ )

Note that if constraints hold true in the OLS estimate, H,, is true and therefore R "TbLS —
r = 0. Hence the RLS and OLS parameters are the same, i.e. bRS = pOLS, O

16.4 Properties RLS

1. The RLS estimator is correct if and only if the restriction imposed by H, is true in
population. In fact, it’s expected value is computed as:

E{bRS | X} =b— (X'X) 'R [R"(X"X)'R] " (R'b—1) (16.6)

and it is correct if and only if the second component is zero, i.e. if H; holds true.

1 Correctness of RLS estimator

Proof. Let’s apply the expected value on Equation 16.2 remembering that X, R and r are
non-stochastic and that b°™ is correct (Equation 14.7). Developing the computations
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gives:
E{bRLS | X} = E{bOLS | X} — [E{(XTX)_IR [RT(XTX)_IR]_l (RTHOLS — 1) | X} =

—b— (X"X)'R[RT(XTX) 'R] " (RTE{bOLS | X} —r) =
—b— (X"X)'RRT(X'X)'R] " (RTb—1)

Hence bR is correct if and only if the restriction holds in population.

E{bFS | X} =b <= R'b—r=0

16.5 A test for linear restrictions
In order to build a test for the linear restriction imposed by R"b —r = 0, it is necessary that
the stochastic component e is normally distributed. Under normality:
bOLS ~ N (b, o?(XTX)™)

Then, let’s consider the hull hypothesis H, and the alternative H, i.e.

Hy:R'™bOYW —r=0 vs H RO —r+£0
Using the scaling property of the multivariate normal:

RbOY —r~ NR'™b—r, o?RT(X"X)"'R)

Remembering the connection between the distribution of the quadratic form of a multivariate
normal and the x? distribution in in property 3. (Section 33.1.2) one obtain the following
statistic:

T,=R'b—r) (c2R"(X'X)"'R)"(R'b—r) (16.7)

that under H, is distributed as a xﬁ where ¢ is the number of linear restrictions, i.e.

T, \*(q) (16.8)

Instead, under H, it is possible to use the result in property 4. (Section 33.1.2) to show that
the statistic T}, is distributed as a non central x*(q, ), i.e.

H
T, ~ x*(q,0) (16.9)
where the non centrality parameter § is computed as:

§=RDb-1) (>R (X"X)"'R)"'(R"b—r)
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As general decision rule H, is rejected if the statistic in Equation 16.8 is greater than the
quantile with confidence level a of a x?(q) random variable. Such critic value, denoted with
X2 (q) represents the value for which the probability that a x?(q) is greater than the value
X2 (q) is exactly «, i.e.

P(x: > z,) =«

In this case the probability to have an error of type I, i.e. rejecting H, when H is true is
exactly a.
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17 Multiequationals linear models

Let’s consider a multivariate linear model, i.e. with p > 1 in (Equation 12.3), then the model

in matrix notation reads:
Y =J, a0 + X b + e

nxp nxi Ixp nxk kxp nxp

17.1 OLS estimate

As in the uni-variate case the optimal parameters are computed as:

bOLS = Cu(Y, X) Co(X) ™
aOLS — [E{Y} _ bOLS [E{X}

And the variance covariance matrix of the residuals is computed as:

¥ = Cu(e) = Co(Y) — b Cu(Y, X)

17.1.1 Example

Let’s consider n-simulated observations of the explicative variables X drown from a multivari-
ate normal, i.e. X ~ N(E{X}, Cv{X}), with parameters

0.5 0.5 0.2 0.1
E{X}=]05| Co{X}=]02 1.2 01
0.5 01 0.1 0.3

Let’s consider two dependent variables, hence p = 2 and k = 3. Let’s now simulate the
p X k = 6 slopes parameter drown from a standard normal, i.e. for j =1,...,6, b; ~ N(0,1).
The intercept parameters a are simulated drown from a uniform distribution in [0,1]. In the
multivariate case a and b became matrices, i.e.

b b b a
b = (%11 Y12 1,3) a :< 1)
p><k‘ <b271 6272 b273 ]’)><1 O[2
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Table 17.1: Fitted parameters

Type 51 52 53

True  0.8500 -0.9253 0.8936 Type o %2
True  -0.9410 0.5390 -0.1820 True  0.8137 0.8068
Fitted 0.8457 -0.8699 0.9396 Fitted 0.7942 0.7423

Fitted -0.9532 0.5518 -0.1804

For i =1,...,n, let’s consider a model of the form:

Yii=B801+B11Xi1+B812X;0+ 81 X5+ Uy
Yio =802+ Ba1Xi1+ BooX; o+ Bo X3+ s

where u, ; and u, , are simulated from a multivariate normal random variables with true
k) k)
covariance matrix equal to:

0.55 0.3
Cofu} = (0.3 0.70)

Hence, the procedure is structured as:

1. Simulate of the explanatory variables, the regression parameters and the residuals.
2. Simulate the perturbed Y (regression with errors).
3. Fit the regression parameters on the Y.

4. Compute the fitted residuals from the prediction obtained with the parameters in step

3. and compute their variance covariance matrix.
5. Compare the results with the true parameters.
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Part IV

Time Series
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18 Time series

Let {y, };c7 be a time series or stochastic process, i.e., a collection of random variables indexed
by a set of time indices 7. For each t € T, define the filtration 7, as the information available
up to time t, i.e.

Fi=0(Yo, Y15 Y1)-

That is, 7, is the smallest o-algebra containing all events observable up to time t. In more
informal settings (when avoiding measure-theoretic details), we can write:

?t = {y()?yla 7yt}'

The filtration {F,},cs is formally defined as an increasing sequence of o-algebras:

Fo= {yo}
T4 :?ou{yl}:{ym%}
Fo=9, U{y2} = {yanlva}

Fi=F, 41U {yt} = {907917 7?Jt}

and represent the information set.

18.1 Stationarity

Definition 18.1. (Strongly stationary)
A process {y, },co is strongly stationary if and only if for all set of index {¢;,t,,...,t,} € T
and for every h > 0

”D(ytlatha >ytn> = [P(ytuh, Ytgopr o 7ytn+h>'

Hence, the joint distribution of a strongly stationary process is invariant with respect to a shift
h in time.

Definition 18.2. (Weakly stationary)

A process {y, };cs is called weakly stationary or covariance stationary if and only if for
every t and k:
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1. E{y,} = p and |pu| < oo.
2. Colyp yrsi} = (k) and |y(B)| < oo.

Hence, for a weakly stationary process, the expectation, variance are finite and constant and
the covariance (k) do not depends on time ¢, but only on the lag k between two observations.

Strong does not imply weakly and viceversa

In general if a process is strong stationary (Definition 18.1) does not implies auto-
matically that it is also weakly stationary. For example, an independent and identically
Cauchy distributed process is strongly stationary, but since its expectation and variance
are not finite the process is not weakly stationary.

18.2 Notable processes

Definition 18.3. (IID process)

A time series, {u,};c7 where each u, is independent from the others and all u, has the same
distribution for all ¢ is called independent and identically distributed process (IID). Such kind of
process, usually denoted as u, ~ IID(0, 02), is strongly stationary (Definition 18.1). Moreover,
if the mean and variance are finite, the covariance is zero and the process is also weakly
stationary (Definition 18.2), i.e.

Y (k) = Co{yp, Yer} = oy} = Hy b By} = 0.

Definition 18.4. (White noise)
A time series u;, ., commonly denoted as

u, ~ WN(0,02). (18.1)
is called White Noise if satisfies the following properties:

1. The expectation is equal to zero, i.e. E{u,} =0 for all t € T.
2. The variance is finite and constant for all t € T, i.e. V{u,} = 02 < o0o.
3. The process is uncorrelated over time for all ¢ # s, i.e. Co{u,,u } = 0.

A White Noise process is weakly stationary (Definition 18.2). In fact, the autocovariance
function of the process depends on the lag, but not on time, i.e. it is equal to the variance for
t = s and is zero otherwise. This process is more general than an IID process (Definition 18.3),
since it does not requires the stochastic independence of the time series for all ¢.
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Definition 18.5. (Martingale difference sequence) Let u,t € T be a stochastic process
and let Ftt € T be a filtration such that Ft¢ — 1 represents the information available up to
time ¢t — 1. Then w, is said to be a martingale difference sequence (MDS) with respect to the
filtration Ft if

E{u, | F,_1} =0 VteT. (18.2)
This implies that wu, is a mean-zero process uncorrelated with any information contained 7 ,_;.
The definition can be extended to a case where the filtration J, ; includes also other pro-

cesses X. In this case, u, is said to be an MDS conditionally to X if the same condition in
Equation 18.2 holds.

18.3 Lag operator

The lag operator L is a function that allows to translate a time series in time. In general, the
lag operator associate at y, it’s lagged value y,_;, i.e.

L(y) = yy1- (18.3)

More formally, L is the operator that takes one whole time series and produces another; the
second time series is the same as the first, but moved backwards or forward one point in time.
From the definition, we list some properties related to the Lag operator, i.e.

1. Backward Lk(y,) =y, .
2. Forward L *(y, =y,
3. L(ay, + bx,) = ay, y +bx, ;.

18.3.1 Polynomial of Lag operator

Given a time series y,, it is possible to define polynomials of the Lag operator, i.e.

p
L)Y, =Y+ D11+ + Oy = D Bithrs-
1=0

where in general
P

¢(L> — 1+¢1L+¢)2L2+'“+¢pr — Z(f)ij. (18.4)

=0

For the polynomial ¢(L) holds the factorization

w1 22) - 21) - o= 22) - 2e).
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where zq, ..., z;, are the complex solutions of the characteristic equation, i.e.
A(2) =14+ ¢ 2+ ¢o2® + -+ 2% = 0.

Hence the factorization holds true if and only if:

1
|z;] >1Vi << — < 1.
In other words, the modulus of the solutions must outside the unit circle, otherwise the geomet-
ric series is not convergent and the factorization do not holds true anymore. The factorization
of the lag polynomial allows us to define its inverse, i.e.

D 1 -1
¢-1<L>=H<1— ) :
i=1 Zi
In fact, the inverse of the i-th term can be expressed with a Taylor expansion as infinite sum
if and only if |¢;| < 1, i.e.

LGl = 14 6Lt (L2 =S $lLT = |6,] <1,
=0

that is equivalent to |z;| > 1 for all i since ¢; = L

i

@ AR(1) and geometric series

For example, let’s consider an Autoregressive process of order 1, i.e.

Y=y t+e = oLy, =¢ <= y,=¢ (Le,

In fact,
L)y =y — 1y 1 =
=y — ¢y L=
= yt(l —¢1L)

Considering such polynomial, its inverse polynomial ¢(L)~!, defined such that
#(L)p~1(L) = 1, is defined as geometric series, i.e.

[ee]

ML) =1+ L+ (3 L)+ =) ¢]L/ =

7=0

1
— < 1
1—¢1L |¢l|< 9

that converges if and only if |¢,| < 1. Moreover, if |¢,| < 1 it is possible to prove that
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¢ (L) is indeed the inverse polynomial of ¢(L), in fact:

(D)6 (L) = (1 6,1) -3 (L) =

7=0

(¢ L) — dnLZ ¢ L)7

g

(¢71L) Z(¢1L)j+1 =

<.
Il
o

M 1P||18 1
Mg

(61L)) = ) (LY +1=1

<.
Il
o
Il
o

J

Therefore, the process y, can be equivalently expressed as:

yy = ¢ (L)e, = Z Qs{et—j
=0

The factorization of any polynomial of the form of ¢(L) is connected to the convergence
of the following geometric series, i.e.

quf — = ¢l <1

3.04

0.84
2.59
Z A A N
2.04 0.64 0.588
\/ V

1.5

0.4

1.0

T T T T T T T T T T v T T v v v T T T T
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
i i

(a) 0<a< 1. (b) -1<a<0.

Figure 18.1: Convergent series for AR(1) parameter (I).

Another important series that is convergent only if and only if |a| < 1, i.e.

o0
Zam 5 = la| < 1.
1=0
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Due to the square, in this case we do not distinguish between 0 < a <1l and —1 <a <0
since they lead to the same result.

lal <1
1.961
1.75 1
“®  1.50-
8 NT
1.25
1.00 -
T T T T T T T T T T
0 2 4 6 8 10 12 14 16 18

Figure 18.2: Convergent series for AR(1) parameter (II).
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19 MA and AR processes

19.1 MA(q)

In time series analysis an univariate time series y, is defined as Moving Average process with
order q (MA(q)), when it satisfy the equations of the differences, i.e.

Yo = up +01up g+ Oup g, (19.1)

where u, ~ WN(0,02). An MA(q) process can be equivalently expressed as a polynomial in 6
of the Lag operator (Equation 18.4), i.e.

y, = O(L)u,, u, ~ WN(0,02),

where ©(L) is a polynomial of the form ©(L) = 1+ 6, L +---+0,L?. Given this representation
it is clear that an MA(q) process is stationary independently on the value of the parame-
ters. Moreover, the stationary process y, admits has a infinite moving average or MA(c0)
representation (see Wold (1939)) if it satisfies the equations of differences, i.e.

Yo = V(L)uy = vy + Pruy_q + = ijutfj’
=1

under the following condition the process is stationary and ergodic, i.e.

(&)
i=1

If the above condition holds, then the process MA(co) can be written in compact form as:

Yo = U(L)uy, u, ~WN(0,02), U(L) = oL

=1

19.1.1 Expectation
Proposition 19.1 (Expectation of an MA(q)). In general, the expected value of an MA(q)

process depends on the distribution of u,. Under the standard assumption that u, is a White
Noise (Equation 18.1), then it’s expected value is equal to zero for everyt, i.e.

E{y} = _0,E{u, ;} =0.
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Proof: Proposition 19.1

Proof. Given a process y, such that E{y,} = u, it is always possible to simply
reparametrize the Equation 19.1 as:

Yp = ptug + 0w+ +0u,,

or rescale the process, i.e §, = y, — p1, and work under a process with zero mean. Then,
let’s consider a process an MA process of order q, then the expectation of the process is

computed as
q

E{y,} =E {ut +)° Giuti} = ijei[g{u”} =0

i=1
Hence, the expected value of y, depends on the expected value of the residuals u,, that
under the White Noise assumption is zero for every t. O

19.1.2 Autocovariance function

For every k > 0, the autocovariance function, denoted as +;, is defined as:

K
o, Z:—lzl 0,0, k<gq

fry C’U s _ ey
Yk W Yer ) {0 k> q

The covariance is different from zero only when the lag k is lower than the order of the process
q. Setting k = 0 one obtain the variance, i.e.

q
Yo = V{y} = op 2012
i1

It follows that, the autocorrelation function is bounded up to the lag g, i.e.

1 k=0
o2 kg g

pr = Criys,yp 1} = % 0<k<gq
0 k>q

Proposition 19.2 (Moments of an MA(1)). Let’s consider a process y, ~ MA(1), i.e.
Yo =+ 01uy g +uy.

Independently, from the specific distribution of u,, the process has to be a White Noise, hence
with an expected value equal to zero. Therefore, the expectation of an MA(1) process is equal
to p, i.e. E{y,} = p. The variance instead is equal to

Yo =Yy} = o5 (1+67).
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In general, the auto covariance function for the order k is defined as

0,02 k<1

=Cviy,,y,_ .} = .
Tk {?Jt Ye k} {0 E>1

It follows that, the auto covariance function is bounded up to the first lag, i.e.
>yl =021 +06,+67),
3=0

and therefore the process is always stationary without requiring any condition on the parameter
0,. Also the autocorrelation is different from zero only between the first two lags, i.e. the
process is said to have a short memory

% k<1

2
pr = Cri{y,y} = 1 :
p = Cri{ye v} {0 o

Proof: Proposition 19.2

Proof. Let’s consider an MA(1) process y, = pu + 6,u;,_; + u,, where u, is a White Noise
process (Equation 18.1). The expected value of y, depends on the intercept pu, i.e.

E{y} = p+ 0, E{u, 1} + E{u} = 1o

Under the White Noise assumption the residuals are uncorrelated, hence the variance is
computed as
Yo = V{p+uy +0fu, 1} =
= V{u, + 0ju,_ } =
= V{u,} +07V{u,_} =
=02+ 0,02 =

= o (1+6})

By definition, the autocovariance function between time ¢ and a generic lagged value t—k
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reads

Vi = Colyy, v}
=yt — Hy By, 1} =
= E{(p 4wy + Oy ) (o +wyg + Oyuy g q)} — p* =
= E{uuy i} + 0. E{u,_juy o} + 0 E{uuy g1} + 078 {uy,_quy g b
+ 1%+ pE{uy g} + p0 E{uy g} pE{ug} + p0 E{u, ) =
=01 E{uy_u; 1} =
_ )0 V{u .} k<1
B {0 k>1

This is a consequence of u, being a White Noise and so uncorrelated in time,

ie. E{uu,_} = 0 for every ¢t. This implies that, also the correlation between two
lags is zero if k > 1. O

@ Example: stationary MA(1)

Example 19.1. Under the assumption that the residuals are Gaussian, i.e. u, ~ N (0, 02),
we can simulate scenarios of a moving-average process of order 1 of the form

yy ~MA(l) <= y, = p+ 60w, +u,. (19.2)

1. Next step dynamics from Equation 19.2.
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Figure 19.1: Simulation of an MA(1) process with long term expected value (red, top)
and empiric autocovariance for the first 30 lag.(bottom).

Let’s now compute the expectation, variance and covariance on simulated values and
with the formulas.

Table 19.1: Empiric and theoric expectation, variance, covariance and correlation (first
lag) for a stationary MA(1) process.

Statistic Formula  Monte Carlo |Error|

E{y,} 1.0000000 0.9974245  0.258%

V{y,} 1.0225000 1.0301274  -0.74%

Co{yy, ys 1} 0.1500000 0.1513608 -0.899%

Criy, v} 0.1466993 0.1469331 -0.159%
19.2 AR(P)

In time series analysis an univariate time series y, is defined as Autoregressive process of order
p (AR(p)), when it satisfy the equations of the differences, i.e.

Yp = O1Ypq o+ Oy + Uy, (19.3)
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where p defines the order of the process and u, ~ WN(0,¢2). In compact form:

P
Yy = Z Pily—i + Uy
i—1

An Autoregressive process can be equivalently expressed in terms of the polynomial operator,
i.e.

L)y, =uy, O(L)=1—¢1L—— ¢5pr-

From Section 18.3.1 it follows that it exists a stationary AR(p) process if and only if all the
solutions of the characteristic equations, i.e. ®(z) = 0, are greater than 1 in absolute value. In
such case the AR(p) process admits an equivalent representation in terms of MA(c0), i.e.

1
= &(L) =
Yt ( ) Uy 1—¢1L—"'—¢pLPUt
=1+ L+l +..) = Zq/}iutfi
i=1

19.2.1 Stationary AR(1)
Let’s consider an AR(1) process, i.e.

Yo = H+ o1y 1 + Uy
Through recursion up to time 0 it is possible to express an AR(1) model as an MA(c0), i.e.
t—1 t—1

Ye = 1Yo + 1 Z ¢f + Z AT
i=0 i=0

where the process is stationary if and only if |¢,| < 1. In fact, independently from the specific
distribution of the residuals w,, the unconditional expectation of an AR(1) converges if and
only if |¢,]| < 1, i.e.

t—1
[E{yt}:qﬁfiyo—l—,quSi: a .
=0 1-— ¢1

The variance instead is computed as:

t—1 2

. o,
Yo = Yy} = E QZ)%,LO-’?L = 1— ¢2'
i=0 1

The auto covariance decays exponentially fast depending on the parameter ¢, i.e.
_%u_
1— ¢

N = Cv{ybytfl} = ¢ - = 91 " Yo
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where in general for the lag k

k
e = Colyn v} = 1 0.

Finally, the autocorrelation function

v
p1=Cri{y,y 1} = 1= ¢1,
Yo

where in general for the lag k
k
Pr = Criys, v} = ¢|1 :

An example of a simulated AR(1) process (¢; = 0.95, u = 0.5 and 02 = 1 and Normally
distributed residuals) with its covariance function is shown in Figure 19.2.

. . 2.
H: 05 @ 095 o 1
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Lag (k)

Figure 19.2: AR(1) simulation and expected value (red) on the top. Empirical autocovariance
(gray) and fitted exponential decay (blue) at the bottom.

@ Example: sampling from a stationary AR(1)

Example 19.2. Sampling the process for different ¢ we expect that, on a large number
of simulations, the distribution will be normal with stationary moments, i.e. for all ¢

2
I o

X ().
e T4
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Figure 19.3: Stationary AR(1) simulation with expected value, one possible
and samples at different times.
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Figure 19.4: Stationary AR(1) histograms for different sampled times with normal pdf
from empiric moments and normal pdf with theoric moments.

Table 19.2: Empiric and theoric expectation, variance, covariance and correlation (first
lag) for a stationary AR(1) process.

Statistic Theoric Empiric
E{y,} 0.000000 -0.0027287
V{y,} 1.960784  1.9530614

Co{y,,y, 1} 1.372549 1.3586670
Criy,y, ,} 0.700000 0.6956660

19.2.2 Expectation

Proposition 19.3 (Expectation of an AR(p)). The unconditional expected value of a station-

ary AR(p) process reads
L

E{y:} = 157 o
=177
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Proof: Proposition 19.3

Proof. Let’s consider an AR(p) process y,, then the unconditional expectation of the
process is computed as

p

[E{yt}:[E{N+ ¢z’yti+ut} =
=1
q
=p+ Z oy, it + Hu} =
i=1

q
=p+> ¢:E{y,}
1=1

Since, under the assumption of stationarity the long term expectation of E{y, ,} is the
same as the long term expectation of E{y,}. Hence, solving for the expected value one

obtain: )
. . K
E{y,} (1 _;d)z) =p = Hyt= 1 _Zle &

19.2.3 Yule-Walker equations
If the AR(p) process is stationary, the covariance function satisfies the recursive relation, i.e.

Ve — P1 Vo1 — 0 — ¢k_p7k—p =0

Yo =171+ By, + o8

where v_;,, = ;. For k=0, ..., p the above equations forms a system of p + 1 linear equations

in p + 1 unknowns 7, ..., 7, also known as Yule-Walker equations.

Proposition 19.4 (Variance for an AR(1)). Let’s consider an AR(1) model without intercept

so that E{y,} = 0. Then, its covariance function reads:

o k k
Ve = 1_¢%¢1 —70¢1
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Proof: Proposition 19.4

Proof. Let’s consider an AR(1) model without intercept so that E{y,} = 0, i.e.

Y = O1Ypq + Uy

The proof of the covariance function is divided in two parts. Firstly, we compute the
variance and covariances of the AR(1) model. Then, we set the system and we solve it.
Notably, the variance of y, reads:

Yo =Yy} = E{yit — E{y,}* = E{yi} =
= H{y (9191 t )} =
= 0 H{yy o + Eye ) =
= ¢y, + 07

(19.4)

remembering that E{y,e,} = E{e?}. The covariance with first lag, namely ~, is computed

as:
Y1 =Col{y,ye 1} = H(d1yp 1 + )y 1} =

= ¢1[E{y§—1} =17
The Yule-Walker system is given by Equation 19.4, Equation 19.5, i.e.

{70 =¢17 t+ o? (Lo)

(19.5)

7 = $17% (Ly)

In order to solve the system, let’s substitute 7; (Equation 19.5) in v, (Equation 19.4)
and solve for 7, i.e.

0.2
{’Yo = ¢ty +o° = 7 (Lo)
0_2
"= ¢1@ (Ly)
Hence, by the relation v, = ¢;v,_; the covariance reads explicitely:

o* k
Ve = 1_7(;5%% = Y%

Proposition 19.5 (Variance for an AR(2)). Let’s consider an AR(2) model without intercept
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so that E{y,} = 0. Then, its covariance function reads:

’Yo:¢0<f2 k=0
)N = 17 k=
Y =
Y2 = %270 =2

Ve = P1 V-1t P2Vp2 k=3
where
Yo = (1 — 110y — otpy)
Py = ¢y (1— o)~
Yy =161 + P

Proof: Proposition 19.5

Proof. Let’s consider an AR(2) model without intercept so that E{y,} = 0, i.e.
Yo = P11 + Dol o + Uy

The proof of the covariance function is divided in two parts. Firstly, we compute the
variance and covariances of the AR(2) model. Then, we set the system and we solve it.
Notably, the variance of y, reads:

Yo =Yy} = Hyi} — Hy)? = H{yi} =
= E{y, (d1y; 1 + Oy o+ 6} =
= 01y y 1} + SB{yy o} + Eye } =
= ¢y, + doyy + 07

remembering that E{y,e,} = E{e?}. The covariance with first lag, namely ~, is computed
as:

(19.6)

Y1 =Coly, yp1} = E{(d1yp1 + oYy o T €)Y 1} =
= 0 E{y7 1} + doE{y, oy 1) = (19.7)
=017 T P2
The covariance with second lag, namely 7, is computed as:
Yo = Co{yp i1} = (9191 + day0 + €)Y 2} =
= 1 E{y 1Yo} + PoE{7 o} = (19.8)
= o1+ d2%
The Yule-Walker system is given by Equation 19.6, Equation 19.7 and Equation 19.8,
ie.
Yo = $171 + G272 + o’ (Lo)
Y1 = 1% + P (L1)
Yo = 01+ P2%0 (L)
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In order to solve the system, let’s start by solving for v, (Equation 19.7) in terms of v,
in L, i.e.

M= (1 ib1¢2>70 = 1% (19.9)

by
Substituting v; from Equation 19.9 into 7, (Equation 19.8) in L, gives:

Yo = (V191 + $2)v0 = V2o (19.10)
P

Finally, substituting v; (Equation 19.9) and 7, (Equation 19.10) into v, (Equation 19.6)
in L gives an explicit expression of the variance of y,, i.e.
1
Yo = o
O R o
%o

? = 1pgo’.

Table 19.3: Theoric long term variance and variance computed on 500 Monte Carlo sim-
ulations (t = 100000).

Covariance Formula MonteCarlo

V{y,} 1.1363636  1.1362110
Co{y,,y, ,} 0.3787879  0.3785980
Co{y,y, o} 02272727  0.2271252
Co{y;,y, 5} 0.1060606  0.1060733
Co{y, y, 4} 0.0545455  0.0544696
Col{ysy, s} 0.0269697  0.0268185

Proposition 19.6 (Variance for an AR(3)). Let’s consider an AR(3) model without intercept
so that E{y,} = 0. Then, its covariance function reads:

(Y0 = 0> k=0

71 = V1% k=1

Ye = 4 V2 = Y20 k=2
Y3 = V30 k=3

Ve = P1Ve—1 T P2 Vo2 + P3Vg k=4
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where

Yo = (1= ¢191 — Pothy — 33hg)

Py = (¢ + Pa3) (1 — g — d3 — b1 ¢5) "
Yy = 9101 + @311 + ¢y

Y3 = 910y + Oty + @3

Proof: Proposition 19.6

Proof. Let’s consider an AR(3) model without intercept so that E{y,} = 0, i.e.
Yo = O1Ye1 T PoYy o + P3Yy_3 + Uy

where g, ~ WN(0, 0%). Notably, the variance is computed as:

Yo = V{y} = E{yf} — By, }? =
=y} =
= E{y (d19-1 + Po¥s—o + P3ys3 +64)} = (19.11)
= 01 E{yy 1} + SE{y v o} + SsB{y,y, st + Hye,} =
= ¢171 + PaYe + P33 + 07

remembering that E{y,e,} = E{e7}. The covariance with first lag, namely ~, is computed

as:
Y1 = Colyp,yp 1} = E{(d1ys 1 + Dol o + O3y 3+ )Y 1} =

= 0 E{y7 1} + 0B {yr oy 1} + O3E{y svi 1) = (19.12)
= 017 T 271 + P22
The covariance with second lag, namely 7, is computed as:
Yo = Co{yp o} = E{(d1Y11 + d2ys 2 + d3Ys 3 + €)Y 2} =
= 01 E{y 190} + OE{yi o} + O3E{y, 3y o} = (19.13)
= 0171 + 027 + Ps™

The covariance with third lag, namely 75 is computed as:

Y3 = Colyy, yp 3t = E{(d1ys 1 + Do¥y o + O3y 3+ €)Y 3} =
= ¢1[E{yt71yt73} + ¢2[E{yt72yt73} + ¢3[E{yt2—3} = (19-14)
= Q172 + D271 + P37

The Yule-Walker system is given by Equation 19.11, Equation 19.12, Equation 19.13 and
Equation 19.14 reads

Yo = G171+ P2Y2 + ¢373 + 02 (L)
Y1 = 017 + P21+ P37 (Ly)
Yo = O1 1+ P20 + 93 (Ly)
Y3 = @172 + G271 + P37 (L3)
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Let’s start by expressing v, (Equation 19.13) in terms of v; and ~, from L,, i.e.

Yo = (@1 + ¢3)71 + P20 (19.15)

Then, let’s substitute the above expression of v, (Equation 19.15) in ; (Equation 19.12)
from L, i.e.

Y1 = G170 + P + P3(P1 + 3)71 + D302

At this point 7, depends only on 7, hence we can solve it:

. 1+ O3 _
“‘1—¢yﬂﬁ—¢w;“_¢”° (19.16)
LR

With ~; solved, one can come back to the expression of v, (Equation 19.15) and substitute
the result in v; (Equation 19.16) obtaining an explicit expression for 7,, i.e.

Yo = (191 + 311 + H2)70 = 2o (19.17)
Py

Substituting the explicit expressions of v, (Equation 19.17) and v, (Equation 19.16) into
75 (Equation 19.14) completes the system, i.e.

Y3 = (@10y + do101 + D3)70 = V3% (19.18)
Y3

Finally, substituting v, (Equation 19.16), v, (Equation 19.17) and ~5 (Equation 19.18)
in 7, (Equation 19.11) gives the variance, i.e.
1

T 1=yt — othy — Gy
Yo

Yo = (1= 191 — dothy — dgthg)

Py = (¢ + Pad3) (1 — g — ¢35 — Py 903) "
VYo = 191 + @3ty + ¢y

VY3 = 91¥9 + Gty + @3

2 (19.19)

Yo

Table 19.4: Theoric long term variance and variance computed on 500 Monte Carlo sim-
ulations (t = 100000).

Covariance Formula MonteCarlo

V{y,} 1.1538304  1.1535204
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Co{y,,y, 4} 0.3987743  0.3985179
Co{y,,y, o+ 0.2549540  0.2548731
Co{y,,y, 5} 0.1740552  0.1738990
Co{y,,y,_4+ 0.0976507  0.0975948
Co{y,,y, 5+ 0.0594484  0.0596297

Proposition 19.7 (Variance for an AR(4)). Let’s consider an AR(4) model without intercept

so that E{y,} = 0. Then, its covariance function reads:

-

Yo = o0 k=0
71 = %1% k=1
v = Y2 = V9o k=2
g Y3 = ¥37% k=3
Y4 = Va0 k=4
Ve = P1Vk-1 t PoVko t P3 V3 T PyVpg k=5
where
| P3P2 | P1PaPs G3(d1 + ¢3)  P1P4(D1 + ¢3)
o= ({25 P52 o v ) (12 B ot
U@y + B3) o
=g T,

3 = @195 + Pothy + @3+ P41y
7/14 = ¢1¢3 + ¢21/}2 + ¢31/’1 + (154
Yo = (1 — Q191 — Pothy — P3ihg — ¢74¢4>_1

-1
— §y — Gaby — ¢i>

1 Proof: Proposition 19.7

Yy = O1Yp 1 + PoYp o + O3Yy 3+ gy g+ &
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where ¢, ~ WN(0, 02). Notably, the variance is computed as:

Yo =y} = E{y7} — E{y;}* =
= E{yf} =

= E{ys (D14 1 + Poys o+ P3ys 3+ Puys 4 +€4)} =
= 0By 1} + 0aB{uyi o} + 0By st + 0uE{yey g} + Eyer} =

= G171 + PaYe + P3Ys + Pyvy + 07

(19.20)

remembering that E{y,e,} = E{e?}. The covariance with first lag, namely ~; is computed

as:

Y1 = Coly,yp 1} = E{(D1ys 1 + Dol o + O3y 3+ ¥y 4 F €)Y 1} =

= o E{y7 1} + oo {yy oy 1} + OsE{y, sy 1} + O E{yp gy} =

= P17 + Pav1 T P22 + D373

The covariance with second lag, namely 7y, is computed as:

Yo = Colyy, yp o} = E{(D1ys 1 + Dol o + O3y 3+ Puly 4 + €)Y o} =

(19.21)

= 01 E{y, 1y o} + DoE{yi o} + OsE{y, sy, o} + OuE{ys_ayy o} =

= Q171 + 2% + D371 + Do

The covariance with third lag, namely 5 is computed as:

Y3 = Co{yp, yp s} = E{(d1ys 1 + PoYs o + O3y 3+ Puys 4+ 1)y 3F =

(19.22)

= 0 E{y; 19y 3} + Oot{ysous s} + O3E{y7 3} + OuE{y, ayi 3} =

= 0172 + a1 + P30 + a1

The covariance with fourth lag, namely v, is computed as:

Yy = Co{yp, ypay = (D11 + PoYs o + O3y 3+ Pulyy s+ 1)U 4} =

(19.23)

= 0 E{ye 10 o) + OBy oy o} + E3E{ys sys a} + 0E{y} 4} =

= Q173 + P2Y2 + @371 + P40

(19.24)

The Yule-Walker system is given by Equation 19.20, Equation 19.21 and Equation 19.22,

Equation 19.23, Equation 19.24 reads

Yo = G171 + PoYa + P3V3 + Pyvs A 07
Y1 = P17 + P71+ P3Y2 + Py
{ V2 = 9171+ D270 + P31+ Pare
Y3 = P17 + P11 + P3%0 + Pam
(V4 = @173 + P22 + D371 + P40
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To solve the system, let’s substitue v; (Equation 19.21) into 7, (Equation 19.22) and
recover 1y, in terms of 7, i.e.

¢1 + ¢3 Py
Y2 = Y+ Y 19.25
2 1— ¢4 1 1 _¢4 0 ( )
Then, substitue 75 (Equation 19.23) into 7, (Equation 19.21), i.e.
Y1 = (b3 + 0104)%2 + (P2 + oty + ¢3) 71 + (¢4 + D304)70 (19.26)

Then, substitue 7, (Equation 19.25) into the previous expression for v; (Equation 19.26),

ie.
P3(Py + ¢ P104(1 + ¢
M= ( 3<11_¢ ) + = i(—lqﬁ s) + by + Pody + 05 | 11+
4 4
P3Py | D104, )
+ + + Q1+ P304 |
(1—¢4 L—g, 0 )0
Hence, recovering v, one obtain:
. ( P+ G282 4 ) + 40, )7 .
1 0= %17
1— ¢3<1¢11;‘4¢3> _ ¢1¢41(j’$j¢3) _ ¢2 _ ¢2¢4 _ Cbi (1927)
¥y

Substituing v, (Equation 19.27) into v, (Equation 19.25) gives

yy = <¢1 ({751‘;;53) - ib2¢4)% = 1y, (19.28)

(2

Then, let’s rewrite v5 (Equation 19.23) substituing v; (Equation 19.27) and v, (Equa-
tion 19.28), i.e.

V3 = ($199 + Pathy + b3 + dy1)70 = Y370 (19.29)
Y3

Finally, substituing v, (Equation 19.27), 7, (Equation 19.28) and 5 (Equation 19.29)
into 7, (Equation 19.24) gives:

Yy = (D193 + dathg + 3101 + dy)v0 = Va0 (19.30)
U

Finally, substituing v; (Equation 19.27), v, (Equation 19.28) and 5 (Equation 19.29)
and v, (Equation 19.30) into -, (Equation 19.20) gives the variance, i.e.
1

T0Z T 260, — Gothy — bythy — bathy
Yo

2 (19.31)
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Table 19.5: Theoric long term variance and variance computed on 500 Monte Carlo sim-
ulations (t = 100000).

Covariance Formula MonteCarlo

V{y,} 1.2543907  1.2509545
Co{y,,y, .} 0.5084245  0.5003887
Co{y,,y, o} 0.4036375  0.3997435
Co{y,,y, 5} 0.3380467  0.3351931
Co{y;y, 4} 0.2504338  0.2481127
Co{y,,y, 5} 0.1814536  0.1797885

19.2.4 Non-stationary AR(1): random walk

A non-stationary process has expectation and/or variance that changes over time. Considering
the setup of an AR(1), if ¢; = 1 the process degenerates into a so called random walk process.
Formally, if u # 0 it is called random walk with drift, i.e.

Yp = B+ Ypq + Uy

Considering its MA(oco) representation

-1
Yy :y0+:u't+zut7i7
i=0

it is easy to see that the expectation depends on the starting point and on time ¢ and the
shocks u,_; never decays. In fact, computing the expectation and variance of a random walk
process it emerges a clear dependence on time, i.e.

E{y, | Fo} = yo +ut V{y, | Fo} =tol,

[t —k>»
Col{yp, yp 1} = (t—k)- o? Crive, yi 1t = T

and the variance tends to explode to co as t — oo.
Stochastic trend of a Random walk

Let’s define the stochastic trend S, as S, = Z:;; u,_;, then
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1. The expectation of S, if u, are all martingale difference sequences, is zero, i.e.

F(S =S Flu i} =Y E{E{u, | 7} =0,
i=0 i=0

and therefore
E{y;} = yo + pt + E{S;} = yo + pt.

2. The variance of S,, if u, are all martingale difference sequences, is time-dependent,
i.e.

Vig =S} =3 Wu_} = ot =02
i=0 i=0

while the covariance between two times ¢ and t — k depends on the lag, i.e.

t—k—1

Co{Sy, S it = E{S15, 1} = Z V{u, ;} = (t—k)- o

i=0
and so the correlation

CofSy, St (¢t k) ‘72
\/W{St} “V{S; ) \/t t— ‘72

Cr{S;,S; &} =

tends to one as t — oo, in fact:

lim Cr{S,. 5, 4} = Jim m =t/ E 1
— 00 — — 00 t—o00

@ Example: sampling from non-stationary AR(1)

Example 19.3. Let’s simulate an random walk process with drift with a Gaussian error,
namely u, ~ N(0,02).
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Figure 19.5: Random walk simulation and expected value (red) on the top. Empirical auto-
correlation (gray).
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Figure 19.6: Non stationary AR(1) simulation with expected value (red), a possible trajec-
tory (green) and samples for different times (magenta) on the top. Theoretic
(blue) and empiric (black) std. deviation at the bottom.
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Sampling the process for different ¢ we expect that, on a large number of simulations, the
distribution will be still normal but with non-stationary moments, i.e.

X, ~ N (ut,o2t).

t=30 t=60 t=90
0.06
0.04 -
0.06 -
0.04 - 0.031
0.04 -
0.02 -
0.02 -
0.02 -
0.01 -
0.00 - 0.00 - 0.00 -
10 0 10 20 30 ~10 0 10 20 30 40 0 20 40 60

Figure 19.7: Non-stationary AR(1) histograms for different sampled times with normal
pdf with empiric moments (blue) and normal pdf with theoretic moments
(magenta).

Table 19.6: Empiric and theoric expectation, variance, covariance and correlation (first
lag) for a stationary AR(1) process.

t [E{yt} [Emc{yt} V{yt} Vmc{yt}
30 8.7 8.698311 29 29.69114
60 17.7 17.517805 59 60.09756
90 26.7 26.268452 89 90.05715
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20 ARMA processes

20.1 ARMA(p, q)

An Auto Regressive Moving Average processes, for simplicity ARMA (p,q), is a combination of
an MA(q) and an AR(p) processes, i.e. an z, ~ ARMA(p, q) is formally defined as

p q
Yy = p+ Z Piy—i + Z 0jus_j + uy,
i—1 =1

where in general u, ~ WN(0,02). An example of a simulated ARMA(1,1) process (¢; = 0.95,
0, = 0.45 u = 0.5 and 02 = 1 and Normally distributed residuals) with its covariance function
is shown in Figure 20.1.

H: 0.5 @ 095 O;: 045 o*% 1

254
204
154
10~

Yi

0 4

0 500 1000 1500 2000

1.00
0.75
& 0.50-
0.251
0.00 -

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
Lag (k)

Figure 20.1: ARMA(1,1) simulation on the top and empirical autocorrelation at the bottom.
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20.1.1 Matrix form AR(p)

An Autoregressive process of order p AR(p) (Equation 19.3) can be written in matrix form
as

Xt :C+ Xt—l +but7

where
¢1 ¢y Pp1 Py
Y 1 I 0 0 0 Y1 1
P [ P
Yy 0 0 0 10| \yps 0
= e 0 0 0o 0/ v

where X,, ¢ and b have dimension p x 1, while is p X p.

How to construct the companion matrix ?

Let’s consider the vector containing the coefficients of the model, i.e.

<¢1 Gy . ¢p71 ¢p>-

"y =
px1

If the order of the Autoregressive process is greater than 1, i.e. p > 1, let’s consider an
identity matrix (Equation 32.3) with dimension (p —1) x (p — 1)

10 ... 00
01 .. 00

L, =1]: 3t & t ],
(p—1)x(p—1) 00 .. 10
00 1

then, we combine it with a column of zeros, i.e.

L (Ip 01Xp>'
(p—1)xp

Finally, we combine L with the AR parameters, i.e.

“(u)
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@ Example: AR(4) in matrix form

Example 20.1. Let’s consider for example an AR(4) process. The vector containing the
coefficients of the model reads

Y :(¢1 by G5 ¢4)-

4x1

For an AR(4) we consider a diagonal matrix with dimension 3 x 3, i.e.

1 0 0
L=(01 0],
3x3 0 0 1

then, we add a column of zeros, i.e.

1 000
L;y=10 1 0 0].
3x4 0010
Finally we combine
1 Gy b3 @y
()Y _|1 O 0 O
S \Lg) |0 1 0 O
0 0 1 0
Then, let’s consider the iteration
Ye K P11 Py O3 @y Yi—1 1
Y1 0 1 0 0 O Yy_o 0
Yo s ol "{o 1 0 of|ws|T|o|™
Y3 0 0 0 1 O Yy 0

After an explicit computation, one can verify that it lead to the classic AR(4) recursion,
i.e.

Yy O1Yp1 T P2Yp o T O3Yp_ 3+ D4y 4 Uy
Y1 | _ Y1 + 01 _
Yi—2 Yi—2 0
Y3 Y3 0

O1Yp 1 T Doy o + O3y 3+ Qa4 + Uy
_ Y1
Y2
Yi—3
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20.1.2 Matrix for ARMA

In matrix form an ARMA (p,q) process reads,
where, the first component, namely y, = e; +qX¢, is extracted as:

— el T T
y=epcte, AX, ;+e, bu,.

where e

piq 1S @ basis vector (Equation 32.1) with dimension p + q.

How to construct the companion matrix for an ARMA?

Let’s consider the vector v containing the coefficients of the model, i.e.

¥ :<¢1 Gy v Qpg O, O Oy o O, Hq).

1x(g+p)

For an ARMA (p,q) we consider two distinct matrices, i.e. a matrix for the AR part we
consider the identity matrix (Equation 32.3) with order p — 1, i.e.

10 .. 00
01 .. 00

L, =|:: i i},
p-Uxp-1) |0 0 .. 1 0
0 0 1

and we combine it with a column of zeros, i.e.

1 0 0 0 0
0 1 000
L, :(Ipfl 0(p71)xl): 5 ' 0
(p—1)xp 00 .. 1 0
00 .. 010

1 0 0 0
0 1 00
qul =1: + ,
(g=1)x(g—1) 00 ... 1
0 0 1
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and we combine it with a column of zeros, i.e.

10 0 00
01 0 00
Ly = (qul O(qfl)xl) = ol 0
(a—1)xq 00 .. 1 0
00 .. 010

To combine the matrices L, ; and L, _;, we need add a matrix of zeros. More precisely:

Lp—l 0(;0—1)Xq
= 01><p 01><q
(g+p—1)x(g+p) 0(q71> . qul

Finally we combine L with the parameters, i.e.

Y
A = .
(g+p)x(g+p) <L>

Then, the vector b is constructed by combining two basis vectors (Equation 32.1), to
ensure it is equal to one in the position 1 and in the position p+1, i.e.

= ()

@ Example: matrix form of an ARMA(2,3)

Example 20.2. For example let’s consider an ARMA(2,3):
7= (¢1 ¢y 01 0, 93>'

The matrix for the AR part that is equal to combined with a matrix of zeros, i.e.

For the MA part we consider a similar matrix as in the single case but with first row
equal to zero, i.e.

1 00
L o B ( ) ’
243 010

L2><2 02><3
4%5: 0142 01><3 =

02><2 L2><3

and we combine

o O O
o O O O
o= O O
= o o O
o O O O
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Finally we combine

Y
Y1
Uy
Usq

U9

d)l ¢2 01 02 03
1 0 0 0 0
A = (E) —lo 0 0 0 0
0 0 1 0 0
0 0 0 1 0

Then, the vector b is constructed by combining two vectors

Let’s check it would lead to a classic ARMA(2,3):

P1Yp1 + OoYpo + 010y + Ouy 4 + Oguy
Y1
0 +
Up—1
Up_g
P1Yp1 + OoYpo + 010y g + Oguy g + O3uy o +
Y1
Uy
Up—1

U2

20.2 Moments

Proposition 20.1. Given the information at time t, the forecasted value at time t + h for an

AR(p) process reads:

h—1 h—1
X, =Y Alc+ AMX, + Z Abu,,,_ ;.

7=0 7=0

(20.1)

1 Proof of Proposition 20.1

Proof. Let’s start developing the Equation 20.1 with h =1, i.e.

X1 =c+AX, +buyyy,
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with h = 2:
Xipo=c+AX, 1 +buy,=

=A(c+AX,;+bu, ) +b uy,=
=c+Ac+A?’X,+bu,,,+Abu,,,
with h = 3:

Xipg=Cc+AX; p+bu,y=
=c+A(c+Ac+A%X, +bu, o+ Abu, ) +bu,;=
=c+Ac+ A%c+ A*X, +bu,,;+Abu,, + A’bu,,

and so on. Hence the impact of the shocks decrease exponentially over time. O

20.2.1 Expectation

Proposition 20.2. The conditional expectation at time t + h of X, ;, given the information
up to time t can be easily computed from Equation 20.1, i.e.

E{X; | Fi}=c (I,—A") (I, — A)"' + A"X,.

1 Proof of Proposition 20.2

Proof. The expectation of Equation 20.1 reads:

h—1 h—1
Adc+ AMX, + > Adb-Eluy, ;| T4}

E{Xpin | T4} =
=0 =0

Under the assumoption that €,,,_; ~ M DS, we have that for all ¢
E{u, iy | T4} =0.

Therefore, we can apply the tower property of the conditional expectation with J, an
increasing filtration such that 7, C ., C ... 7, i.e. for example with ¢ + 2,

[E{UHZ | T} = [E{[E{uwz ‘ ‘?t+1} | T} =0,

with t 4 3,

[E{Ut+3 | T} = [E{[E{Ut+3 | ?t+1} | T} = [E{[E{[E{“t+3 | ‘fft+2} | 7t+1} | 1} =0.
Therefore .
—1
E{Xyihn | F1} = ZAjC +AMX,,
=0
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where for constant c, the series further simplifies in

h—1
> Adc=(I,— A" (I,— A)'c,
j=0

with I, the identity matrix (Equation 32.3). O

20.2.2 Covariance

Proposition 20.3. Taking the variance of Equation 20.1 on both sides gives

h—1
VX, | T3 =02 Aibb' (AH)T
7=0

Moreover, Assuming u, ~ WN(0,02), and independence across time, the conditional covariance
18:
min(h,k)—1
CofX, Xy | Ty =02 S AFIbbT (AR,
§=0

1 Proof of Proposition 20.3

Proof. Taking the conditional variance gives

h—1

VA Xpn | T4} = ZV{A bu ;| Foy =) AbV{u., ;| F, b (A)T
= 7=0

Then, if u, is White Noise process, then its variance is constant, hence independent from
t, and equal to o2. For the covariance formula, each X, +p, is influenced by past shocks
ut + h — j. Since the shocks are uncorrelated across time, only shared shocks affect both
X, and X, ;.. The number of common shocks is min(h, k), and each contributes:

CU{AhilijbutHﬂa Akilijb“t-s—l-s—j} = 02 A 1=Jbb T (AF1-)T,
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@ Example: ARMA(2,3) iterative forecast

Example 20.3. Let’s use Monte Carlo simulations to establish if the results are accurate.

Table 20.1: Theoric long term moments and moments computed on 200 Monte Carlo

simulations (t = 100000).

Covariance Formula MonteCarlo
E{y,} 0.5454545 0.5451258
V{y,} 1.7466575 1.7472192

Cv{y,,y,_1} 1.1317615 1.1322255
Cv{y;,y;_o} 0.8115271 0.8118823
Cv{y,, v} 0.5132223 0.5133506
Cv{y,,y,_4} 0.2756958 0.2758341
Cv{y;, vt 0.1596921 0.1596755

2.5- \ ___'_'_'_'_' ---------
é\i/'s“‘?‘\‘l’t‘},’!”;;,\:é ,\‘ Wi
= 0.04 /‘v ‘\ 1"\ \‘ ' /\
2.5 s _'-_ : _-_______ '/ A

5 15 25 35 45
Steps ahead (h)

Figure 20.2: ARMA(2,3) simulations with expected value (red) and confidence intervals

with o = 0.1 (green), a = 0.05 (purple) and o = 0.01 (red).
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21 Conditional variance processes

21.1 ARCH(p) process

The auto regressive and conditionally heteroskedastic process (ARCH) were introduced in 1982
by Robert Engle to model the conditional variance of a time series. It is often an empirical
fact in economics that the larger values of time series the larger the variance. Let’s define an
ARCH process of order p as:

Ve =Hy | T +V{y | Foa
[E{l/t | 7#1} =K

p
V{y, | T 1} = Ut2 =w+ Z%’(?Jt—i _M)2

=1

(21.1)

where u, ~ MDS(0, 1).

21.1.1 Moments

The conditional mean of an ARCH(p) process (Equation 21.1) is equal to

[E{?/t ’ ?t—l} = u.

and the conditional variance is not stochastic given the information at time ¢ — 1 and for a
general h > 1 reads:

V{?/H-h | F} = [E{‘7152+h | T4}

1 Proof: Conditional moments ARCH(p)

Proof. Taking the conditional expectation on the process in Equation 21.1 one obtain:
By | Tt =p+Howu, | Ty g} =
=p+tot{u | T} =
=p

since o, is known and not stochastic given the information at ¢t — 1 in JF, ; and wu,
conditionally to F,_; is a Martingale Difference Sequence with mean zero (Equation 18.2).
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The conditional variance of y at time ¢ + h depends on the conditional expectation of o2,
i.e.
V{ypon | Fob = Vo | Fi} =
= lE{O-?‘Fh ’ ?t}[E{ungh | Fu} — oy | F B {upy | Fi} =
= l]-:{o-?-i-h | F1}
since E{u,,, | F,} =0 and E{u?, , | F,} = 1. O

Stationarity ARCH(p)

Regarding the variance, the long-term expectation of o7 reads

E{o?} = —o

1-— Zle o;

where w # 0. It is clear that to ensure that the process is stationary the following
condition on the ARCH parameters must be satisfied:

P
Zai <1, a;>0
i=1

for alli € {1,...,p}.

21.1.2 Example: ARCH(1) process

Let’s simulate an ARCH(1) process with normal residuals, i.e.

Yp = B+ oy

‘7? =w+ay(yq — M>2

where u, ~ N(0,1).

21.1.3 Example: ARCH(3) process
Let’s simulate an ARCH(3) process with normal residuals, i.e.

Yp = M+ oy

of =wtay (Y — 1)+ (Yo — p)? + sy, s — p)?

where u, ~ N(0,1).
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Figure 21.1: On the top an ARCH(1) simulation with its long term mean (red). On the bottom
the correspondent stochastic variance with its long term mean (blue).
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Figure 21.2: On the top an ARCH(3) simulation with its long term mean (red). On the bottom
the correspondent stochastic variance with its long term mean (blue).
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21.2 GARCH(p.q) process

As done with the ARCH(p), with generalized auto regressive conditional heteroskedasticity
(GARCH) we model the dependency of the conditional second moment. It represents a more
parsimonious way to express the conditional variance. A GARCH(p,q) processx is defined
as:

Yp = H+ oy
P q
of =w+ Z a;(Yp; — p)* + Zﬁjat{j
i1 =1
where u, ~ MDS(0,1).

Stationarity GARCH(p,q)

Regarding the variance, the long-term expectation of o7 reads

w

1-— Zle a; — ijl ﬁj

where w # 0. It is clear that to ensure that the process is stationary the following
condition on the GARCH parameters must be satisfied:

p q
D+ Bi<1,
i=1 =1

with o; > 0 and 8; > 0 for all 4 € {1,...,p} and j € {1,..., ¢}

E{o?} = (21.2)

21.2.1 Example: GARCH(1,1) process

Let’s simulate an GARCH(1,1) process with normal residuals, i.e.

Yy = P+ oy

of =w+ay(y, —p)?®+ fio7

where u, ~ N(0,1).
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Figure 21.3: On the top a GARCH(1,1) simulation with its long term mean (red). On the
bottom the correspondent stochastic variance with its long term mean (blue).

21.2.2 Example: GARCH(2,3) process

Let’s simulate a GARCH(2,3) process with normal residuals, i.e.

Yp = 1+ 04Uy
2 3
o =w+ Zai(yt—i —p)? + Zﬁjatg—j
i=1 j=1
where u, ~ N(0,1).

21.2.3 Example: GARCH(3,2) process

Let’s simulate a GARCH(3,2) process with normal residuals, i.e.

Yp = 1+ 04Uy
3 2
op =w+ Zai(yt—i —p)? + Zﬁjgij
i=1 J=1

where u, ~ N(0,1).
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Figure 21.4: On the top a GARCH(2,3) simulation with its long term mean (red). On the
bottom the correspondent stochastic variance with its long term mean (blue).
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Figure 21.5: On the top a GARCH(3,2) simulation with its long term mean (red). On the
bottom the correspondent stochastic variance with its long term mean (blue).
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21.3 IGARCH

Many variants of the standard GARCH process were developed in literature. For example,
the Integrated Generalized Auto regressive Conditional heteroskedasticity (IGARCH(p,q)) is
a restricted version of the GARCH, where the persistent parameters sum up to one, and imply
a unit root in the GARCH process with the condition

» q
Z a; + Z B =
i—1 =1

In GARCH(p, q), the sum of coefficients being less than 1 ensures stationarity (finite uncondi-
tional variance) while in IGARCH(p, q), the sum is exactly 1, so the process is nonstationary
in variance: the conditional variance has a persistent memory, and the shocks to volatility
accumulate over time. The process is strictly stationary under some conditions (see Nelson
(1990)), but it has infinite unconditional variance.

w: 05 w: 0.4 oy 0.35 By 0.65 Efo’}): 1
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Figure 21.6: On the top an iGARCH(1,1) simulation with its long term mean (red). On the
bottom the correspondent stochastic variance with its long term mean (blue).

21.4 GARCH-M

The GARCH in-mean (GARCH-M) model adds a stochastic term into the mean equation.
This is motivated especially in financial theories (e.g., risk-return trade-off) suggesting that
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expected returns may depend on volatility, i.e.

Y= H+ oA+ e

€ = Oyl
P q
2 _ 2 2
oy =w+ E e + E B0t
i—1 =1

The effect of the parameter A is a shift of the mean of the process. If y, are for example financial
returns a A > 0 would imply that higher volatility increases expected return, consistent with
risk-premium theories. Instead, when A < 0, it could reflect behavioral phenomena or model
misspecification. The unconditional mean of y, became

E{y;} = p+ E{o?} A,

while the conditional mean

[E{yt+h | T} = p+ )\[E{‘7752+h | F}-

Mu: 0.5 w: 04 aqg: 015 B4 0.35 A: 25 E{X} 274 E{ctz}: 0.8

300

Figure 21.7: GARCH-M(1,1) simulation (top) with the conditional (green) and long term (red)
expected values. Simulated GARCh variance (bottom) with the long term ex-
pected value (red).
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22 GARCH(1,1) moments

Let’s consider a very general setup for GARCH(1,1) process where we do not assume that the
GARCH residuals

1. Has expected value equal to zero, i.e. E{u,} = 0.

2. Has NOT necessary a second moment that is constant and equal to one, i.e. E{u?}
possibly time dependent (deterministic).

3. Has NOT necessary a fourth moment that is constant and equal to 3, i.e. E{u}} possibly
time dependent (deterministic).

The process we refer to has the form of a standard GARCH(1,1), i.e.

Y = Oy

2 _ 2 2
o =w+ayi |+ Brop

where u, ~ WN(pu,,0,).

22.1 First moment o?

22.1.1 Short-term

Given the information at time ¢ — 1, the expected value of the GARCH variance after h-steps
can be expanded as:

h—1 J h
E{of i | Tia} =w (1 + Z H)‘H—h—i) + o7 H)‘t+h—ja (22.1)
=1 i=1 =1
with h > 1 and where in general

Apni = o E{uf ;3 + By (22.2)

The iteration between two consecutive times reads

[E{O-?wthfs | Fpqp=w+ )‘t-s—h—s—l[E{o-tQJrhfsfl | i1}
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i Proof: GARCH(1,1) iterative expectation

Proof. Let’s start by taking the conditional expectation of the GARCH(1,1) variance at
time ¢ given the information up to ¢t — 1. In this case it is fully known at time ¢ given the
information in ¢ — 1, i.e.

[E{UtQ | Foqt=w+ 01915271 + 51%271-
Then, let’s iterate the expectation at time ¢ + 1, i.e.
E{o?., | T} =w+ o B{y7} + B1E{07 | Fy 1},

and let’s substitute the expression for the squared residuals y? = o?u?. Since o7 at time
t — 1 is known we have:

[E{Ut2+1 | Fpq} =w+ (%E{U%} +51)[E{Ut2 | Ty =w+ /\tUtQa

where
A = g E{ui} + By
Iterating the expectation at time ¢ + 2
[E{Ut2+2 | Fiat=w+ )‘t+1E{Ut2+1 | Fa}
=w+ Ay (Wt A07F)
= w1+ Apyq) + A1 A7

Then, at time t 4+ 3

[E{Ut2+3 | Ty} =w+ Ati2 [E{Ut2+2 | F1}
=w+ Ao (W(l + A1) + >‘t+1)\t01?)
=w (1 + Ao + )‘t+2)‘t+1> + )‘t+2)\t+1)‘t‘7?

In general, after h-steps one can write the expansion

h
/\t+h—i) +Ut2H)‘t+h—j
1 =1

J

-1 J

>

E{o? | T} =w (1 +

J

1=

Il
—

with the convention that an empty product is 1. ]
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@ Example: GARCH(1,1) iterative first moment

Example 22.1. Expanding the expression in Equation 22.1 with A = 1 one obtain

0 J 1
[E{Ut2+1 | Fia}t=w ( +ZH t+1—i> +Ut2H>‘t+1—j =

j=11=1 J=1
=w+ o)\,
with h =2
1J 2
Eofn | T} =w ( + ZH t+2—i) +Ut2H>‘t+2—j =
j=11i=1 J=1
= w(l+ A1) + 07N y)
with h =3
[E{Ut+3 | Fiat =w <1+ZH)‘15+3 1) + o7 H/\t+3 i~
=11
=w(l+ Ao+ A1 Aio) + 0 (At+2)‘t+1)‘t>
and so on.
Difference.
Moment Step Formula Iteration (%)
E{oi | Fi 1} 0  1.200 1.200 0%
E{o7 | Fo 1} 1 1.235 1.235 0%
E{o7 | T, 1} 2 1.250 1.250 0%
E{o? 5| F, 1} 3 1.258 1.258 0%
E{o? ,| T 1} 4 1.261 1.261 0%
E{o? s | F, 1} 5  1.263 1.263 0%
E{oi | T 1} 6 1.263 1.263 0%
E{o?,; | T4} 7 1.264 1.264 0%
E{o?.s | F1 1} 8  1.264 1.264 0%
E{o o | F, 1} 9 1.264 1.264 0%
E{of 10| Fio1} 10 1.264 1.264 0%
Table 22.1: Forecasted expectation of GARCH(1,1) variance with iteration and with for-

mula.
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22.1.2 Long-term

If E{u?} is constant for all ¢ then, A = a;E{u?} + 3;, became a constant and the formula
simplifies to

[E{Ut2+h | Fiq} = Ugo + )‘h(ag — 03 ), (22.3)

o0

where 02 denotes the long-term expected GARCH variance as h — oo, i.e.
lim E{o2 , | F, |} = — = o2, (22.4)

It follows that, under the standard assumption that u, ~ WN(0, 1), then one obtain the classic
expression

[E{U§+h | Fy1} =02 + (o + B))"(0F — 02) (22.5)

where 02 denotes the unconditional expectation as Equation 22.4 with E{u?} = 1.

1 GARCH(1,1) long-term expectation

Proof. Let’s verify the formula in Equation 22.5 for constant A\, (Equation 22.2) for all ¢,
i.e.

A= o E{ui} + By

In this case the iterative formula (Equation 22.1) simplifies, i.e.

Taking the limit as h — oo gives the long term stationary variance, i.e.

. w
}}L)I{.lo[}:{0-t2+h|?t_l}:ﬁ:ago <~ )\<1

Hence, the general expression became

E{of | Fooa} = 0% + A (0f — 0%)

oo
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@ Example: GARCH(1,1) long-term first moment

Example 22.2.

Moment Formula MonteCarlo Difference (%)

o2 1.264 1.264 -0.0056%

o0

Table 22.2: Forecasted long-term expectation of GARCH(1,1) variance with formula and
by Monte Carlo simulations.

22.2 Second moment o?

22.2.1 Short term

The second moment admits an iterative formula, i.e.

h i—1 h
E{ofn | T} = thmﬂ' HthJrhfj +a} H’VtJrhfj (22.6)
i=1 j=1 j=1
where
Vi+h—j = a%[E{u;l+h—j} + ﬁ1(2a1[E{u%+h—j} +B1) (22.7)
while
beiny = ww+2Ap,E{o7 i [ T} (22.8)

with A;,;,_; as in Equation 22.2.

1 Proof: Iterative formula for the second moment of GARCH(1,1) variance

Proof. Starting from
ot = (w+ age? + Bio7)?

and substitute the definition of e? = o?u?, i.e.

UfH = (w4 (ui + By)o7)? =
= w? 4 2w(yuf + By)o7 + (quf + B;)?0f

Then, let’s take the conditional expectation on both sides:

E{opyy | Fi} = w? + E{(equi + 8))* {0 | F 1} + 2w(onE{ui} + B))E{o? | F,} =
= w? + E{(aqguf + 1)} {0} | T4} + 20\ E{o} | T}
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where A, = a;E{u?} + 3,. Then note that:
E{(cyui + 51)*} = E{afuf + b7 + 204 fyui} =
= afb{uf} + B, 20 E{ui} + B;) =,
Hence, we can write the expectation in terms of the previous expectation.

[E{O-;l+1 | Fi1} =+ E{o} | F i} + 20N E{of | F,} =
= w(w+ 2>‘t[E{‘7t2 | F1}) + 'Yt[E{U? | F,} =
=b, + ’Ytﬂ':{gft1 ’ ?t}

where b, = w(w + 2\,E{c? | F,}). Tterating at time ¢ + 2:

E{otio | T} = by + v B{ob | T4} =
=bpy + Vesr b + %t+1'Yt[E{UZ1 | T4}
At time t + 3
E{ot s | Fi} =bo+ v oE{ot, | Fi} =
= bt+2 + ’Yt+2bt+1 + %+2’Yt+1bt + 7t+27t+17t[{021 | F}

Hence, in general

h i—1 h
4 _ 4
Eopn | T4} = § biyni H"YtJrhfj + 0y H’ththfj
i=1 j=1 Jj=1
where we denote as

v, = AE{ui} + By (20, E{u?} + ;)
A = o E{u?} + 6,
b, = w? + 2\ wkt{c? | F,}

@ Example: GARCH(1,1) iterative second moment

Example 22.3. With h =1

1 i1 1
E{ofa | T} = thﬂﬂ' H7t+1fj +a} H’VtJrlfj =
=1 =1 =1

= b, + 0%
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With h =2
2 i—1 2
E{ot | T4} = Z brioi H’Yt+2—j +o} H7t+2—j =
i=1 Jj=1 J=1

0
=b H7t+27j + b, H7t+27j + 0 Ve =
j=1 J=1

=by1 + b Yes1 T 0V

1

With h =3

3 i—1 3
4 _ 4 _
E{ot.s | T4} = E :bt+3—i H'Yt+3—j + oy H'Yt+3—j =
i=1 j=1 j=1
0 1

=byyo H Veyz—j T 0 H Veys—j T by
j=1 =1

2
4 _
Vers—j T Ot Ver2Ver1Ve =
J=1

=bpyo+ b1 Vere F 00V + Uftl')’t+2'>’t+1%

and so on.

Moment step Formula Iteration Difference

oo T} 0 1.440000 1.440000 0%
o1 | Toq} 1 1.559380 1.559380 0%
E{o}o | T} 2 1.609123 1.609123 0%
E{ofis | T4} 3 1.630762 1.630762 0%
E{o}a| T} 4 1.640413 1.640413 0%
E{otis | Fin} 5 1.644775 1.644775 0%
o6 | T} 6 1.646762 1.646762 0%

7

8

9

10

’1)

E{odr | T} 1.647669 1.647669 0%

E{otys | o1} 1.648085 1.648085 0%

E{oio | T} 1.648275 1.648275 0%

E{otii0 | T o1} 1.648363 1.648363 0%

Table 22.3: Forecasted second moment of GARCH(1,1) variance with iteration and with
formula.
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22.2.2 Long-term

If E{u?} and E{u}} are constant for all ¢ then the formula simplifies to

1—Ah AP — (1 +~)"
E{ot, | i1} = (0 + 2wAod) < 1 777 ) + 2woZ AP ( ()\h()\(l 77)) )> + oty (22.9)

where 02 denotes the long-term expected GARCH variance as h — oo, i.e.

w?(1 + oy E{ui} + By)
(1— O‘l[E{u%} —B)(1— Q%E{“ﬁ} - 20‘1ﬁ1[E{U?} - ﬁ%)

It follows that, under normality u, ~ N (0,1) we have that E{u?} = 1 and E{u}} = 3. Substi-
tuting, one obtain the same result as in Bollerslev (1986), i.e.

o, = lim E{of,, | Ty} = . (22.10)

ot — w?(1+aq + )

> (1_a1_/31)(1_3‘1%_204151_5%).

i GARCH(1,1) long-term second moment

Proof. Under the assumption of constant second and fourth moments of u, one can
simplify the expressions, i.e.

Y= Q%E{“?} + /31(2‘)41{{“%} + )
by = ww+2XE{07, ), _; | F11})
A=aE{u?} + 5,

Recalling the expression of the expectation of the GARCH variance with constant mo-
ments in Equation 22.3 one can write

by = w? + 2wAo2 + 2w L2

Substituting the above expression into Equation 22.6 one obtain

h
E{ojin | Tt = Z (w? + 2wA0%, + 2w o2 ) T o
i=1
h i1
- 1 -
= (w? + 2wAo2) Z’y‘ L 2wo2 A1 Z (X) il 4 oyt =

=1

~

>
_

h—1 '
= (w? + 2wAo?) !+ 2wo? /\hZ(l%_Wy—i-a‘L h
- 00 o] Y t
=0

o

~
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Notably

hfli 1=t
1:07 1=y
and
“<1+v>i_1—“§?h_A(Ah—<1+w>h>
AP A I CE R UYp Wy
Hence,

1" AN — (1 +9)")
[E{O—?Jrh | Fe1} = (WP + 2who) ( 1—~ ) + 2waZ A ( AN(A—1—7) +oiy"

Taking the limit as h — infty, the second and third terms converges to zero if A < 1,

therefore ) )
. 4 _wit 2WA0
hlggo Hopon | Fiat = ﬁ
More explicitly,

) w(1+2:29)
A Eoten | 7 = T e ) — s bR B
W (14 N) B
(1—=N(1 - qE{uf} — 20, E{u7} — 57)
w?(1+ oy E{ui} + By)
(1 —oqE{u7} — B1)(1 — 3 E{uy} — 20, B E{u7} — 57)

Moment Formula MonteCarlo Difference

ol 1.648437 1.648712  -0.0167%

[e.e]

Table 22.4: Forecasted long-term second moment of GARCH(1,1) variance with formula
and by Monte Carlo simulations.
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22.3 Variance o?

22.3.1 Short term

The conditional variance of Uf with h > 1 reads

V{U§+h | Fpa} = [E{U?Jrh | a1} — (E{Jt2+h | ?t71})2‘

@ Example: GARCH(1,1) iterative variance

Example 22.4.

Moment step Formula Iteration Difference

V{o? 1 | F1} 0.0352420 0.0352420 0%
V{o?o | T1} 0.0455820 0.0455820 0%
V{o?s | F11} 0.0489759 0.0489759 0%
Vo7, | Fi1} 0.0502199 0.0502199 0%
V{o?s | F11} 0.0507180 0.0507180 0%
V{o?is | Tt} 0.0509296 0.0509296 0%
V{07, | 1} 0.0510227 0.0510227 0%
V{o?s | T 1} 0.0510646 0.0510646 0%
V{o?o | T 1} 0.0510835 0.0510835 0%
V{o? 10| T o1} 10 0.0510922 0.0510922 0%
Table 22.5: Forecasted variance of GARCH(1,1) variance with iteration and with formula.

© 00~ U W N

22.3.2 Long term

The long-term variance of o2 reads explicitely

V{oi} = 05 — (0%)*.

@ Example: GARCH(1,1) long-term variance

Example 22.5.

Moment Formula MonteCarlo Difference

V{o2}  0.0510995 0.0511939 -0.1847%
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Table 22.6: Forecasted long-term variance of GARCH(1,1) variance with formula and by
Monte Carlo simulations.

22.4 First moment o,

22.4.1 Short term

The expected value of the GARCH std. deviation can be approximated as oy, = (07_,)"?

with a Taylor expansion

Eopn | Fia} = \/[E{O'?+h | F g} +

} W{Ut2+h ‘ ‘?tfl}
5.
8 [E{Ut2+h | T )2

1 Approximated GARCH(1,1) std. deviation with Taylor expansion.
Proof. Let’s X be a non-negative random variable, and let’s say one want to approximate:
E{VX}.
Let f(x) = y/z and expand f(x) around the point u = E{X}, i.e.
VX &~ i+ %M_I/Q(X —p) - éu‘B/Q(X — )
and take the expectation
EVE} Vi 2 (X — ) — g PR — 2,

where E{X} — p = 0 and E{(X — p)?} = V{X}. Applying this result to the random
variable o2 ", with 1 < h and let’s approximate around the expected value with a Taylor
expansion, i.e.

— ot | T} 1(of, —E{of, | F4})?

(02
Opp = ‘7t2+h ~ \/IE{0-752+}L | T+ 5 bth 3
\/ [E{UtJrh | T} A/ IE{O"62+}L | T, 33

Taking the expectation gives the result.

1 V{o?,|F, }
[E{Ut+h | F,} ~ \/ [E{Ut+h | T4} ) Lih
\/ [E{Ut+h | T}
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Example 22.6.

@ Example: GARCH(1,1) std.deviation iterative expectation.

with formula.

Moment step Formula Iteration Difference
E{oy.o| F1} 0 1.095445 1.095445 0%
E{oy1 | T 1} 1 1.107896 1.107896 0%
{0y | Ty 1} 2 1.114145 1.114145 0%
E{oy.5 | T, 1} 3 1117128 1.117128 0%
E{oys | T4 1} 4 1.118522 1.118522 0%
E{o,.5| F, 1} 5 1.119168 1.119168 0%
E{oy.6 | T4 1} 6 1.119466 1.119466 0%
E{oy.7 | F, 1} 7 1.119603 1.119603 0%
E{o,s | T 1} 8 1.119666 1.119666 0%
E{oy 9| F 1} 9 1.119694 1.119694 0%
E{oyi10| Tia} 10 1.119708 1.119708 0%

Table 22.7: Forecasted expectation of GARCH(1,1) std. deviation with iteration and

22.4.2 Long term

The unconditional expected GARCH(1,1) std. deviation

O A0 +

1V{o2}
8 (o2)F

Example 22.7.

@ Example: GARCH(1,1) std. deviation long-term expectation.

Moment Formula

MonteCarlo Difference

0o

1.119719

1.120497 -0.0695%
Table 22.8: Long-term expectation of GARCH(1,1) std. deviation with approximated
formula and by Monte Carlo simulations.
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22.5 Variance o,

22.5.1 Short term

The variance of the GARCH std. deviation can be approximated

v{UtJrh | Fia} = [E{Uirh | Fq ) — [E{Ut+h ‘ -715—1}2-

Example 22.8.

@ Example: GARCH(1,1) std. deviation iterative variance

formula.

Moment step  Formula Iteration Difference
Y{o, 1 | Ty} 1 0.0071262 0.0071262 0%
V{0 | Fy 1} 2 0.0090968 0.0090968 0%
V{o, 5| Ty 1} 3 0.0097164 0.0097164 0%
V{ou 4| T 1} 4 0.0099365 0.0099365 0%
V{o, 5| F11} 5 0.0100227 0.0100227 0%
V{oy 16 | Fy1} 6 0.0100589 0.0100589 0%
V{op 7 | T} 7 0.0100747 0.0100747 0%
V{o, 5 | Fy1} 8 0.0100817 0.0100817 0%
V{op g | Ty} 9 0.0100849 0.0100849 0%
V{op10 | Tt 10 0.0100864 0.0100864 0%

Table 22.9: Forecasted variance of GARCH(1,1) std. deviation with iteration and with

22.5.2 Long term

The long-term variance of the GARCH std. deviation can be approximated as

V{o, } ~ o2 —(0,.)%

@ Example: GARCH(1,1) std. deviation long-term variance

Example 22.9.
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Moment Formula MonteCarlo Difference

V{o .} 0.0079976 0.008414 -5.2065%
Table 22.10: Long-term variance of GARCH(1,1) std. deviation with approximated for-
mula and by Monte Carlo simulations.

22.6 Third moment o,

22.6.1 Short term
The expected value of Uf '+, can be approximated with a Taylor expansion, i.e. Uf = (02 i h)3/ 2,
Then, we can approximate

s 3 Vo, |F, 4}
[E{Gf’ | F, 1}~ [E{airh | ?t_l}i +2 t+h t—1

JEOR T

@ Example: GARCH(1,1) std. deviation iterative third moment.

Example 22.10.

Moment step Formula Iteration Difference
[E{aéo | T} 0 1.314534 1.314534 0%
Flofa | T} 1 1.383623 1.383623 0%
Fogs | T} 2 1.413526 1.413526 0%
Eogs | T} 3 1.426837 1.426837 0%
E{oa | Fia} 4 1.432849 1.432849 0%
E{ofis | 7o} 5 1.435585 1.435585 0%
Foje | T} 6 1.436836 1.436836 0%
Fogr | T} 7 1.437408 1.437408 0%
Eoges | T} 8 1.437670 1.437670 0%
E{ofig | F i} 9 1.437791 1.437791 0%
E{o710] T} 10 1.437846 1.437846 0%

Table 22.11: Forecasted third moment of GARCH(1,1) std. deviation with iteration and
with formula.
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22.6.2 Long term

With a Taylor approximation, the long term third moment of the GARCH std.

reads
3V{o3,}

8 /o2

3
0o

~ (Ugo)% +

g

deviation

@ Example: GARCH(1,1) std. deviation long-term third moment.

Example 22.11.

Moment Formula MonteCarlo Difference

3
0% 1.437893 1.436906 0.0686%

formula and by Monte Carlo simulations.

Table 22.12: Long-term third moment of GARCH(1,1) std. deviation with approximated

22.7 Covariance

The covariance between two GARCH variances at time ¢ and t + h reads:
h
Co{of - U?+h | Fia} = (H )‘t+h—i) V{o? | Fyq}
i=1
For a fixed t and general s and h,

max(s,h)

)‘t+max(s,h)i> V{O-rznin(s,h) ‘ ‘?t}
=1

1=

CU{J§+S 'Ut2+h | T} = (

1 Proof: Tterative formula for the covariance between GARCH(1,1) variances
Proof. Leveraging the tower property and conditioning one can write:
E{o} -0} | Foa} =Eo? - Eloty | T} | Foa}

From our previous result we have:

>
Ja

J h
E{o7 - Ut2+h} =L {Ut2 : (W Apni T H)‘thi : Utz) ‘ ‘?tl}
i=1 i=1

J

Il
o
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Hence,

h—

J h
E{of oty | T} = (WZH)‘t+hi) E{of | T¢ 1} + (H )‘t+hi> E{o} | T 1}

=0 3=1 =1

—_

<

By definition the covariance:
Co{o} - U?HL | T} =E{oF - Ut2+h | F o1} —E{oF}- [E{U?HL | Fia} =
h—1 J h h—1 J
~ (v sty o ([ et -ttt o311
§=0i=1 i=1 §=0 i=1
and simplify the first and last terms cancel and the one remain with

h h
CU{U? : O't2+h | T}t = (H )‘t+h—i> [E{Ufel | Fpq} — (H >‘t+h—i) [E{U? | 715—1}2 =

i=1 =1

h
= (H )\t+hi> V{o? | T 1}
i=1

O

@ Example: GARCH(1,1) covariance between variances.
Example 22.12.
Moment step Formula MonteCarlDifference
Cv{o?. o, 020 | F1q} 0 0.02344110.0233719 0.2952%
Co{of. 1,071 | Fiq} 1 0.01075300.0106399 1.0516%
Cv{o}.9,0%.0 | F1 1} 2 0.00493160.0048333 1.9931%
Cv{o}, 5,075 | Fiq} 3 0.00226080.0021966 2.8387%
Co{o?. 4,004 | Fiq} 4 0.00103530.0009730 6.0243%
Cv{ot s, 075 | Fi 1} 5 0.00047300.0003460 26.8662%
Cv{o}. 4,076 | Fiq} 6 0.00021490.0001076 49.9429%
Co{o? 7,02 | Ty} 7 0.00009620.0000169 82.3939%
Cv{o}.g, 078 | Fiq} 8 0.00004110.0000221 46.2582%
Cv{o2.g,02.9 | Fy_1} 9 0.00001460.0000417 -

186.6511%
Cv{o?,10:02 00 | Fi1} 10  0.00000000.0000382 -Inf%

Table 22.13: Forecasted covariance between GARCH(1,1) variances with formula and by
monte Carlo simulations
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For the covariance between the GARCH std. deviations, we apply a Taylor approximation
around the mean of o, , and o, using the delta method:

Cv{at2+sa‘7t2+h | F4}

4\/E{‘7?+s | ‘?t}l}:{o—t%i*h | T}

CU{Ut+s70t+h | T}~

1 Approximated GARCH(1,1) covariance with Taylor expansion.

Proof. Considering the product of

(Ut2+h - [E{Jt2+h | T4 })

1
Otrn = \/U?Hz ~ \/[E{Ut2+h | F} + 5 5 )
\/ [E{Ut+h | T}

and applying the covariance between o,,, and o,,, with 1 < s < h one obtain the
result. O

@ Example: GARCH(1,1) covariance between std. deviations

Example 22.13.

Moment step Formula MonteCarl®ifference
Cv{oi0,0000 | T} 0 0.00406960.0039547 2.8232%
Cvo{opin, 001 | Fooi} 1 0.00181460.0018278 -

0.7272%
Cv{oi19,0000 | T} 2 0.00082170.0008375 -

1.9265%
Cv{oiis,003 | T} 3 0.00037450.0003818 -

1.9551%
Cv{opis, 0004 | T} 4 0.00017100.0001698 0.7476%
Cv{oyis, 0045 | T} 5 0.00007810.0000610 21.8277%
Cv{oi6,0006 | T} 6 0.00003540.0000191 46.248%
Co{0y17, 0007 | Fyn} 7 0.00001590.0000023 85.7078%
Cv{oyg, 008 | T} 8 0.00000680.0000027 60.4525%
Cv{0119, 010 | Fio1} 9 0.00000240.0000058 -

142.9085%
Cv{o110, 01410 | Fin} 10 0.00000000.0000057 -Inf%

Table 22.14: Forecasted covariance between GARCH(1,1) std. deviation with formula
and by monte Carlo simulations
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Part V

Tests
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23 Hypothesis tests

A statistical hypothesis is a claim about the value of a parameter or population character-
istic. In any hypothesis-testing problem, there are always two competing hypotheses under
consideration

1. The null hypothesis J, representing the status quo.
2. The alternative hypothesis J| representing the research.

The objective of hypothesis testing is to decide, based on sample information, if the alternative
hypotheses is actually supported by the data. One usually do new research to challenge the
existing beliefs.

Is there strong evidence for the alternative?

Let’s consider that you want to establish if the null hypothesis 7 is not supported by
the data. One usually assume to work under 7, then if the sample does not strongly
contradict HO, we will continue to believe in the plausibility of the null hypothesis. There
are only two possible conclusions: Reject 7 or Fail to reject 7.

Definition 23.1. The test statistic 7'(X,,) is a function of a sample X, and is used to make
a decision about whether the null hypothesis should be rejected or not. In theory, there are
an infinite number of possible tests that could be devised. The choice of a particular test
procedure must be based on the probability the test will produce incorrect results. In general,
two kind of errors are related with test statistics, i.e.

1. A type I error is when the null hypothesis is rejected, but it is true.
2. A type II error is not rejecting the null when it is false.

The p-value is in general related to the probability of the type I error. So, the smaller the
P-value, the more evidence there is in the sample data against the null hypothesis and for the
alternative hypothesis.

In general, before performing a test one establish a significance level « (the desired type I error
probability), that defines the rejection region. Then the decision rule is:

Reject H < p-value <«
Do not reject #;, <= p-value > «
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The p-value can be thought of as the smallest significance level at which 7 can be rejected
and the calculation of the P-value depends on whether the test is upper, lower, or two-tailed.

For example, let’s consider a sample X, of data. Then, a statistical test consists of the
following:

1.

an assumption about the distribution of the data, often expressed in terms of a statistical
model M

. a null hypothesis H;, and an alternative hypothesis H; which make specific statements

about the data;

. a test statistic 7'(X,,) which is a function of the data and whose distribution under the

null hypothesis is known;

. a significance level o which imposes an upper bound on the probability of rejecting H,),

given that H is true.

The general procedure for a statistical hypothesis test can be summarized as follows:

1.

Inputs: consider a null hypothesis H,, and the significance level a.

2. Critical value: compute the value ¢, that determine the partitions the set of possible

values of T'(X,,) into rejection and non rejection regions.

. Output: compare the observed test statistic 7'(X,,) computed on the sample with the

critical value ¢,,. If it is in the rejection region, H, is rejected in favor of H;. Otherwise,
the test fails to reject H,.

Step Description

Inputs H,, a.

Critical value Critical level t(«)

Output Rejection or not depending on T'(X,,)

In general, two kind of tests are available:

¢ A two-tailed test is appropriate if the estimated value is greater or less than a certain

range of values, for example, whether a test taker may score above or below a specific
range of scores.

¢ A one-tailed test is appropriate if the estimated value may depart from the reference

value in only one direction, left or right, but not both.
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23.1 Left and right tailed tests

For example, let’s simulate a sample X, of n = 500 observations from a normal distribution
(i.e. X, ~ N(2,4?)) and consider the following sets of hypothesis, i.e.

Ho:p(X)=24 Hy:u(X)+£24
The statistic test is defined as

T(X,) = V500 - W % 1(499).

Since it is a two-tailed test the critical value for a significance level «, denoted as ¢, is such
that:

0 = P(T(X,) < ~tapo] UIT(X,) > o))
¢
tajp = PUP(T(X,) > to)2))

where P~ and P are respectively the quantile and distribution functions of a Student-t. If the
statistic test |T'(X,,)| > [t,/ol, then we reject H; and so the mean of the sample is significantly
different from 2.4. More precisely, with o = 0.05, the critical value of a Student-t with 499
degrees of freedom is ¢, , = 1.9604.

0.4
No rejection
Rejection

0.3+

0.2

0.1+

0.0+ °

-4 -3 -2 -1 0 1 2 3 4
X

Figure 23.1: Two-tailed test on the mean.
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Let’s consider another kind of hypothesis,
Ho:p(X)>24 Hy:u(X) <24

The statistic test 7(X,,) do not changes, however the null hypothesis implies a left-tailed
test. Hence, the critical value is ¢, is such that P(z < t,) = 0.05. Applying the quantile
function P! of a student-t we obtain:

a=PT(X,)<t,)

¢

t, = PLP(T(X,) < t,)),

where P~! and P are respectively the quantile and distribution functions of a Student-t. In
this case, with o = 0.05, the critical value of a Student-t with 499 degrees of freedom is
toj2 = —1.6451. Therefore, if T'(X,,) < —1.6451 we do not reject the null hypothesis, i.e. u(X,,)
is greater than y, otherwise we reject it and u(X,,) is lower than .

0.4
No rejection
Rejection
0.3-
0.2-
0.1-
0.0
B e T R S T
X

Figure 23.2: Left-tailed test on the mean.

In this case we reject the null hypothesis, hence p(X,,) is lower than p,.

Lastly, let’s consider the right-tailed case, i.e.

Hy:u(X) <24 H,:p(X)>24
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It is always one-side test, but in this case is right-tailed. Hence, the critical value ¢, is such
that
l-a=P(T(X,) <t,)
3
to =P HP(T(X,) <t,)),

where P~! and P are respectively the quantile and distribution functions of a Student-t. In
this case, with o = 0.05, the critical value of a Student-t with 499 degrees of freedom is
to/2 = 1.6451. Therefore, if T'(X,,) < 1.6451 we do not reject the null hypothesis, i.e. u(X,)
is lower than p, otherwise we reject it and p(X,,) is greater than . Coherently with the
previous test performed in Figure 23.2, a right railed test is not rejected in Figure 23.3, hence
w(X,,) is lower than p, = 2.4.

0.4
Non rejection
Rejection area

0.3+

0.2

0.1+

0.0+ °

-4 -3 -2 -1 0 1 2 3 4
X

Figure 23.3: Right-tailed test on the mean.

23.2 Tests for the means

Proposition 23.1. Let’s consider the t-test for the mean of a sample of identically and
normally distributed random variables X,, = (xy,...,%;, ..., x,). Then the test statistic T(X,,)
under F o : l(X,,) = po s student-t distributed with n — 1 degrees of freedom., i.e.

o 5(Xy) n—1’
NZD

T(X,)
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where [i(X,,) is the sample mean 1(X,,) and 6(X,,) the corrected sample variance. Moreover,
for n — oo:

) 28 N0,1).

n—oo

T(X

n

Proof: Proposition 23.1

Proof. In the sample is normally distributed, the sample mean is also normally dis-
tributed, i.e.

M= \/E’A‘(X"U)"0 ~ N(0,1).

Under normality the sample variance, that is a sum of the square of independent and

normally distributed random variables, follows a x? distribution with n — 1 degrees of

freedom, i.e.

(n—1)5*(X,,)
o2

V = ~ X%*l'

Notably, the ratio of a standard normal and a x? random variables (each one divided by
the respective degrees of freedom) is exactly the definition of a Student-t random variable
as in Equation 33.2. Hence, the ratio between the statistics M and V divided by their
degrees of freedom reads

M _ nla(Xn) — Ho o? _ nﬁ(Xn) — Ho ~
Y e Y ek e

n—1

The statistic test under H, follows a Student-t distribution with n — 1 degrees of free-
dom. Notably, for large IID samples the statistic converges to a normal random variable
independently from the distribution of X. O

23.2.1 Test for two means and equal variances

Let’s consider two independent Gaussian populations with equal variance, i.e.
Xl NN(:UDUQ)’ X2NN<N2a02>

Then, let’s consider two samples of unequal size, n; and n,, with unknown means p; and g,
and an equal unknown variance o2. Then, given the null hypothesis

Hy = py — pgy = pip,

the test statistic
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is Student-t distributed with n; + n, — 2 degrees of freedom and

i

L \/ (ny — D&(X,, ) + (ny — 1)32(X,,,)

N ny +mng —2

where 5%(X,, ) and 5*(X
samples.

. ) are the sample corrected variances (Equation 9.11) of the two
2

23.2.2 Test for two means and unequal variances

Let’s consider two independent Gaussian populations with different variance, i.e.
XINN(/LDU%)’ XQNN(/'L%U%)'

Then, let’s consider two samples of unequal size, n; and n,, with unknown means p; and p,
and an unequal unknown variance o2. Then, given the null hypothesis

Hy = p — po = pin,
Welch (1938) - Welch (1947) proposes a test statistic

W Xp,) — (X))
\/sf%xm LXKy

ny no

T(X,,,X,,) =

that follows approximately a Student t-distribution under the null hypothesis, but with frac-
tional degrees of freedom computed using the Welch—Satterthwaite approximation. This is a
weighted average of the degrees of freedom from each group, reflecting the uncertainty due to

unequal variances, i.e.
. . 2
2 2
(s (Xnp) L8 (an))

_ ny Ty
VE X, | B )2
n?(nlfl) ng(nzfl)

where v is not necessary an integer.

23.3 Tests for the variances

23.3.1 F-test for two variances
Consider two independent normal samples, i.e.

an NN(NDU%)v X NN(H%U%)v

o
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where n,; and n, are the number of observations in each sample.
L2 2 2
Hy:0f =05 =0°.

Knowing that the sample variance is chi2 distributed (Equation 9.15) let’s define the vari-

ables: A2 —
s 55

T, = (ny — 1)% ~ X7211717 T, = (ny — 1)7 ~ X%rr
07 03

Then, since the ration of two independent x? divided by their respective degrees of freedom is
F-distributed (Equation 33.3) the statistic F' is defined as:

T 3 §252

_ m—-1 oy =192
T(Xn17Xn2) T, - ,§% - §20.2 ~ F’I’L1*1,Tl27*1

ny—1 o2 271

Under H,, the two variances are assumed to be equal, i.e. 07 = 02 = o2, thus the statistic

simplifies in:
52
1

22

H
T(X,,.X,,) = 2
2

~F

ny—1,n,,—1

This means that the null hypothesis of equal variances can be rejected when F is as extreme or
more extreme than the critical value obtained from the F-distribution with degrees of freedom
n, — 1 and ny — 1 using a significance level a.

171



24 Autocorrelation tests

24.1 Durbin-Watson test

The aim of the Durbin-Watson test is to verify if a time series presents autocorrelation or
not. Specifically, let’s consider a time series X, = (24, ..., x;, ..., ¥;), then evaluating an AR(1)
model, i.e.

T, = P12y +uy (24.1)
we would like to verify if ¢, is significantly different from zero. The test statistic, denoted as
DW, is computed as:

t
Zizg(% - xi71)2
t
Zi=2 xzz—l

The null hypothesis H,, is the absence of autocorrelation, i.e.
Hy:¢1=0 H1‘¢17£0

Under H, the Durbin-Watson statistic is approximated as DW ~ 2(1 —0) = 2. The test
always generates a statistic between 0 and 4. However, there is not a known distribution for
critical values. Hence to establish if we can reject or not H, when we have values very different
from 2, we should look at the tables.

DW = ~2(1—¢,)

24.2 Breush-Godfrey

The Breush-Godfrey test is similar to Durbin-Watson, but it allows for multiple lags in the
regression. In order to perform the test let’s fit an AR(p) model on the a time series X, =
(Tqy ey Tyyeee s XTy), 1e€

Ty = Q1T g o QT Uy (24.2)
The null hypothesis H,, is the absence of autocorrelation, i.e.
Hoiqbl:u':d)p:o

Hy: ¢, #O,...,gbp#o
The null hypothesis H, is tested looking at the F statistic that is distributed as a Fisher—

Snedecor distribution, i.e F ~ F, ;. Alternatively is is possible to use the LM statistic,

i.e. LM = nR? ~ x(p) where R? is the R squared of the regression in Equation 24.2.
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24.3 Box—Pierce test

Let’s consider a sequence of n IID observations, i.e. u;, ~ IID(0,0?). Then, the autocorrelation
for the k-lag can be estimated as:

E:;k UpUy

>t

Moreover, since p;, ~ N (0, 1 ), standardizing p, one obtain

n

pr = Criug,u, y} =

vnp, ~ N(0,1) = npj ~ x3.

It is possible to generalize the result considering m-auto correlations. In specific, let’s define
a vector containing the first m standardized auto-correlations. Due to the previous result it
converges in distribution to a multivariate standard normal, i.e.

; d
\/’ﬁ P — N(Omxmumxm)'

n—oo

Remembering that the sum of the squares of m-normal random variable is distributed as a
x2(m), one obtain the Box-Pierce test as

T, d
BP, = n;pﬁ E) X2,
where the null hypothesis and the alternative are
Hyipy == pp =0

lepl#oa'“app#o

Note that such test, also known as Portmanteau test, provide an asymptotic result valid only
for large samples.

IID assumption

Note that the assumption of the test is that the observations are IID. Therefore, the test
do no apply in the case of heteroskedasticity.
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24.3.1 Ljung-Box test

Since the Box—Pierce test provide a consistent framework only for large samples, when dealing
with a small samples it is preferable to use an alternative version, known as Ljung-box test,
defined with a correction factor, i.e.

LB,, =n(n+2) 7ﬁi —>d x2(m)
m
= n— k H,

Independently from the statistic test used, i.e. @,, = BP,, or Q,, = LB
rejected when

' i general both are

Q,, > X%_a’m H, rejected
Q,, <Xi_am Hp not rejected

where Xia,m is the quantile with probability 1 — « of the 2, distribution with m degrees
of freedom. If we reject H,, the time series presents autocorrelation, otherwise if H is non
rejected we have no autocorrelation.
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25 Normality tests

Tests of normality are statistical inference procedures designed to test that the underlying
distribution of a random variable is normally distributed. There is a long history of these tests,
and there are a plethora of them available for use, i.e. Jarque and Bera (1980), D’Agostino
and Pearson (1973), Ralph B. D’agostino and Jr. (1990). Such kind of tests are based on the
comparison of the sample skewness and kurtosis with the skewness and kurtosis of a normal
distribution, hence their estimation is crucial.

25.1 Jarque-Brera test

If X is an independent and identically distributed process, the asymptotic distribution of the
skewness and kurtosis in Equation 9.19 holds for X ~ N. Hence, we construct an omnibus
test for normality. Standardizing the skewness and kurtosis, under

HO : Bl(Xn> = 07 BQ(Xn) = 37

we have
Zy(X,) = Va2l =3 4, gy,

\/ 24 n— oo

where b, (X,,) and by(X,,) are defined respectively in Equation 9.17 and in Equation 9.20. It is
possible to prove that Z;(X,,) and Z,(X,,) are independent. Since the sum of two independent
standard normal squared random variables follows a 2 distribution with v = 2 degrees of
freedom, let’s rewrite the Jarque-Brera statistic as:

d
JB(Xn) = Zl(Xn)2 + Z2(Xn>2 — X%

n—oo

However, if n is small the JB(X,,) over-reject the null hypothesis H, i.e. type I error.
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Non Rejection Area Rejection Area

0.5+

0.4 -

0.3

0.2+

0.1+

0.0+

0 3.581 5.991
JB statistic

Figure 25.1: Jarque-Brera test for normality with a simulated Normal sample of 50 observa-
tions with a = 0.05.

25.2 Urzua-Jarque-Brera test

Let’s substitute the asymptotic moments with the exact sample moments of skewness and
kurtosis. Following Urzia (1996), let’s write the new omnibus test statistic as:

. _ Xy o d

Zl<Xn> - \/W n:))o N (0, 1)’

Bk = ba(Xn) —E{05(X,)} 4, N(0,1)
2(X,, V{b,(X,)} om0

where the exact moments V{b,(X,,)}, E{by(X,,)} and V{by(X,,)} are defined respectively in
Equation 9.18, Equation 9.21, Equation 9.22. Hence, the Urzua-Jarque-Brera test adjusted
for small samples is computed as:

~ ~ d
UIB(X,) = Z4(X,)” + Zy(X,)> - 33
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Non Rejection Area Rejection Area

0.5+

0.4 -

0.3

0.2+

0.1+

0.0+

0 4.285 5.991
UJB statistic

Figure 25.2: Urzua-Jarque-Brera test for normality with a simulated Normal sample of 50
observations with a = 0.05.

25.3 D’Agostino skewness test

D’Agostino and Pearson (1973) proposed an alternative way to test that the skewness is
different from zero. Starting from the statistic Z;(X,,), compute:

3(n?+ 27 —70)(n + 1)(n + 3)

) = e T )+ D+ 9)
and
W2 = /2B, (b)) —1—1,
1
~ VW)’

2

The statistic test for skewness is defined as:

Zi(X,) = dlog Zl(aX") +J (Zl(X”)) +1p=

a
= §sinh M
Qa )
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where Z7(X,,) ~ N(0,1).

Non Rejection Area Rejection Area
0.4+
0.3+
0.2+
0.1+
0.0+
—1.I96(1.I482 (I) l.é60

Skewness statistic

Figure 25.3: Skewness test with a simulated Normal sample of 50 observations with o = 0.05.

25.4 Anscombe Kurtosis test

Anscombe and Glynn (1983) proposed a test for skewness. Starting from the statistic ZNz(Xn),
let’s compute the third standardized moment of b,:

B,(b,) = 6(n?—5n+2) [6(n+3)(n+5)
P+ ) (n+9) | n(n—2)(n—3)’
and
8 2 4
A=06+ +4/1+ .
B (b) [ﬁlw 61<b2>]
The statistic test for kurtosis is defined as:
1-2/A

[9A 2

where Z5(X,,) ~ N(0,1).

1/3)

L+ Z,(X,)\/2/(A—1)
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Non Rejection Area Rejection Area

0.4 -

0.3

0.2

0.1-

0.0+ ®

~1.9600 0 08302 1.9600
Kurtosis statistic

Figure 25.4: Kurtosis test with a simulated Normal sample of 50 observations with a = 0.05.

25.5 D’Agostino-Pearson K? test

Finally in Ralph B. D’agostino and Jr. (1990), there is also another omnibus test based on
the statistics Z7(X,,), Z5(X,,), i.e.

K? = (Z1(X,,))” + (Z5(X,))* ~ x*(2).

25.6 Kolmogorov-Smirnov Test

The Kolmogorov—Smirnov test can be used to verify whether a samples is drawn from a ref-
erence distribution. In the case of q sample with dimension n, the KS statistic is defined
as:
KS, =sup|F, (x) — F(z)|. (25.1)
Va

In this settings, the test statistic follows the Kolmogorov distribution, i.e.

Fis(vii K8, < ) = 1— 23 (-1t 2"
k=1
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Non Rejection Area Rejection Area
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0 3.027 5.991
K2 statistic

Figure 25.5: Agostino normality test with a simulated Normal sample of 50 observations with
a = 0.05.

The null distribution of this statistic is calculated under the null hypothesis that the sample
is drawn from the reference distribution F, i.e.
Hy: F,(X) = F(X) H,:F,(X)# F(X)
For large samples, H, is rejected at a given confidence level « if:
Vi KS, > Frg(Fs(Vn - KS, < K,)),
where K, represents the critical value and Fy% the quantile function of the Kolmogorov

distribution.

25.6.1 Example 1: KS test for normality

Let’s simulate 500 observations of a stationary normal random variable, i.e. X, ~ N (0.2,1).

Table 25.1: KS-test for normality on a Normal’s random sample with a = 0.05.

n a KS, Critical Level H,
5000 5% 0.8651 1.358 Non-Rejected
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1. Simulated stationary sample

2. Set the interval values for upper and lower band. This is done to avoid including outliers,
however it is possible to use also the minimum and maximum.

. Empirical cdf

Compute the KS-statistic as in Equation 25.1.

5. Compute the rejection level

-~ W

25.6.2 Example 2: KS test for normality

Let’s simulate 500 observations of a stationary t-student random variable with increasing
degrees of freedom v, i.e. X,, ~ t(v). Then, we compare the obtained result with a standard
normal random variable, i.e. N (0,1). It is known that increasing the degrees of freedom of a
student-t imply the convergence to a standard normal. Hence, we expect that from a certain
v awards the null hypothesis will be no more rejected.

Table 25.2: KS-test for normality on t-student’s random samples with a = 0.05.

v n a KS, Critical Level H,

1 5000 5% 9.356 1.358 Rejected

5 5000 5% 2.974 1.358 Rejected

10 5000 5% 1.751 1.358 Rejected

15 5000 5% 1.462 1.358 Rejected

20 5000 5% 1.285 1.358 Non-Rejected
30 5000 5% 1.190 1.358 Non-Rejected
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26 Stationarity tests

26.1 Dickey—Fuller test

The Dickey—Fuller test tests the null hypothesis that a unit root is present in an auto regressive
(AR) model. The alternative hypothesis is different depending on which version of the test is
used, usually is “stationary” or “trend-stationary”. Let’s consider an AR(1) model, i.e.

Ty = p+ 0t + Py + Uy, (26.1)
or equivalently adding and subtracting x,_;
Az, = p+ 0t + (1 — ¢y)xy_q + uy. (26.2)
The hypothesis of the Dickey—Fuller test are:

H, : ¢; =1 (non stationarity)
H, : ¢, <1 (stationarity)
The Dickey—Fuller statistic (DF) is computed as:
14
Sd{1 —¢,}

However, since the test is done over the residual term rather than raw data, it is not possible
to use the t-distribution to provide critical values. Therefore, the statistic DF has a specific
distribution.

DF

26.2 Augmented Dickey—Fuller test

The augmented Dickey—Fuller is a more general version of the Dickey—Fuller test for a general
AR(p) model, i.e.

p
Az, =+ 0t + 7z, + Y ¢iAx,
=1

The hypothesis of the augmented Dickey—Fuller test are:

H;,: v =0 (non stationarity)
H, : v <0 (stationarity)
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The augmented Dickey—Fuller statistic (ADF) is computed as:

_0
Sd{~}

As in the simpler case, the critical values are computed using a specific table for the Dickey—
Fuller test.

ADF =

26.3 Kolmogorov-Smirnov test

The Kolmogorov—Smirnov two-sample test (KS) can be used to test whether two samples
came from the same distribution. Let’s define the empirical distribution function F,, of n-
independent and identically distributed ordered observations X ;) as

1 n
F,(z) = - Z 10,0 (X(5))-
=1

The KS statistic quantifies a distance between the empirical distribution function of the sample
and the cumulative distribution functions of two random samples. The distribution of the
KS statistic under the null hypothesis assumes that the samples are drawn from the same
distribution, i.e.

H, : X is stationary

H,; : X is not stationary

The statistic test for two samples with dimension n,; and n, is defined as:
KSnl,nQ = Sup|Fn1(gj> —F, <$)|a
Vo

Ny

and for large samples H|, is rejected with confidence level 1 — « if:

1 Q n
K ————In(=)[(14+-2).
Snl’”2>\/ 2n, n<2>( +n1>

Hence, since the statistic is always greater of equal to zero, with a given statistic KS,, , the
p-value with confidence level a = 2P(X > KS,, ) reads:

2n 2
P(X > KthnZ) = exp (— ?11 Kth%)
1+ 3
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I KS test for time series

To apply the test in a time series settings, use a random index to split the original series
in two sub-series. Then the KS can be applied as usual.

26.3.1 Examples

@ Check for stationarity

Example 26.1. Let’s consider 500 simulated observations of the random variable X
drown from a population distributed as X ~ N(0.4,1). Then, considering it as a time
series, let’s sample a random index to split the series in a point. Finally, as shown in
Table 26.1 the null hypothesis, i.e. the two samples come from the same distribution, is
not reject with the confidence level o = 5%.

100%

80% -

60%

cdf

40% -

20% -

0% +

X

Figure 26.1: Two samples cdfs and KS-statistic (magenta) for a stationary time series.
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Table 26.1: KS test for a stationary time series.

Index split a ny nyg  KS, ., p.value Critical level H,
348 0.05 348 152 0.07093 0.6282 0.132 Non-
Rejected

@ Check for non-stationarity

Example 26.2. Let’s consider 250 simulated observations of the random variable X

drown from a population distributed as Y; , ~ N(0,1) and the following 250 from Y5, ~

N(0.3,1). Then the non-stationary series will have a structural break at the point 250
and the time series is given by:

X,— {YM t < 250

Yo, t>250

As in Example 26.2 let’s split the time series and apply the KS-test. In this case, as shown
in Table 26.2 the null hypothesis, i.e. the two samples come from the same distribution,
is reject with confidence level a = 5%.

100%

80% -

60%

cdf

40% -

20% -

0% -+

-2 -1 0 1 2
X

Figure 26.2: Two samples cdfs and KS-statistic (magenta) for a non-stationary time se-
ries.
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Table 26.2: KS test for a non-stationary time series.

Index split

! ny Nog KS, ., p.value  Critical level

Hy

166

0.05 166 334 0.1643 0.000005831.129

Rejected
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27 Value at Risk test

Let’s consider a ARMA(2,2)-GARCH(1,1) model defined as:

Ty =p+ O1x + Poxy o+ 016, g + 006, 5t ey
€y = OUy

2 _ 2 2
of =w+aqe; | + Bio7

The Value at Risk (VaR) with confidence level o depends on the distribution of z, that is
implicitly defined from the distribution of w,. Therefore, the VaR at time ¢, conditional to the
information up to time ¢ — 1, is implicitly defined as:

P(X, < VaR{,_,) = o

27.1 Normal distribution

Let’s consider independent and normally distributed residuals w,. Then, also the conditional
distribution of x, given the information up to time ¢ — 1 will be normal with conditional mean
and variance given by:

E{X, [ L1} =+ d12 1 + @azy g + 01641 + 056y
VX, [ L} =w+agef  + B0 =0}
Hence, given the quantile ¢® of a standard normal with level «, the VaR is computed as:

VaR?\étq =X, [ Lq} + g vV{X, | L}

27.2 Gaussian Mixture distribution

Let’s consider independent and Gaussian mixture distributed residuals w, with 2 components.
Then, also the conditional distribution of x, given the information up to time ¢ — 1 will be a
Gaussian mixture with conditional mean and variance given by:

E{Xi | L1, B=1} = p+ 1241 + oy + 0164 + Ose,_o + py0y
E{X; | I,_1, B=0} = i+ 1241 + oy + 0164y + Oz, 5 + 10,
VX, | Iy, B =1} = (0,0)*
V{X, | 1,_;,B=0}= (UtUO)z
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Hence, given the quantile ¢® of a Gaussian mixture with 2 components with level «, that in
general needs to be computed numerically, the VaR is defined as:

VaR?‘til == qOA.

27.3 Test on the number of violations

Let’s define a violation of the VaRf“t,I as

v = g, <vare, 4] ™ Bernoulli(«),

and let’s define the number of violations of the conditional VaR as follows, i.e.

t
N, = Zvi.

i=1

27.3.1 Asymptotic variance

Applying the central limit theorem (CLT) it is possible to prove that the statistic test converges
in distribution to a standard normal, i.e.

v, — « d
Ty \[Z(\/ﬁ) n:;]\f((),l).

Hence, given the null hypothesis H, : P{X, < VaRfit_l\It_l) = «, that is equivalent to
E{e,} = a we define the critical values at a confidence level a* as

a = P{|TY| > to:jo}

¢
toejz = PTHPLITY| > 1y 0}

where P and P~! are respectively the distribution and the quantile of a standard normal.
Therefore, the null hypothesis is rejected at a confidence level o* if:

[TT < ~toe o] U[TY >ty ] = H, rejected
[—tor 2 < T <ty ol = H, not rejected
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27.3.2 Empirical variance

Instead of using the theoretical variance of e,, namely a(1 — «), let’s substitute it with the

empirical one, i.e.
N, N,

Hence, the new statistic test N'V, converges to NV] in probability, therefore also in distribution,
ie.

TS _ume A e Y avo,).
\[Z( l( J\Q))n—mo n—00

t

For small samples, the following relation between the two statistics should be used:

27.4 Example: H, is not rejected

Instead of simulating exactly u, ~ N(0,1), let’s simulate residuals that are close to the normal
distribution, i.e. u, ~ t(25).

M: 05 ¢ 034 @: 0.14 w: 04 a4 025 By 0.25 B, 0.15

A A

0- “l[,l, L ’i “u ’. ||I “h "”U“ i | A " ’u HIM i l"lx ( ”I'“u, IA”J le“ H”‘ ““‘i” | IW N““ “ !‘l‘ ‘ *J

Xi

_lo |

0 10I00 20I00 30I00 40I00 50I00
Figure 27.1: AR(2)-GARCH(1,2) simulation with theoric (red) VaR at oo = 0.05.
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Table 27.1: Test for a Student-t with 25 degrees of freedom at o = 0.05 on the number of
violations of the theoric VaR at o = 0.05.

N,

n o 7” tos2 Ty Ty tos2 Hy(T,) Hy(T,)

5000 5% 5.6% -1.96 1.947 1.845 1.96 Non- Non-
Rejected  Rejected

27.5 Example: H, is rejected

Instead of simulating exactly u, ~ N (0, 1), let’s simulate residuals that are not close to the
normal distribution, i.e. u, ~ t(5).

p: 05 @ 034 @: 014 w: 04 ay: 0.25 B2 0.25 Bo: 0.15

0 250 500 750 1000

Figure 27.2: AR(2)-GARCH(1,2) simulation with theoric (red) and empirical (blue) VaR at
o = 0.05.

Computing the test on the normal quantile gives a rejection of the null hypothesis H, i.e. the
deviation from the VaR is not stochastic and it is not an adequate measure of risk.
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Table 27.2: Test for a Student-t with 5 degrees of freedom at a* = 0.05 on the number of
violations of the theoric VaR at o = 0.05.

N'n, « «
n « o —lay2 T Ty toy2 Hy(Ty) Hy(T,)
1000 5% 8.5% -1.96 5.078 3.969 1.96 Rejected  Rejected

Setting a = 0.05 we obtain an empiric ¢, equal to -2.07 different from the theoric one of
-1.6449.

191



Part VI
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28 Tukey functions

28.1 Tukey’s Bisquare

pa(®) = {f{l_ [1_5*5]3} |z < d

6 |z| > d

28.2 R

tukey_bisquare <- function(d){
function(x){
x[abs(x) > d] <- NA
f x <= (d72)/6x(1 - (1 - (x/d)"2)73)
f x[is.na(f_x)] <- (d72)/6
return(f_x)
+
}
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— d=457 — d=357 — d=257 — d=157

3-
= 7]
X
N
Q

l_

O-

-6.00 -4.57 -3.57 -2.57 -1.57 0.00 157 257 3.57 4.57
X

28.2.1 First derivative

28.3 R

# Tukey's Bisquare First Derivative
tukey_bisquare_prime <- function(d){
function(x){
x[abs(x) > d] <- NA
fx <-xx(1 - (x/d)"2)72
f x[is.na(f_x)] <- 0
return(f_x)
}
}
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— d=457 — d=357 — d=257 — d=1.57

1.0

0.5

0.04

p (xd)

_0.5-

—l.O'

-6.00 -4.57 -3.57 -2.57 -1.57 0.00 157 257 3.57 457 6.00

28.3.1 Second derivative

pi(w) = {(()1—5—5) (1-%—%) ll<d

|z| > d

28.4 R

# Tukey's Bisquare Second Derivative
tukey_bisquare_second <- function(d){
function(x){
x[abs(x) > d] <- NA
fx<- (1- /D21 - x/D)72) - 4%x(x72)/(d72))
f x[is.na(f_x)] <- 0
return(f_x)
}
}
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— d=457 — d=357 — d=257 — d=1.57

1.0 1

0.54

p (x.d)

0.04

_0.5-

-6.00 -4.57 -3.57 -2.57 -1.57 0.00 157 257 3.57 457 6.00
X

28.5 Tukey Biweight

28.6 R

# Tukey's Biweight Function
tukey_biweight <- function(d){
function(x){
x[abs(x) > d] <- NA
fx<- (- x/d)72)72
f x[is.na(f_x)] <- 0
return(f_x)
}
}
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}

— d=457 — d=357 — d=257 — d=157

1.00
0.75 1
~—~
©
X 0.50+
=
Q
0.25 1
0.00
-6.00 -4.57 -3.57 -2.57 -1.57 0.00 157 257 3.57 4.57 6.00
X

28.7 Tukey-Beaton Bisquare

28.8 R

# Tukey-Beaton Bisquare Function

tukey_beaton_bisquare <- function(d){
function(x){

x[abs(x) > d] <- NA

f x <= 3*x(x/d)"2 - 3*(x/d)"4 + (x/d)"6
f x[is.na(f_x)] <- 1

return(f_x)

}
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3

— d=457 — d=357 — d=257 — d=157

1.00
0.75 1
~—~
©
X 0.50+
=
Q
0.25 1
0.00
-6.00 -4.57 -3.57 -2.57 -1.57 0.00 157 257 3.57 4.57 6.00
X

28.8.1 First derivative

6z 1222 6z°
22— 2 x| <d
pm:{cp 220 4827 Jo| <

0 |z| > d

28.9 R

# Tukey-Beaton Bisquare First Derivative
tukey_beaton_prime <- function(d){
function(x){

x[abs(x) > d] <- NA

f x[is.na(f_x)] <- 0
return(f_x)

}

f_x <= 6%(1/d"2)*x - 12x(1/d"4)*(x)"3 + 6*(x)"5*(1/476)

198




— d=457 — d=357 — d=257 — d=1.57

1.0 1

0.5+

0.04

p (xd)

_0.5-

_1.0-

-6.00 -4.57 -3.57 -2.57 -1.57 0.00 157 257 3.57 457
X

28.9.1 Second derivative

i) = S el <d
¢ 0 z| > d

28.10 R

# Tukey-Beaton Bisquare Second Derivative
tukey_beaton_second <- function(d){
function(x){
x[abs(x) > d] <- NA
f_x <= 6%(1/d72) - 36%(1/d74)*(x)"2 + 30*(x)~4*(1/d"6)
f x[is.na(f_x)] <- 0
return(f_x)
}
}
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29 Gaussian mixture

Let’s consider a linear combination of a Bernoulli and two normal random variables, all as-
sumed to be independent, i.e.

Xy~By- Xy, + (1—=By) - Xo 4 (29.1)
where B is a Bernoulli random variable

B, ~ Bernoulli(p),

and for the i-th component
Xip =M +012;,

where Z, ; is standard Normal random variable. In compact form a Gaussian Mixture with
two components is denoted as X, ~ GM (puy, fig, 02,02, p).

Probabillty

-6 -3 0 3 6 -6 -3 0 3 6

(a) Simulated mix£ure sample‘. (b) Simulated (black) and true(c) Simulated (black) and true
(red) density. (red) distribution.
Figure 29.1: Gaussian Mixture simulation and density function with true parameters p; = —2,

o =2,0,=1,09=1and p=0.5.

29.1 Distribution and density

Proposition 29.1. The distribution function of a Gaussian mizrture random wvariable is a
weighted sum between the distributions of the components, i.e.:

Fx(x) =p- Fx (x)+ (1 —p)Fy, (2), (29.2)
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Taking the derivative, it can be easily shown that the density function reads:

fx(@)=p- fx (z)+ (1 —p)fx, (@) (29.3)
In general
Fele) = 2o (TS ) 2R (20, (29.4)
01 01 0o 0o

where ® is the cumulative distribution function and ¢ is the density function of a standard
normal random variable. An implementation of the density and distribution of a Gaussian
Mixture is contained in the R package extraDistr, i.e. dmiznorm for the density and pmiznorm
for the distribution.

1 Proof: Proposition 29.1

Proof. From the formal definition of distribution function of a random variable X

Fy(y) = P(X <y) = H{lx,},

where if X is a Gaussian Mixture with two components we can express it as conditional
expectation with respect to B, i.e.

Fy(y) = [E{]lxgm’B} =
= E{Lye,|B = 0}P(B = 0) + E{ly., | B=1}P(B=1) =
=p - P(X;<z)+(1—-p) P(X, <2)

Hence, standardizing the Normal random variable one obtain

Fx<w>:p-¢(w) +<1—p>'<1>(x‘“0),

0y 0o

where ® denotes the distribution function of a standard normal. Knowing that fy(x) =
%I(w) and that ¢ (z) = d(ggf), where ¢ is the density function of a standard normal we

obtain the result, i.e.

fx(@zp'@b(w_lh) + 1(7_0p-¢(”3_““).

01 03 0o
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29.2 Moment generating function

Proposition 29.2. The moment generating function of a Gaussian mizture random variable
(Equation 29.1) in t reads:

Mx(u) =p- My, (u) + (1 —=p) - My, (u).

where for a generali € {0,1}, Mx (u) is the moment generating function of a Gaussian random

variable with moments p,;, o2, i.e.

[

U2 2
MX-; (U) = €Xp {/"L’Lu + 2 : }

1 Proof: Proposition 29.2

Proof. Applying the definition of moment generating function and the property of linear-
ity of the expectation on a Gaussian mixture (Equation 29.1), one obtain:

My(u) =p-E{e"%1} + (1 —p) - E{e"P0} =
=p Mx (u)+ (1—p) My, (u)

Hence, the moment generating function of X is a linear combination of the moment
generating functions of the two components. O

29.3 Esscher transform

Proposition 29.3. The Esscher transform of a Gaussian mizture random variable reads:

Eo{fx (@) =p1(0)fx, (2:0) + po(0) fx, (2:0),

where for i € {0,1}:
— . — Oo?
fxtai6) = o (T,

i g;

and the distorted probabilities are defined as:

p1(9)=p-M
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1 Proof: Proposition 29.3

Proof. In general, the Esscher transform of a density function fy is defined as:

@) )
Ealinho) = 3 G = =

Let’s focus only on the numerator. Substituting the density function of a Gaussian
mixture one obtain:

"X (pfy () + (1—p)fz, (2))

Let’s consider the i-component for i € {0,1} and let’s explicit the density function, i.e.

egxfzi (r) = 1 exp {W + 993} .

2102 207
Let’s expand the exponent of the exponential term for the i-th component, i.e.

(ac—,u)2:(9 _a:2—2,ux+,u2:
202 202
2 2

x 1 1
— 2 (s 7) .
202 * ( * o2) T 292

Ox —

Let’s denote with A = 0 + %5, then complete the square

x? 17, 5 5 41 A%0*  (z—Ac?)  A?%0?
g AT = [P =20 A A S = B S
Therefore
pp_ T (@—p—00%)  pi (607 +p)®
202 202 202 202
(x—p;—007) i 6> uf
202 202 * 2 + 202 Ok
(x —p; —007)  0°
= Ty tim

Hence, adding and subtracting inside the exponential one obtain

. 1 (x — p;)? 0?02 6?02
e? fz,(x) = N eXP{—%ig + Ox—p;0 — 5 - pexp ol + B (=

— 1 ex 0+ 9022 ex o (‘T — My — 00@'2>2 —
= Mzi(9>fzi (z;0)
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Hence, we obtain the result

g

1 T —p; — 0o
ot = Ly (27000
0
Hence, the Esscher density

M, (0 x;0 1—p)M, (0)f, (x;0
Eolfyt(x) =2 2,0)fz,( )L(Xw)p) 2,01z, (%:0)

Hence let’s collect the first part and the denominator (mgf of the Gaussian mixture in 6)
and define the new probabilities

My (6
o) =S o) =

(1—p)Mx, (0)
M ()

o -=-1-p(6) — 1-p — p -~ p(6) == (0) == (@) — e — W
-10-05 00 05 10

10 5 0 5 10 -1 -05 0 03 05 1 -1 -05 0 03 05 1
X L] ]

(a) Esscher densities for different(b) Distorted mixture probability(c) Distorted mixture means for
values of § in [—1,1] and with  for different values of # in  different values of 6 in [—1,1]
6 =0 (red). [—1,1] and with = 0 (red). and with 6 = 0 (red).

Figure 29.2: Esscher transform of a Gaussian mixture.

29.4 Moments

Proposition 29.4. The expectation of a Gaussian Mizture random variable (Equation 29.1)
reads:

E{X} = puy + (1 —p)po, (29.5)
and the second moment
E{X?} = p(uf +07) + (1 —p) (15 + 03). (29.6)
Hence, the variance
V{X} =p(1 —p)(py — pig)* + oip + 03(1 — p). (29.7)
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1 Proof: Proposition 29.4

Proof. Given that X, X, and B are independent, the expectation is computed as:
E{X} = F{E{X | B}} =
=E{X|B=1}P(B=1)+E{X | B=0}P(B=0) =
=pE{X 1} + (1 —p)E{X,} =
= ppy + (1 —=p)py
The second moment is computed similarly to the first one, i.e.
E{X?} = E{E{X? | B}} =
=H{X? | B=1}P(B=1)+E{X? | B=0}P(B=0) =
= E{B}E{X?} + E{1 — B}E{X?} =
= pE{X7} + (1 —p)E{X3} =
=p(pi +01) + (1 —p)(u3 + 03)
The variance, by definition, is given by:
V{X} = E{X?} — E{X}?,

where the first moment squared is

ELXYE = oy + (1 —plu)” = (208)
= p?pi + (1 —p)?ps +2p(1 — p)py iy

Hence the variance,
VIX} =p(ui +01) + (1 —p) (i3 + 03) =1 — (1 —p)?p3 — 2p(1 — p)uypip =
= pp3 + 0ot + 15 4 05 — pps — pos — p*pf — (1= p)° 3 — 2p(1 — p)py pig =
= u2p(1 —p) +po? + (1 —p)os +p(1 —/))/:;—2 (1 —p)pypg =
=p(1 —p)(pf — 13 — 2pu1115) + poi + (1 = p)os
=p(1 —p)(py — 1) +pot + (1 —p)o3
Equivalently, with the law of total variance:

ViX} =V{H{X | B}} + E{V{X | B}}

where

E{V{X | B}} = E{oiB+03(1—- B)} =
= aip+o5(1—p)
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Then
E{X | B} = NlB+M0(1 —B) =

= o + (4 — o) B

and therefore

V{E{X | B}} = V{pg + (11 — 1o) B} =
= (g — u0)2V{B} =
= (pq — Mo)gp(l —p)
The total variance:
V{X} =V{E{X | B}} + {V{X | B}} =
= (1 — po)*p(1 —p) + oip + o5 (1 —p)

29.4.1 Special Cases

Proposition 29.5. If the random variable X (Equation 29.1) is centered in zero, i.e.
E{X} = pus + (1= p)pg = 0,
then, the following expression holds

(11 — po)’p(1—p) = ppd + (1 — p) i

1 Proof: Proposition 29.5
Proof. Let’s show that the following expressions
LHS = p(1 = p) (11 — 1o)* = pui + (1 — p)ug = RHS
are equivalent under the constraint
E{X} =ppy + (1 —=plpug =0

Firstly let’s note that if the mixture is centered the ration between p; and p is constant,
i.e.
pp+ po(l—p) =0 = py = —por

where we define the ratio r as:
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Let’s now expand the LHS and substitute the relation between j; and p:

LHS = (1 — po)*p(1 —p) =
13 —2p(L—p)pypg + p(1 —p)pd =
(

=p(1 —p)ui

=p(1—p) (r*ud + 2rpg + ug) =

=p(l = p)pp(r* +2r +1) =

=p(1 —p)ug(r+1)°

Then, we note that
1 1— 1 1—
(r+1)= <—+1> Rt il N S SO Rt

P p p

Now, let’s consider the RHS

RHS = ppif + (1 —p)ug =
2
Ho

_pTQMO + (1 —pug =
= ug(pr* +1—p) =
I—p
= 27
Ho D
since )
1
(pr®+1—p)= (p( zp) +1—p) =
_ ((1—p)2+p(1—p)) _
p
1—p+p>
— <
(1—p) »
_1=-r
p
Hence, the RHS and LHS are equal. O

29.4.2 Central moments

Proposition 29.6. The second central moment of a Gaussian mizture reads:
ko{ X} = (07 + of)p + (6 + 05)(1 —p) = V{X}

where for i € {0,1}, §; = p; — E{X}.
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1 Proof: Proposition 29.6

Proof. Developing the squares:

0F = (u? + E{X}? — 21, E{X})
05 = (w§ + E{X}? — 2, E{X})

and summing

0p+ 051 —p) = (pip + pg(1 —p)) + E{X}* = 2(uyp + o (1 — p) ) E{ X} =
= (pip + pg(1 —p)) — E{X}?

Thus, substituting the result in the initial expression one obtain the result.

29.5 Estimation

29.5.1 Maximum likelihood

Minimizing the negative log-likelihood gives an estimate of the parameters, i.e.

t

argmin {Z log(fx(l‘i))} ;
H1:H2,01,02,P i=1

or equivalently maximizing the negative log-likelihood, i.e.

argmax {— Z 10g(fx<$i>)} :

H1,H2,071,02,P

@ Example: ML-estimate

Table 29.1: Maximum likelihood estimates for a Gaussian Mixture.

Parameter True Estimate Log-lik Bias
e -2.0 -1.9905803 -10332.56  0.0094197
Lo 2.0 2.0006381 -10332.56  0.0006381
04 1.0 1.0457653 -10332.56  0.0457653
Oy 1.0 1.0033373 -10332.56  0.0033373
D 0.5 0.4937459 -10332.56 -0.0062541
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29.5.2 Moments matching

Let’s fix the parameter of the first component, namely p; and o7 and a certain probability p.
Then let’s compute the sample estimate of the expectation of X,, i.e.

1< .
E{X} = ;Z% =H
i=1

and the sample variance:
t

V(X} =53 o, — )2 =52

=1

In order to obtain an estimate of the second distribution such that the Gaussian Mixture
moments match exactly the sample estimates we solve the system for u, and o3:

it =ppy + (1 —p)pg
02 =p(1—p)(py — po)? + oip+03(1 —p)

which lead to a unique solution, i.e.

H— Ply
/’L27 1_p
~2 2
0° —poj
e ~ —p(py — pg)?

29.5.3 EM

To classify an existing empirical series into two groups (Bernoulli = 0 and Bernoulli = 1)
such that the empirical properties (mean and variance) of the groups match the theoretical
properties of the original normal distributions, we can use an Expectation-Maximization (EM)
algorithm. Here we summarizes the steps and formulas used in the EM algorithm routine
to classify an empirical series into two groups such that the empirical properties match the
theoretical properties of two normal distributions.

Table 29.2: EM algorithm routine

Step Description
Initialization Initialize responsibilities and other parameters.
1. E-step Calculate the responsibilities for each data point as:
Yip = pf(zilpy,00) Yig = (A—p)-f(@;lp2,02) .
il P'f(mi“‘l7U1>+g—p)'f($i‘#2702)7 ’% p-f(z;|pe,00)+(1=p) f(z;[12,02)
Compute ny = . v and ng = > .~ Vo
2. M-step Update the parameters using the calculated responsibilities:
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Step

Description

3

Log-likelihood

1

. e n p— 1 "
Means: p, = nr Zizl Yirli M2 = 5o Zizl Yi2Ty-

Variances:

U% = n11_1 221 Yip (25 — M1)27 U% = n21_1 Z?jl Yio(T; — M2)2

Bernoulli probability: p = =L
Calculate the log-likelihood for convergence check.

4. Check Check if the change in log-likelihood is below a threshold, otherwise
convergence come back to 1.
Output Series of Bernoulli B, and the optimal parameters {p;, pg, 0;, 09, p}.

Table 29.3: Estimated Gaussian Mixture moments with EM

statistic emp opt hat

Mean 2.516087 2.516087 2.516087
Std. Dev  2.958034 2.957904 2.957879

® Distribution1 e Distribution 2

Figure 29.3: Classified simulated series with EM
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29.5.4 Matrix moments matching

Proposition 29.7. Any finite K-component Gaussian mizture with finite moments admits
a more parsimonious moment-matching approrimation with only two-component Gaussian
mizture. We start with the parameters of the mizture at time t + h and we adjust them to
match the first three moments of the multinomial mixture. The procedure ensures that the
resulting distribution will have mean:

E{U,.p, | 4} = M(t,0,h)
V{U,.,, | F,} = S(t,0,h)
E{U, . | o} =Q(t,0,h)

where
h—1

Q(taoa h) = [E{Ut3+h | ‘7t} = Z I}:{T/}?-q-h—j ‘ ?t}[E{u?-q—h—j}
=0

In general, the variance and the skewness do not converge to a constant number for all t, but
will depends on the skewness of the starting point at t 4+ 1 till the ending point at t + h and
needs to be recomputed each time. The parameters of the resulting mixture will be:

* _ * —
Hiten =V Yiin K1t+n  MHotrn = V Yiin Mo ton

and variances:

o2 = (Et+h - Pt+h/ff,2t+h —(1 _pt+h>/~‘6,2t+h> . 3,“6,t+h(1 — Diyn) — (Qt+h _pt+hﬂﬁt+h - (1= pt+h>”6?f+h) (1
(29.9)
and
e (Qt+h - pt+h/~L:13Tt+h —(1 —Pt+h>ﬂgft+h) Pern = 31 44 (ZHh _ p”hufﬁh - _pt+h)ugft+h) Pt
0,t+h 3pt+h<1 - pt«l»h)(/'tat-‘rh o Mi’t"’h)
(29.10)

Proof. Let’s consider the following approach. We start by fixing the mixture probabilities at
time ¢t + h, i.e. p;,;,. Then, we consider the means and variances parameters of the mixture at
time t+ h free to vary and we adjust them to match the first three central moments of the true
multinomial mixture with a two component Gaussian mixture. More precisely, let’s define:

:U’;tJrh = HY,L (t’ h)’ 0-1‘2:‘;5+h = O-%/l- (t’ h) (2911)

Recalling the central moments as in ?@eqg-proof-ut-moments we have that, with the param-
eters defined as in Equation 29.11, the resulting expected value and variance already matches
the exact expectation and variance of the multinomial mixture. To improve the match between
the two distributions, one can explicit also the third central moment, i.e.

Wirh = (3U%ft+hﬂi,t+h + M?Tt+hpt+h> + (30-(%:kt+h:u‘8,t+h + Mgfﬁh)(l - pt+h)
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In this way, one can set a system to adjust the variances o}2 +n, such that the second and the
third central moments of the Gaussian mixture with two components matches the ones of the
multinomial mixture. More precisely, the third central moment of y,,, reads:

h—1
Ks{Yeon | Fi} = Z [E{@/’?Jrh—j | ?t}[E{u:tg—&-h—j}'

J=s

Let’s denote the target moments as:

Yipn = “2{yt+h | F} Qt+h = ’is{yt+h | Tt}

and let’s represent the system in matrix form

( Piyn L —pin ) (U%fmh) _ (EH}L - pt-y—hlu‘%jﬁﬂh —(1- Pt+h)ﬂgft+h)
3Pt hH toh, 3(1— pt+h:“8,t+h> U%fwh Qupn — pt+h:u:_1%,kt+h —(1- pt+h)lu’%>,kt+h
b tin G

The solution of the system has the form DX* = G <= Y* = D!G. The determinant of the
matrix D is different from zero only if yij ; ), # 45 44, 1€

det(D) = 3p;,p,(1 — pt+h)(#3,t+h - Hi,t+h>-
By applying Cramer’s rule the system can be solved explicitly for i € {0,1}, i.e.

o _ det(D;)

4 = 29.12
Uz,t+h det(D) ( 9 )

Where D, is obtained by replacing the first column of D with the first column of G, i.e.
(B pt+h:u?ikt+h —(1— pt+h)'ug>,kt+h L—pin
Dl - 3% 3 *
Qi — Peinlitvn — (1— pt+h)lu’0,t+h 3(1— pt+h)M0,t+h

Then:
det(Dy) = (Em-h _pt+h/ﬁ,2t+h -1 pt+h):u6,2t+h) -3(1 _pt+h>M6,t+h+

— (1= pein) (Qt+h *pt+hﬁ‘f)t+h — (1= pt+h)M6?t+h)

Similarly for the second component D, is obtained by replacing the second column of D with
the second column of G, i.e.

D. — ( Piin Xiih _pt-&-hufﬂrh - (1= pt+h)ﬂ6,2t+h)
3Peintipin Qopn — pt+huf)t+h —(1- pt+h)'u6:,))t+h

Then:
det(Dg) = py,p, - (QtJrh - Pt+h/ﬁ?’t+h —(1 _pt+h)M6?t+h> +

- 3pt+h/f1(,t+h ) <2t+h - pt+h/‘§,2t+h —(1- pt+h>ﬂ6,2t+h)

Substituting and developing Equation 29.12, one obtain the explicit solutions of the system. [
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30 Calculus

30.1 Fundamental limits

Table 30.1: Fundamental limits

hmx—>0 SiIalcOC = hmr—)O ln(1m+$) =1 hmr—)O el =
lim, ,o(1+1) =e lim,,_,q w =log, e lim, .o % =Ina
30.2 Derivatives
Table 30.2: Fundamental derivatives

Function f(x) Derivative f'(x)
y=a, a €R y =0
y=z", neN y = nz" 1
y=z% a€R y = ax* !
y:m%,n>0 y’—%x%_l
y=sinx y = coszx
Y = CosT y = —sinzx
Yy =tanz y’—cosgm—l—ktaan
y = cotx Y __sin121: = —(1+cot’z)
y = arcsinx y = 11_362

_ / 1
Y = arccosx ) T /122
y = arctan z Y 1:12
y = arccot x y = ﬁ
Y= a® y/ =da%lna
y = em y/ = em
yzloga:x y/: acﬁla
y=Inz y = %
flx) =c-g(z) fz)=c-g'(z)
flx) = g(x) + s(z) fi(@)=g'(z) +5'(x)
)= 35 f(a) = 42



Function f(z)

Derivative f'(z)

¢ Derivative of the product:

¢ Derivative of the ratio:

9()

¢ Derivative of the composition:

V@’m:

@ Example derivative of the composition
For example f(g(z)) = In(1 4 2z), then f(x) = In(z) and g(x) = 1 + 2z, hence

(In(1 + 22)] () = [1 + 22]'(2) - [In(2)]"(1 + z)

30.2.1 Taylor series

o fn) (g
flay =3 0 gy

1 n.

30.3 Integrals

fla) + f(a)(x —a) +

f"(a)
2!

Table 30.3: Fundamental integrals

(x —a)®+ ...

(30.1)

Immediate General
Ja"dx = f:ll +c J flz)dx = f(grnlﬂ +c

[ 2dz =log(z) + ¢
Ja®dz =log,(e) +c
Jetdr =e" +c

[ sin(z)dz = — cos(z) + ¢
J cos(z)dz = sin(z) + ¢

J;g)) dx =log(f(x))+ ¢
[l f'(z)dx = ! @ log, (e) + ¢
[emf (z)dr = ef® + ¢
Jsin(f(@))f (x)dw = —cos(f(x)) + ¢
Jcos(f(x)) f'(x)dx = sin(f(z)) + ¢
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Immediate General

J astapde = tan(z) + ¢ | it dr = tan(f(z)) + ¢
J mdx = cot(z) + ¢ S/ ﬁdl‘ = cot(f(z)) +¢
i \/1177(1@ = arcsin(x) + ¢ J 1f_(fw<> E dzx = arcsin(f(x)) +
S \/%da: = arcsin(Z) + ¢ J dx = arcsm(ﬁ)
a2—x2 a \/a27 a
[ ——t=dx = arctan(z) + ¢ [ £y = arctan(f(z)) +
Vita? V1+f(x)

30.3.1 Fundamental theorem

:/abf’(a;)dm = /f’(l‘)dfc:f(x)JrC

30.3.2 Integration by parts

b =b
/ f(@)g (@)dz = [f(2)g(x)]"=" — / f(@)g(x)da

or in compact form:
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31 Probability

Definition 31.1. (Absolutely continuous)
Consider a measure space (2, B), then a measure p is said to be absolutely continuous with
respect to v, namely u << v, iff:

w<<v < puB)=0 = v(B)=0 VBe3B

Definition 31.2. (Concentration)
Consider a measure space (2, B), then a measure y concentrates on B € B, if u(B¢) = 0.

Definition 31.3. (Mutually singular)

Consider a measure space (€2, B), then two measures p and v are said to be mutually singular
if for any disjoint set ANB = (), A, B € B we have that i concentrates on A and v concentrates
on B.

Definition 31.4. (o-finite)

Consider a measure space (£2, B), then a measure p is said to be o-finite if exists a countable
partition By, B,,..., C € such that Vi we have that B, € B and u(B;) < co. In other words,
a measure is o-finite, when we are able to divide the sample space in a countable partition of
sets such that each one is in B and has finite measure. Note that this do not imply that the
measure of ) is finite. In fact, consider for example the Lebesgue measure m on R, then we
obtain m(R) = oco. However, since we can partition R in a countable series of intervals, each
one with finite length, then the Lebesgue measure is o-finite.
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32 Linear Algebra

32.1 Vector multiplication

Consider a vector of this form,

U1
y = yz )
nx1 .
Yn
then
Yi o WY e Uil
Yy Y=y ¥y =Y =4 - ¥ o Yl
nx1l nx1 nx1l 1xn nxn . . .
Ynlr - YnYi - Y
and
n
T 2
nx1 nx1 1xn nx1 ; ! 1x1

32.2 Matrix multiplication

Consider a matrix of this form,

Typ e Xy Ty
X = |z Lij Tik | >
nxk N . .

LTy - Ty Ty,
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then
n 2
Zi:1 Ti1

T n
=X X =) T
o
Zizlxikxil

and

kx1

32.3 Special matrices

32.3.1 Basis vector

e, =(10

n
Zizl L1255

Z?:l x?j
Ezl:l LipLsj

n

Zizl Li1Y;

T n
m = X y = Z¢:1 LiY;
nxk px1 .

n

Zizl LirY;

0).

n

Zizl Li1Lik
o

Zizl LiiTik | »

.
Zi:l xz2k

(32.1)

The standard basis vector of length p with 1 in the first position and 0 elsewhere.

32.3.2 Matrix of ones

In mathematics, a matrix of ones (also called an all-ones matrix) is a matrix where every entry

1 11
(1) J3_(1 ! 1)
1 11

equals 1, i.e.

11
J372 == 1 1 J2’3 == (
11

1 11
1 11

(32.2)

)

In general, When two indices are provided, e.g., J3 5, the first indicates the number of rows
and the second the number of columns. When only one index is given, e.g., Js, it denotes a
square matrix of size 3 x 3. Some basic matrix operations include:

® Jn,l : Jl,n = Jn
° Jl,n 'Jn,l = Jl =1
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32.3.3 Identity matrix

In linear algebra, the identity matrix of size n is the n X n square matrix with ones on the
main diagonal and zeros elsewhere, i.e.

1 0 0 0
1 0 100 0100
01 00 1 0010
0 0 01

32.4 Determinant

The determinant is a scalar value that can be computed from a square matrix. It provides
important information about the matrix, such as whether it is invertible, its volume-scaling
factor in linear transformations, and the linear dependence of its rows or columns. For a matrix
A € R™", the determinant is denoted det(A). Consider two matrices A,,,,, and B then
the determinant satisfies some properties.

nxn?

Scalar: adet(A) = a™ det(A) for a € R.
Transpose: det(AT) = det(A).
Multiplication: det(AB) = det(A) det(B).
Inverse: det(A!) =
Rank: if

o det(A) # 0 then rank(A) = max = n.
o det(A) = 0 then rank(A) < max = n.

CU e

1
det(A) "

The determinant of an n X n matrix can be computed by expanding along any row or column.
Expanding along the i-th row gives:

det(A) = i:(—l)”ja-det(l\/lij). (32.4)

)

where M, ; is the sub-matrix without the i-th row and the j-th column. For example considering
a 2 X 2 matrix, the determinant simplifies to a well-known formula:

A= (Z 2) — det(A) = ad — be. (32.5)
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@ Determinant of a 3 x 3 matrix with Laplace recursion

Let’s consider a generic 3 x 3 matrix, i.e.

ap; G2 Qi3
A=|ay ay ay]|,

Q31 Q32 0A33

=a; My —a;pMyy +a;3My;
where the sub-matrices M;;, M, and M5 read explicitly as:
a3y d33 a3; a3
Then, the determinant of 2 x 2 matrices is easily computable as:
det(M,; ) = det <a22 a23) = Q2033 — (3037

A3z Q33

a a

_ 21 Qo3 _

det(M;,) = det < ) = Qg1 Q33 — Q9303
Qg1 Qs3

Qg1 Qg2
det(M13) == det == a21a32 - a22a31
az; Qazg

obtain:

det(A) = ay1(ag0a33 — Ag3a35) — A15(A21a33 — A930a31) + a13(a1a30

then, let’s fix the row ¢ = 1 and develop the Laplace expansion (Equation 32.4), i.e.

det(A) = (—1)1+1a11M11 + (—1)1+2a12M12 + (—1)1+3a13M13 =

_ [ Q22 Qg3 _ (@21 Qa3 _ [ @21 Qa9
Mll - ) M12 - ) M13 - .
gy  A3z2

Finally, coming back to Equation 32.6 and substituting the result in Equation 32.7 one

(32.6)

(32.7)

— Q9903

32.5 Trace

The trace of a square matrix A € R™*" is the sum of its diagonal elements

. It is also equal to

the sum of the eigenvalues \; of A, counted with algebraic multiplicity, i.e.

tr(A) = Zaii = ” A

n
=1 =1

Some properties of the trace operator includes:
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33 Notable relations between distributions

33.1 Chi squared

The chi2 distribution with v degrees of freedom, namely x?(v), is defined as the sum of v-
independent and identically distributed standard normal random variables squared for ¢ =
1,...,v, ie.

Z. ~N(0,1) Vi
g 0,1) 7’, = X =224+ 722~ (v) (33.1)
Z; 1L Z; Vi#j

The chi-squared distribution x?(v) is a special case of the gamma distribution, i.e.

X ~x2(v) = XNGamma<a:g,9:2)

Sum of x? random variables

The sum of two x? is again x? if and only if X12/1 and XEQ are independent, formally:

X2(ry) LxP(vg) = XP(1) + X3 (va) ~ X2 (1) + 1)

If they are not independent their sum is not x? distributed.

33.1.1 Moments

Table 33.1: Moments of a x? random variable

Expectation Variance Skewness Excess Kurtosis

8 12
14 14

v 2v
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33.1.2 Relations with others distributions

L Ix%(v) 2

V—00
9. Xv %y (g)1)
) 2V psoo P

3. If x ~ NV(0,%) then xT%"x ~ x2(k).
4. A generalization of property 3. to non-central distributions: if x ~ N(u,X) then
xS "% ~ x2(k, 8) where § = uTSp.

33.2 Student-t

The Student-t distribution with v degrees of freedom, namely ¢(v), is defined as the ratio of
two independent random variables. In specific, a standard normal random variable Z and the
square root of a x2(v) divided by its degrees of freedom v, i.e.

Z ~N(0,1)
V ~x2%(v) = X = \/\/;VZ ~t(v) (33.2)
Z 1V

Given a location parameter p and a scale parameter o2 the Student-t random variable admits
the following stochastic representation:

VY
Nz ~t(p,o

2

X=pu+o V)

33.2.1 Moments

Table 33.2: Moments of a Student-t random variable X ~ t(u, o, v).

Expectation Variance Skewness Excess Kurtosis

6
1% VTI/20'2 0 m,y>4

33.2.2 Relations with others distributions

1 tw) -5 N0, 1).

V—00

2. t(v)? = F(1,v).
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33.3 Fisher—Snedecor

The Fisher-Snedecor distribution with v; and v, degrees of freedom, often denoted as F, is
defined as the ratio of two independent chi2 random variables, each one divided by its degrees
of freedom, i.e.

y
Vi~ b

! Xz(yl) — X =2~ Py, 1) (33.3)
Vo ~ x*(vy) ,72

33.3.1 Relations with others distributions

d
L vy F(yy,vy) — XQ(V1>'

Vy—+00
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