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Summary

General notations

o (): abstract set representing the sample space of a random experiment. The elements
w € ) are the possible outcomes of the experiment.
o P(9): power set of €, the set of all possible subsets of (2.

e Most subsets A, B, ... will be thought of as events.

e Collections of subsets: A, 3B, ....

o The empty set ().

e 3B is a sigma-field, usually connected with the sample space €.

e B(R) is the Borel sigma-field of R.

o P is a probability measure function P : B — [0, 1].

e (Q,3B,P) is a probability space.

e L] is a shortcut to denote a disjoint union, for example writing ALIB means that the sets
A and B are disjoint, while writing AUB means that the sets A and B are not disjoint.

e X denotes an univariate random variable.

o Bold letters, such as X,, = (X;,X,,...,X;,...,X,,), denote a random vector with n
elements, where each X, is a random variable. Instead, x, = (x1,Z9,...,%;,...,2,)
denotes a vector, where each z; is a scalar.

¢ X denotes a random matrix. More precisely, X = (X, Xy, ..., X, ... , X.), where X, is
a random vector related to column j with n elements. In a matrix context, the index 7
denotes a generic row, while j denotes a generic column.
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1 Basic set theory

Reference: Chapter 1. Resnick (2005).

In probability, an event is interpreted as a collection of possible outcomes of a random exper-
iment.

Definition 1.1 (Random experiment). A random experiment is any repeatable procedure
that results in one out of a well-defined set of possible outcomes.

e The set of possible outcomes is called the sample space and denoted by 2. An element
of  is denoted by w and is an outcome

e A set of zero or more outcomes w is an event A, where we denote a class of subsets A C ()
by &F.

e A map (function) that goes from the space of the events F to the space of probabilities
(real numbers in [0, 1]) is the probability law and is denoted with P.

Together, sample space, event space and probability law characterize a random experiment.
There are several definitions related to sets and their operations.

Definition 1.2 (Complementation). The complement of a set A is denoted by A€ and repre-
sents the set of elements that do not belong to A, i.e.

A={weQ:w¢ A} (1.1)

Definition 1.3 (Containment). A set A is said to be contained in a set B if every element
of A is also an element of B. Formally,

ACB &< weAd = weB Ywel. (1.2)

Definition 1.4 (Equality). Given two sets, A is equal to B, written A = B, if and only if
every element of A is an element of B and every element of B is an element of A. Formally,

ACB and BCA. (1.3)

10



Figure 1.1: Elementary set operations.

1.1 Set operations
Let’s now state some elementary operations between sets.

Definition 1.5 (Union). The union of two sets, written AUB, is the set of w that belong
either to A or to B, i.e.
AUB={weQ:we Aorwe B}. (1.4)

As a consequence of the definition of the union, the following relations hold true, i.e.
AUA=A AUQ =0
AU =A ALA=Q

Definition 1.6 (Intersection). The intersection of A and B is written ANB and is the set

of elements that belong at the same time to A and B.

ANB={weQ:we Aand w e B}.

As a consequence of the definition of the intersection, the following relations hold, i.e.

ANA=A ANQ=A
AN =0 AnAc =10

11



Moreover, let’s state the distributive laws of the union and the intersection, i.e.

Intersection. (AUB)NC = (ANC)U(BNC)

1.5
Union. (ANB)UC = (AUC)N(BUC) (1.5)
And the De Morgan’s laws:

Intersection. (ANB)¢ = (A°UB")

Union. (AUB)® = (A°NB°) (1.6)

Definition 1.7 (Difference). The difference between two sets A and B, written A — B (or
also A/B), is the set of elements of A that do not belong to B. Formally

A—B=ANB*={weN:we Aand w ¢ B}. (1.7)

Disjoint representation of a set

Given two sets A and B, each one can be written as the union of disjoint sets. In fact,
their union can be decomposed into the union of three disjoint sets, i.e.

AUB = (ANB)U(ANBC)U(ANB), (1.8)
and therefore for example the set A can be written as

A= (ANB)L(A— B) = (ANB)LI(ANDB°). (1.9)

Definition 1.8 (Symmetric difference). The symmetric difference between two sets A and
B is written AAB and is the union of elements of A that do not belong to B and of elements
of B that do not belong to A, i.e.

AAB = (A—B)U(B—A) =
= (ANB°)U(ANB) =
:{w:wEA,W%B}U{w:WEBaW¢A}

Proposition 1.1. Given two sets A, B, the symmetric difference can be written as

AAB = (AUB)N(AUB°).

12



Proof: Proposition 1.1

Proof. Let’s denote C' = A°NB, then apply the distributive law of the union twice (Equa-
tion 1.5) and develop the computations, i.e.

AAB = (ANB)U(A°NB) =

= (ANB)UC =

= (AuC)N(BUC) =

= [AU(A°NB)|N[B°U(A‘NB)] =

= [((AUAS)N(AUB)IN(BUA)N(BLUB) =
= (AUB)N(AUBF)

1.2 Indicator function

Definition 1.9 (Indicator function). An indicator function is a function that associates an
w € A C Q with a real number, i.e. either 0 or 1. It is a tool that allows us to transfer a
computation from the domain of sets into the domain of real numbers, i.e. {0,1}. Formally,

14(w): Q2 —{0,1}, ie.
1 wed
1 —
Al {0 we A°

Indicator function in R

If z € R, then the equivalent operator to an indicator function is the Heaviside function
at a point a € R (see here), i.e.

H,(z) = H(z —a) = {? ziz (1.10)

The first derivative of the Heaviside function with respect to x is the Dirac delta function
(see here), i.e.

dx 0 otherwise

dHa(x)zéa(x)zé(a:—a):{l = (1.11)

A fundamental property of the Dirac delta is that, for a general function f,

/mf@ﬁ@—aﬂyzf@) (1.12)

13
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Proposition 1.2. The containment between two sets can be equivalently written in terms of
indicator functions:
ACB <= 1,4(w)<lgw), Ywe.

Proof: Proposition 1.2

Proof. Let’s start by assuming A C B and let’s distinguish two main cases.

1. Assuming w € A implies that w € B, and therefore we have the equality 1 =1, <
1,=1.

2. Assuming w € A° implies [w € B]U[w € B°|. In this situation for both cases one
will have that 1, < 15, in fact:

o Considering w € B implies that 0 =1, <15 = 1.
o Considering w € B¢ implies that 0 =1, <15 =0.

Hence, assuming A C B implies that 1 4(w) < 1(w) for all w € 2. Now let’s assume the
contrary: 1, < 1 and let’s again distinguish in two main cases:

1. Assuming w € A, i.e. 1, = 1, the inequality 1, < 1 holds and since the indicator
function is bounded by 1 by definition it is possible to write 1 = 1, < 15 < 1.
Therefore, we obtain 15 = 1 and so w € B.

2. Assuming w € A€, ie. 1,4 = 0, the inequality 1, < 15 holds and it is possible to
write 0 =1, < 15 < 1. Hence, when w € A, there are two possible cases, i.e.

e 15 =1, but this implies that w € B.
e 15 =0, but this implies that w € B°.

The implication w € A = w € B holds, while the converse does not. Hence, it is
possible to conclude that A C B. O

1.3 Limits of sets

Let’s define the infimum (inf) and the supremum (sup) of a sequence of sets {4, },-; as

o o0
inf = (A, sup = [ Ay,
k=n k=n

k>n
Informally, the infimum of a sequence of sets is the smallest set in k = n, ..., 00, on the other
hand, the supremum of a sequence of sets is the biggest set in k = n, ..., 00.

14



Then, the liminf is defined as

lim infA, = inf A, = A

Jan, ity =sup fuf 4= U [1] 4
The liminf (limit inferior of sets) is the set of all elements that eventually always belong to
the sequence {A,,},-;. By definition, the limit of the infimum (liminf) is the biggest (union)
among all the smallest (intersection) sets. In other words, x € liminf A, if there exists some
index N such that for all n > N, we have x € A,,.

Instead, the lim sup is defined as

oo o
lim sup A, = infsup 4, = A,
n—oo n n>1 k>n k nrjl kL;Jn k

The limsup (limit superior of sets) is the set of all elements that belong infinitely often
to the sequence {4, },~;. By definition, the limit of the supremum (limsup) is the smallest
(intersection) among all the biggest (union) sets. In other words, = € lim sup A,, if for infinitely
many n, z € A,,.

Remark 1.1. By De Morgan’s laws (Equation 1.6):

(Jl_}n;o sup A,)¢ = (ﬁ Ak> = Ql k@ AS = nll_}IIolo inf AS,

n=1

I

and similarly

n=1k=n

(nhj{.loiann)c = (Ej ﬁ Ak> = ﬁlgAz = nlLH;O sup AS.

1.4 Monotone Sequences

Let’s define a sequence of sets {A, },~,; as monotone non-decreasing if A, C A, C ...,
while we define it monotone non-increasing if A, D A, D .... In general, a monotone
non-decreasing sequence is denoted by A,, T, while a non-increasing one is denoted by A,, |.
In general, the limit of a monotone sequence always exists.

Definition 1.10 (Limit of Monotone Sequences). Let’s consider a monotone sequence of sets
{A,,}. Then, if

1. A, 7 is a sequence of non-decreasing sets, i.e. A; C Ay C ..., then the limit exists, i.e.

A, 1= lim A, =[] A4,
n=1

n—oo

15



2. A, | is a sequence of non-increasing sets, i.e. A; D A, D ..., then the limit exists, i.e.

A

ne

_ )8

A, |l = lim A, =
n—oo

n=1

1.5 Fields and sigma-fields

Definition 1.11 (Field). Let’s define a field A as a non-empty class of subsets of 2 closed
under complementation, finite union and intersection. The minimal requirements for a class
of subsets to be a field are:

1. Q € A, i.e. the sample space is in A.

2. Ae A = A€ A, ie. if aset Aisin A, then also its complement is in A.

3. ABe A = AUB € A, ie. if two sets A and B are in A, then also their union (or
intersection) is in A.

Definition 1.12 (sigma-field). Let’s define a o-field B as a non-empty class of subsets of 2
closed under complementation, countable union and intersection. The minimal requirements
for a class of subsets to be a sigma-field are:

1. Q € B, i.e. the sample space is in B.
2. BeE B — B°€ B, ie. if aset Bisin B, then also its complement is in 3.
3. B€ B,i>1 = |JB, € B, ie. if a countable sequence of sets B; is in B, then also

n>1
its countable union (or intersection) is in 3.

Field vs o-Field

The main difference between a field and a sigma-field is in the third property of the
definitions. A field is closed under finite union, namely the union of a finite sequence
of events A, indexed by n € {0,1,2,...,n} (property 3 of Definition 1.11). On the
other hand, a sigma-field is closed under countable union, namely the union of an
infinite sequence of events A, indexed by n € {0,1,2,...,n,n+1,... } (property 3. of the

Definition 1.12).

Exercise 1.1. Let the sample space be " = {—1,0,1}. Generate a o-algebra according to
Definition 1.12

16



@ Solution: Exercise 1.1

Solution 1.1. Let the sample space be Q" = {—1,0,1}. A natural choice of o—algebra on
a finite set is the power set:

?(Q/) = {(Z)’ {_1}7 {0}7 {1}7 {_17 0}7 {_17 1}’ {07 1}7 Q/}

17




2 Probability measure

Reference: Chapter 2. Resnick (2005).
A probability space is a triple (€, B, P) where

1. Q, the sample space.
2. B, a sigma-field of subsets of {2 where each element is called an event.
3. P is a probability measure.

Definition 2.1 (Probability measure). A probability measure P is any function P : B — [0, 1]
such that

1. P(A) > 0 for all sets A € B.
2. P(Q) =1.
3. P is o-additive: if {A, }, -, is a sequence of disjoint events in B, then:

P <|j1An> - i: P(A,). (2.1)

In general, a probability measure P is a function that always goes from a sigma-field of subsets
of © to [0, 1].

2.1 Consequences of the axioms

Proposition 2.1 (Probability of the complement). The probability of the complement of a set
A reads
P(A°) =1—P(A). (2.2)

Proof: Proposition 2.1

Proof. Since it is possible to write 2 = AUA€ as the union of disjoint sets, we can apply

18



o-additivity (Equation 2.1) to obtain:

0 = AUA® 5 P(Q) = P(A) + P(A)
— 1 =P(A) + P(A°)
— P(A°) =1 — P(A)

O]

Proposition 2.2 (Probability of the empty set). The probability of the empty set 0 is zero,
i.e. P(0) = 0.

Proof: Proposition 2.2
Proof. Using the fact that P(£2) = 1 by assumption and applying Equation 2.2:
P@)=1—P0)=1—P(Q) =0.

O]

Proposition 2.3 (Probability of the union). The probability of the union of two sets is:
P(AUB) = P(A) + P(B) — P(ANB).

Proof: Proposition 2.3

Proof. Let’s write the sets A and B in terms of a union of disjoint events (Equation 1.9)
and apply P on both sides and o-additivity (Equation 2.1).

P(A) = P(ANB) + P(ANB°) = P(ANB°)

(2.3)
P(B) = P(ANB) + P(BNA®) = P(BNA°)

P(A) — P(ANB)
P(B) — P(ANB)

Let’s now decompose AUB into the disjoint union of 3 events (Equation 1.8) and again
apply P on both sides and o-additivity:

P(AUB) = P(ANB) + P(ANB°) + P(A°NDB).
Substituting P(ANB°) and P(BNA®) from Equation 2.3 gives the result:

P(AUB) = P(ANB) + P(B) — P(ANB) + P(A) — P(ANB) =
= P(B) + P(A) — P(ANB)

19



Proposition 2.4 (Monotonicity of probability measure). The probability measure P is non-
decreasing, in the sense that given two events A and B, then

ACB = P(A) <P(B).

Proof: Proposition 2.4

Proof. The proof of the statement follows once the set B is written as a disjoint union
of subsets of A and B (Equation 1.9). Then, applying the probability P and o-additivity
on both sides, one obtains:

P(B) = P(A) + P(B — A) > P(A).

Further properties are:

1.

Subadditivity: the measure P is o-subadditive. For a sequence of events {A,},-, in B

then:
P (GAn> < i P(A,). (2.4)

. Continuity: the measure P is continuous for a monotone sequence of sets A,, € B, i.e.

A, 1A = P(A,)1P(A), A, LA = P(4,)LP(4). (2.5)

. Fatou’s lemma: consider a sequence of events {4, },-, in B, then we have the following

result:
P(liminfA,) <liminf P(A4,,) <limsup P(A4,,) < P(limsupA4,,). (2.6)

n—00 n—0oo n—oo n—oo

20



3 Measurable maps

Reference: Chapter 3. Resnick (2005).

A measurable space is composed of a sample space ) and a sigma-field of subsets of {2, namely

B.

3.1 Maps and inverse maps

Let’s be very general and consider two measurable spaces (€2, B), (2, ") and a map (function)
X (w) that associates every w € Q with an outcome w’ € Q' i.e.

X:(Q2,38)— (V,B).
Then, X determines a function X! called an inverse map, i.c.
X 1Y) — P(Q).

where P denotes the power set, i.e. the set of all subsets and the largest sigma-field available.
Then, X! is defined such that for every set B’ in Q'

XY B)={weQ: Xw)e B} (3.1)

Exercise 3.1. Let’s consider a deck of poker cards with 52 cards in total. We have 4 groups
of 13 distinct cards, where the Jack (J) is 11, the Queen (Q) is 12, the King (K) is 13 and the
Ace (A) is 14. Then, let’s consider a function of the form

+1 ifwe{2,3,4,5,6)
Xw)=4{0 ifwe{7,8,9}
—1 ifwe {10,11,12,13,14}
In this case the rank space has 13 distinct elements (52 cards in total), while Q" = {—1,0,1}

represents the possible outcomes. Suppose we observe a value X(w) = {+1} C Q’; define
X~1({+1}) according to Equation 3.1.
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@ Solution: Exercise 3.1

Solution 3.1. Suppose we observe a value X (w) = {+1} C Q’; then the inverse map X !
identifies the set of w such that X(w) = {41}, i.e.

X1{+1}) ={weQ: X(w) € {+1}} = {2,3,4,5,6}.

The inverse map X ! has many properties. Among them, it preserves complementation, union
and intersection.

L X 1) =q.

2. X10) =0.

3. X7L(A) = (X71(A))e.

4. X HQNA) = QNX (A,

5. XU, Ar) =U, X (A;) for all A, € B

Properties of inverse maps
Let’s consider two sets A” and B’ both in €’. Then, by definition:

X YA'UB) ={weQ: X(w) € A/UB'} =
={weQ: X(w) e A/ OR X(w) € B’} =
={we: X(w) e A} H{weN: X(w)eB'} =
=X 1AHuXxL(B)
Similarly for the intersection, i.e.
X YANB) ={weQ: X(w) € A/NB'} =
={weQ: X(w)€e A AND X(w) € B’} =

—{weN: X(w)eAN{weN: X(w) € B} =
= X1 A)NXHB)

Proposition 3.1. If B’ is a sigma-field of subsets of Q', then X Y(B') is a sigma-field of
subsets of Q. Moreover, if C’ is a class of subsets of ), then

XHo(C) = a(X7HC)),

that is, the inverse image of the sigma-field generated by the class €’ € Q' is the same as the
sigma-field generated in Q) by the inverse image X 1. In practice, the counterimage and the
generators commute. It can be difficult to know everything about the sigma-field B’; however,
if we know a class of subsets that generates it, namely €’ € Q', we are able to recreate the
sigma-field. (References: propositions 3.1.1, 3.1.2. A prob path).
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3.1.1 Measurable maps

Definition 3.1 (Measurable map). Let’s consider the function X : (2, B) — (', B’), then X
is B-measurable, namely X € B/B’, iff

XeB/B = X 1B)eB

Note that the measurability concept is very important since only if X is measurable is it
possible to make probability statements about X. In fact, probability is a type of measure,
and only if X~1(B’) € B for all B’ € B’ is it possible to assign a measure (probability) to the
events contained in 3.

Definition 3.2 (Test for measurability). Consider a map X : (2, B) — (£, B’) and the class
C’ that generates the sigma-field B’, i.e. B" = ¢(€’). Then X is B-measurable iff:

XeB/B = X Y¢)cCB

3.2 Random variables

Definition 3.3 (Random variable). Let’s consider a probability space (2, #,P), then a ran-
dom variable is a map (function) where (', B") = (R, B(R)). Therefore it takes values on the
real line, i.e.

X :(Q,B) > (R, B(R))

and for every set B in the Borel sigma-field generated by the real line B(R), the counter image
of B, namely X 1(B) is in the sigma-field B generated by 2. Formally,

VBe B(R) X YB)={weQ:X(w)e B}C 3B

More precisely, when X is a random variable, the test for measurability (Definition 3.2) be-
comes:
XH(=00,y]) =[X(w) <y CB VyeR

In practice, B = (—o0,y| that depends on the real number y while the event [X(w) < y] =
X~Y(B) is exactly the counter image of B.

3.2.1 sigma-field generated by a map

Let X : (Q,B) — (', B’) be a measurable map, then the sigma-field generated by X is defined
as:
o(X)=X1B)={we: X(w)€e B,B € B}

When X is a random variable, then (', B’) = (R, B(R)) and the sigma-field generated by X
o(X)=X1B[R)={weN: X(w) € B,Be B(R)}
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Definition 3.4. Let X be a random variable with set of possible outcomes ’. Then, X is
called

« discrete random variable if Q" is either a finite set or a countably infinite set.
e continuous random variable if €2’ is an uncountable infinite set.

Definition 3.5. A random vector is a map
X, : (©,8) = (R", B(R"))
Its counterimage X! is defined as:

VBe B(R") X, Y(B)={weQ:X,(w)€eB}eB

n

Note that, for every w, the random vector has n-components, i.e.

Proposition 3.2. The map X,, : (,B) — (R", B(R"™)) is a random vector, if and only if

each component X, Xy, ..., X,, is a random variable.

Proof: Proposition 3.2

Proof. Let’s prove that if X, X5, ..., X,, are random variables, then X is a random vector.
Since we are assuming that each i-th component is a random variable we have that for
alle=1,2,...,n

vy, €R X7 ((—o0,y,]) € B.

Therefore, to prove that X, is a random vector we have to prove that the cartesian
product of all the counter images, i.e.

{we: X, € (00, N Xy € (00,45 NN Xy € (00,,]},

is in B. That is equivalent to the intersection

k k
MHweQ: X, € (0o} = ) X (o0, 1)) € B.

i=1 =1

Since each counterimage X; ((co,y;]) € B and B is a sigma-field, hence closed under
countable intersection, the intersection of all the counterimages will also be in 3. O
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3.3 Induced distribution function

Consider a probability space (£, B, P) and a measurable map X : (Q, B) — (', B’); then the
composition P o X~ ! is again a map. In this way, a probability measure is attached to each
element w € Q. In fact, the composition is a map such that

—1
PoX1:(Q,B) = (0,1 < (,8) = (©,8) 1 [0,1]
In general, the probability of a subset A" € B’ is denoted equivalently as:

PoX 1(A)=P(X(A)) = P(X(w) € A)

Exercise 3.2. Let’s continue from Exercise 3.1 and compute the probability of Po X~ *({+1}).
Consider one random draw from the 52 cards; for each distinct number, we have 4 copies.
Compute P(X 1({+1})) and P(X~1({0})).

@ Solution: Exercise 3.2
Solution 3.2. The probability is computed as:

PXTH({+1}) =P({w € Q: X(w) € {-1}}) =
=P({2,3,4,5,6}) =

5-4 )
~ 5 137 38.46%

Let’s consider the probability of observing either {+1} or {—1}, then

P(X1({-1,+1}) =P{w e Q: X(w) € {—1,+1}}) =
= P({2,3,4,5,6,10,11,12, 13, 14}) =
10-4 10
= ——=— ~x~76.92
52 13 76.:92%
Finally, by the properties of the probability measure, P(X(w) € {0}) = 1 — P(X(w) €
{—1,+1}) ~ 23.08%.

3.3.1 Distribution function on R

When X is a random variable the composition P(X1(A’)) is a probability measure induced
on R by the composition:

P(X7((—00,y]) = P(X <y) = Fx(y),
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for all y in R. Hence, the distribution function Fyx of a random variable X is a function
Fy : (R,B(R)) — [0,1] and represents a probability measure on the real line R, i.e.
Fx(y) = P(X(w) € [-00,y)) = P(X(w) <),

or for short P(X < y).

Warning

In general, the probability distribution is a function F'y : (', B") — [0, 1], however when
X is a random variable this means that (Q', B") = (R, B(R)).

— Cauchy(0,1) — Logistic(0,1) — N(0,1) Student-t(0,1,5) — Cauchy(0,1) — Logistic(0,1) — N(0,1) Student-t(0,1,5)
1.004
20
0.75
‘>-><Z 0.50 < 0
L
0.254
-20
0.004 ! ! ! ! !
5 0 5 0.00 0.25 0.50 0.75 1.00
X Fx(x)
(a) Distribution functions. (b) Quantile functions.

Figure 3.1: Different distribution functions in R.

Proposition 3.3 (Density of a random variable). If a random variable X has a continuous
and differentiable distribution function, then its probability density function (pdf) is defined
as the first derivative of the distribution function with respect to y, i.e.

d

Ix() = @Fx(y) = dFx(y) = fx(y)dy. (3.2)

Instead, for a discrete random variable, we call it the probability mass function (pmf), i.e.

Considering a generic domain D C R for the random variable X, then the function fx satisfies
two fundamental properties, i.e.

1. Positivity: fx(y) >0 for ally € D.
2. Normalization: fD fx()dy =1 or ZyeD P(X=y) =1.
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Warning

In general, any function fy that satisfies properties 1. and 2. in Proposition 3.3 is the
density function of some (unknown) random variable.

3.3.2 Survival function

For any random variable with distribution F'y, the survival distribution is defined as:

Fx(y) =P(X 2 y) =1—Fx(y).
Definition 3.6 (Criterion I for heavy tails). A distribution function Fly is said to be:
1. Light tailed if for some A > 0

lim —=~

Fx(y) ]0 faster than exponential
yoo e A

0 <l < oo same speed as the exponential

2. Heavy tailed if for all A >0

F
lim X(y)

y—oo e Y

= oo slower than the exponential.
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4 Independence

Reference: Chapter 4. Resnick (2005).

Definition 4.1 (Independent events). Let’s consider a probability space (€2, B,P) and two
events A, B € B. The events A and B are said to be independent, if

AL B < P(ANB) = P(A)P(B). (4.1)

Similarly, a finite sequence of events A;, A,,..., A, € B, is said to be independent, if for all
2<j<nand 1<k <k, <..< k:j < n the following factorization holds

@ Example: Events not pairwise independent

Example 4.1. Consider the probability space (€2, P(Q2),P), where Q = {1,2,3,4,5,6}
and for every w; €  we have a constant probability P(w;) = % Vi. Consider the
events A, = {1,2,3,4} and A, = A5 = {4,5,6}, are these events independent? Note
that the events have probabilities P(4;) = 2, P(A,) = P(A3) = 5. Consider all the
events A;, A,, A;, then the intersection of those sets gives [A;NA,NA5] = {4} that has
probability P({4}) = &. Then we can compute the product of the probabilities of the

single events:
1
6 = [P([A1QA2QA3D = ”3<A1>”)<A2)[P(A3) ~— 9959 =&’

Hence the events A;NA;NA, are independent. Consider now only the events A,NAj,,
the probability of the joint set, namely [A,NA3] = {4,5,6}, is P({4,5,6}) = 1. However
the product of the probabilities of the single events gives a different result:

11 1

5 = PlA;04]) £ P(A,)P(Ag) = 22 = 1.

Thus, the events A, and A5 are NOT independent.
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Proposition 4.1 (Independence and complementation). If two events A and B are indepen-
dent, then also A and B¢, B and A®, A and B¢ are independent.

Proof: Proposition 4.1

Proof. In order to prove that A and B¢ are independent, let’s write the event A as a union
of disjoint events (Equation 1.9). Then, since A and B are assumed to be independent:

P(A) = P(ANB) + P(ANBF) =

P
P(A)P(B) + P(ANB°)

Recovering P(ANDB¢), one obtains:

P(ANB®) =P(A) — P(A)P(B) =
P(A)(1—P(B)) =
P

(A)P(B°)

The same follows for A and B. Now let’s consider the case of A€ and B°. Using the
same trick done previously A€ = [A“NBJU[A°NBC]. Since we have already proven that
B¢ and A are independent, we can write:

P(A°)

P([A“NB|U[ANBC]) =
P(A°NB) + P(A“NB°) =
P(A°)P(B) + P(ANB°)

Recovering P(A°NB°) gives the result, i.e.

P(ANBC) =

Definition 4.2 (Independent classes). Let’s consider a probability space (£2,3,P) and let
C, € B with i = 1,...,n be classes of independent events. Then, for any choice of 4,,..., 4,
with A, € €, and ¢ = 1,...,n, we have that the events A,,..., A, are independent according
to Definition 4.1.
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4.1 Independent random variables

Theorem 4.1 (Basic Criterion). Let’s consider a probability space (2, B,P) and let C; with
i1 =1,...,n be a non-empty class of events such that

1. C; is a w-system (see here);
2. C; withi=1,...,n are independent according to Definition 4.2.

Then, the sigma-fields o(Cy),...c(C,,) are independent.

n

Definition 4.3 (Independent random variables). Let’s consider a probability space (2, B, P)
and let {X,},.s be a family of independent random variables. Then, the family of sigma fields

{o(Xo) bers

are independent.

The result in Theorem 4.1 is very important to prove the independence between two or more
random variables. In fact, according to Definition 4.3, to prove independence we should verify
that all the sigma-fields generated by X, are independent. If one is able to prove that there
exists a class of independent events €, that generate o(X,) and that is a 7w-system, then one
can immediately conclude that the random variables are independent.

4.2 Independence theorems

Theorem 4.2 (Borel-Cantelli Lemma). Let {4, } be a sequence of any events. If
> P(4,) <o,
n

then

P(A,, i.0.) = P(limsupA,) = 0.

n—,oo

n’

Proof: Theorem 4.2

Proof. To prove the Borel-Cantelli lemma, let’s start by the definition, i.e.

[4,,, i.0.] =limsupA, = ﬁ G Ap.

n—00 n=1k=n

Then, let’s define B, = UZ‘;n A, such that B; C B, C ... is an increasing sequence of
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events. Therefore, applying the probability on both sides

limsupA, = lim 1 B,
n—00 n—oo

= P(limsupA4,,) =P(lim 1 B,,) = lim 1 P(B,)

n—00 n—00 n—00

Then, assuming ) P(A,) < oo and recalling the definition of B, and of sub-additivity
(Equation 2.4), one obtains the following inequality:

oo

lim 1 P(B,) < lim 1Y P(B) =0.
k=n

Note that the result follows from the assumption of convergence of the series

ZZOZI P(4,) < oo. In fact if a series converges, this implies that from a certain n

on wards P(A4,,) = 0, that is equivalent to say

o) N
Y P(4,) <o = ngnoogp(Ak) =0.

n=1

Proposition 4.2 (Borel-Zero-One Law). Let {A,,} be a sequence of independent events, then

0 iff > P(A,) <oc

P(4,, io.)= {1 Y P(A,) = o0
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5 Expectation

Reference: Chapter 5. Resnick (2005).

The expectation represents a central value of a random variable and has a measure-theoretic
counterpart as a Lebesgue-Stieltjes integral of X with respect to a (probability) measure [P.
This kind of integration is defined in steps. First, integration of simple functions is shown
and then extended to more general random variables.

Let’s define a probability space (£2, B,P) and a generic random variable X such that
X: (Qa B) — (Rvﬂ(ﬁ?)%

where R = [—o0, 00]. Then, the expectation of X is denoted as:
E{X} = / XdP = / X (w)P(dw),
Q Q

as the Lebesgue-Stieltjes integral of X with respect to the (probability) measure P.

5.1 Simple functions

Let’s start from the definition of the expectation for a restricted class of random variables
called simple functions. Generally speaking, a random variable X (w) is called simple if it
has a finite range.

Formally, let’s consider a probability space (€2, B, P) and a B/3B(R)-measurable simple func-
tion X : ) — R defined as follows

X(w) =) a1, (w), (5.1)
i=1
where a, € R and A; € B is a disjoint partition of the sample space, i.e. |_|:L:1Al = Q.

Let’s denote the set of all simple functions on € as £. In this setting, £ is a vector space
that satisfies three main properties.
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1. Constant: given a simple function X € &, then aX € £. In fact:

n n
aX = Zaai]lAi = Za;-k]lAi eé |,
i=1 i=1

where a} = aa;.

2. Linearity: given two simple functions X,Y € &£, then X +Y € £. In fact:

where the sequence of sets {AiBj 1<i<nandl<j<m} form a disjoint partition of

Q.

3. Product: given two simple functions X,Y € &, then XY € &. In fact:

XY = iai]lAi ibj]lgj =
i=1 =1

n

NgE

/2 (aibj>]lAi]lBj =

<.
3 |l

I
NgE

<
Il
_

(aibj)]lAiﬂBj

-
Il

—_
<
I

—

5.1.1 Expectation of simple functions

The expectation of a simple function X is defined as:
E{X} = /Xd[P => a;P(4,),
Q i=1

where |a;| < oco.
1. Expectation of an indicator function: we have that

E{14(w)} = P(X(w) € 4) = P(4)

2. Non-negativity: If X >0 and X € & then E{X} >0
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3. Linearity: the expectation of simple functions is linear, i.e.

E{aX + Y} = abE{X} + PE{Y }.

4. Monotonicity: the expectation of simple functions is monotone on &, in the sense that
if two random variables X,Y &€ & are such that X <Y, then
E{X} <E{Y}.
5. Continuity: the expectation of simple functions is continuous on &, in the sense that,

it X,,X € & and either X, | X or X, T X, then

E{X,} L E{X} B{X, ) T E{X}

Proofs: properties of Expectation of simple functions

Proof. Let’s consider two simple functions, i.e.

Ziai]lAi(w) and Y (w Zb]lB
i=1

and let’s fix a, B € R. Then, by the second property of the vector space & (Equation 5.3)
it is possible to write:

n m

aX +BY =% (aa; + Bb)1a,0p,-

i=1 j=1

Then, taking the expectation on both sides:

E{aX +38Y} = ZZ aa; + Bb;)P(A,NB;) =

=1 j5=1
= aa; Y P(ANB;))+ Y ;> P(A,NB;)
i=1 j=1 j=1 i=1
Fixing ¢, the sequence A;NB; for j = 1,...,n is composed of disjoint events since, by

definition, the B; are disjoint. Hence, applying o-additivity it is possible to write:

f: P(4,NB;) =P (|_|;;1Aim3j) =

=P (A (| JB)) -

=P (AimQ) =P (Az)
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Therefore, the expectation simplifies in:

E{aX +pY} = zn:aaiﬂD(Ai) + iﬁbj[P(Bj) =
i1 =1

= oE{X} + BE{Y}

5.2 Extension of the definition

Simple functions are the building blocks in the definition of the expectation in terms of
Lebesgue-Stieltjes integral. In fact a known theorem called Measurability theorem shows
that any measurable function can be approximated by a sequence of simple functions.

Theorem 5.1 (Measurability theorem). Suppose that X(w) > 0 for all w € Q. Then, X is
B/B(R) measurable if and only if there exist simple functions X, € & and

0<X, 71X < X=lim 1X,,.
n—oo

5.2.1 Non-negative random variables

We now extend the definition of the expectation to a broader class of random variables. Let’s
define the set £, as the set of non-negative simple functions and define:

E.={X>0:X:(Q,8) = R B(R)}

to be the set of non-negative and measurable functions with domain 2.

If P(X = oo) = 0, then the expectation E{X} < oo and by Theorem 5.1 we can find an
X, € &, such that 0 < X 1 X. Since the expectation operator preserves monotonicity, also
the sequence E{X, } is non-decreasing. Thus, since the limit of monotone sequences always

exists, then
E{X} = lim E{X,}
n—oo

thus extending the definition of expectation from & to & 4
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5.2.2 Integrable random variables

Finally, we extend the definition of expectation to all random variables such that E{X} < oo.
For any random variable X, let’s call

Xt =max(X,0) X = max(—X,0)

Therefore,

X=X ifX>0 Xt>0
=
X" =—-X ifX<0 X >0
Then, we define a new random variable
X=X+ X~

that is B/B(R)-measurable if both X and X~ are measurable. If at least one among E{X*}
or E{X "} is finite, then we define

E{X} = H{X7} —H{X"}

and we call X quasi integrable. Instead, if both E{X '} < co and E{X~} < oo, then E{|X|} <
oo and we call X integrable. In this case, we write X € £,, where £, stands for the set of
integrable random variables with first moment finite, i.e.

L, ={X: Q> R: Xisarv. |E{|X|} < oo}, (5.6)

In general, writing X € £,
with finite p-th moment, i.e.

means that X belongs to the set of integrable random variables

L,={X:Q=R: Xisarv. ,E{|X[P} <oo}. (5.7)

5.3 General definition

The expectation of a random variable X is its first moment, also called statistical average. In
general, it is denoted as E{X}. Let’s consider a discrete random variable X with distribution
function P(X =z j). Then, the expectation of X is the weighted average between all the pos-
sible m-states that the random variable can assume, weighted by their respective probabilities
of occurrence, i.e.

E{X} = ij P(X =),

that is exactly Equation 5.5. In the continuous case, i.e. when X takes values in R and admits
a density function fy, the expectation is computed as an integral, i.e.

E{X} = / : vdFy = / ::cfx(x)d:c.
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Definition 5.1 (Moments and central moments). For any random variable X, let’s define the
moment of order p > 1 as:
m, = E{XP}, (5.8)

Similarly, for p > 2 we define the central moment as

1, = E{(X —my)P}. (5.9)

5.3.1 Variance and Covariance

In general, the population variance of a random variable is defined as the second central
moment (Equation 5.9):
V{X} = E{(X — E{X})?} = 02 (5.10)

Let’s consider a discrete random variable X with distribution function P(X = z;) = p;. Then
the variance of X is the weighted average between all the possible m centered and squared
states that the random variable can assume, weighted by their respective probabilities of
occurrence, i.e.

V{X) =3, — ELX DR,

In the continuous case, i.e. when X admits a density function and takes values in R, the
expectation is computed as:

Vi) = [ (o= B xoda,

Let’s consider two random variables X and Y. Then, in general their covariance is defined
as:
Co{X, Y} = E{(X —E{X}) (Y —E{Y})} = oy (5.11)

In the discrete case where X and Y have a joint distribution P(X = z,,Y = yj) = p;j, their
covariance is defined as:

Cv{X,Y} = Em: i (z; — E{X}) (yj - [E{Y}> Dij-

i=1 j=1

In the continuous case, if the joint distribution of X and Y admits a density function the
covariance is computed as:

Co{X, Y} = / / (& — E{X})(y — E(Y}) fx.y (2, y)ddy.
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Proposition 5.1 (Properties of the variance). There are several properties connected to the
variance.

1. The variance can be computed in terms of the second and first moment of X, i.e.

V{X} = E{X2} — E{X}2 = iy — ()2 (5.12)

2. The variance is invariant with respect to the addition of a constant a, i.e.

V{a + X} = V{X}. (5.13)

3. The variance scales under multiplication by a constant a, i.e.

V{aX} = a®V{X}. (5.14)

4. The variance of the sum of two correlated random variables is computed as:

V{X 4+ Y} = V{X} + V{Y} + 2Co{X, Y}. (5.15)

5. The covariance can be expressed as:

Co{X,Y} = E{XY} — E{X}E{V}. (5.16)

6. The covariance scales under multiplication by constants a and b, i.e.

Cv{aX,bY} = abC{X,Y}. (5.17)

Proofs: Proposition 5.1

Proof. Property 1. (Equation 5.12) follows easily by expanding the definition of variance,
ie.

V{X} = H{(X —E{X})?} =
=E{X?} + E{X}? —2E{X}? =
=E{X?} - E{X}?
The property 2. (Equation 5.13) follows from the definition, i.e.
Via+ X} =E{(a+ X —E{a+ X})*} =

= E{(X — E{X})?} =
= V{x)

The property 3. (Equation 5.14) follows using the expression of the variance in Equa-
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tion 5.12, i.e.
V{aX} = E{(aX)?} — E{aX}? =
= a’E{X?} — a’E{X}? =
— 2 (E{X?) — E{X}?) =
= a?V{X}

The property 4. (Equation 5.15), i.e. the variance of the sum of two random variables is:

VIX+Y}=E{(X+Y -E{X+Y})?} =
=E{([X -H{X}]+[Y -E{Y})?*} =
=E{(X —E{X})?} + E{(Y —E{Y})?} +2H{(X —E{X}) (Y —E{Y})} =
= V{X} +V{Y} +2Cv{X,Y}

where in the case in which there is no linear connection between X and Y the covariance
is zero, i.e. Co{X,Y} = 0. Developing the computation of the covariance it is possible
to prove property 5. (Equation 5.16), i.e.

Co{X,V} =H{(X -HX}) (Y -E{Y})} =
= E{XY — XE{Y} — YE{X} + E{X}E{Y}} =
= E{XY} — 2E{X}E{Y} + E{X}E{Y} =
= E{XY} — E{X}E{Y}

Finally, using the result in property 5. (Equation 5.16) the result in property 6. (Equa-
tion 5.17) follows easily:

Co{aX,bY} = E{aXbY} — E{aX}E{bY} =

— abE{XY} — abE{X}E{Y)} =
= abCu{X,Y}

5.3.2 Skewness

The skewness is a measure of the asymmetry of the probability distribution of a real-valued
random variable about its mean. The skewness value can be positive, zero, negative, or
undefined. For a unimodal distribution, negative skew commonly indicates that the tail is on
the left side of the distribution, and positive skew indicates that the tail is on the right.

Following the same notation as in Ralph B. D’agostino and Jr. (1990), let’s define and denote
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Figure 5.1: A left (red), symmetric (black) and right (green) skewed density functions.

the population skewness of a random variable X as:

SE{X} = B,(X) = [E{ (X\/_%g}) } = % (5.18)

5.3.3 Kurtosis

The kurtosis is a measure of the tailedness of the probability distribution of a real-valued
random variable. The standard measure of a distribution’s kurtosis, originating with Karl
Pearson, is a scaled version of the fourth moment of the distribution. This number is related
to the tails of the distribution. For this measure, higher kurtosis corresponds to greater
extremity of deviations from the mean (or outliers). In general, it is common to compare the
excess kurtosis of a distribution with respect to the normal distribution (with kurtosis equal
to 3). It is possible to distinguish 3 cases:

1. Negative excess kurtosis or platykurtic distributions produce fewer outliers than

the normal distribution.
2. Zero excess kurtosis or mesokurtic distributions produce the same number of outliers

as the normal distribution.
3. Positive excess kurtosis or leptokurtic distributions produce more outliers than the

normal distribution.
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Figure 5.2: A mesokurtic (black) distribution and different leptokurtic (red, green, blue) den-
sities.

Let’s define and denote the kurtosis of a random variable X as:

KH{X} = B,(X) = { (X\/_\%%}) } = % (5.19)

or equivalently the excess kurtosis as Kt{X} — 3.

5.4 Review of inequalities

Definition 5.2 (Markov Inequality). Let’s consider a random variable X € £, (Equation 5.6),
then for all A > 0 the Markov’s inequality states that

P(IX| > \) < [E“AX}.

Hence, this inequality produces an upper bound for a certain tail probability 1 — P(|X| < X)
by using only the first moment of X.

Definition 5.3 (Chebyshev Inequality). Let’s consider a random variable X € £, (Equa-
tion 5.7), i.e. with first and second moment finite

E{|X|} < oo, E{X?} < o0,
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then for all A > 0 Chebyshev’s inequality states that
1
P(X >\ < V[E{XQ}. (5.20)

As with Markov’s inequality, this one also produces an upper bound for a certain tail probability
1 —P(|X] < A), but by using only the second moment of X.

Definition 5.4 (Modulus Inequality). Let’s consider X € £, (Equation 5.6), then the modulus
inequality states that:

[E{X} < E{[X]},
Definition 5.5 (Holder Inequality). Let’s consider two numbers p and ¢ such that

1 1
p>1)Q>17 7+7:17
p q

and let’s consider two random variables X and Y such that:
(X} < 00, E{JY]7} < oo,

Then,
[E{XY}| < E{|XY[} < (E{|X["})7 (E{|Y|*})s. (5.21)

Definition 5.6 (Schwartz Inequality). Consider two random variables X,Y € £,, i.e. with
first and second moment finite, i.e.

E{|X|} < oo, E{X?}< 0.

Then
IE{XY}| < E{|XY|} < VE{X?}E{Y?2}. (5.22)

Note that this is a special case of Holder inequality (Equation 5.21) with p = ¢ = 2.

Definition 5.7 (Jensen Inequality). Let’s consider a convex function u : R — R. Suppose
that E{X} < oo and E{|u(X)|} < oo, then

E{u(X)} > u(E{X}), (5.23)
if u is concave the result reverses, i.e.

E{u(X)} < w(E{X}). (5.24)
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6 Conditional expectation

Reference: Pietro Rigo (2023)

Theorem 6.1 (Radon Nikodym). Consider a measure space (§2,B) and two sigma-finite
measures , v such that u << v (Definition 30.1). Then there exists a measurable function
X : Q = R such that:

,u(B):/XdV VB e B
B

Definition 6.1 (Conditional expectation). Given a probability space (€2, B, P). Let’s consider
a sub-sigma-field of B, i.e. § C B, and a random variable X : {2 — R with finite expectation
E{|X|} < +o0. Then, the conditional expectation of X given § is any random variable

Z =E{X| G},
such that:

1. Z has finite expectation, i.e. E{|Z|} < +o0.

2. Z is G-measurable.

3. E{1,7} = E{14,X}, VA € G, namely if X and Z are restricted to A € G, then their
expectation coincides.

A sigma-field can be used to describe our state of information. It means that, VA € G, we
already know if the event A has occurred or not. Therefore, when we insert in G the events that
we know have already occurred, we are saying that the random variable Z is G-measurable,
i.e. the value of Z is not stochastic once we know the information contained in G. In this
context, one can see the random variable Y = E{X | G} as the prediction of X, given the
information contained in the sub-sigma-field G.

Definition 6.2 (Predictor). Consider Z any G-measurable random variable. Then Z can be
interpreted as a predictor of another random variable X under the information contained in
the sigma-field §. When we substitute X with its prediction Z, we make an error given by
the difference X — Z. In the special case in which E{|Z|?} < oo and using as error function
the mean squared error, i.e.

E{error?} = E{(X — Z)?},
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then it is possible to prove that the conditional expectation E{X | G} represents the best
predictor of X in the sense that it minimizes the mean squared error, i.e.

E{(X — E{X | 91} = min [E{(X — 2)?}].

Hence, E{X |G} is the best predictor that minimizes the mean squared error over the class 2
composed of G-measurable functions with finite second moment, i.e.

7 =HE{X| 9} = argmin [E{(X - 28iF

where 2 = {Z : Z is G-measurable and E{|Z|?} < oco}.

6.1

Properties of conditional expectation

Here we state some useful properties of conditional expectation:

1.

6.2

Linearity: The conditional expectation is linear for all constants a,b € R, i.e.

E{aX +bY | G} = aE{X | G} + bE{Y | G}.

. Positive: X > 0 implies that E{X | G} > 0.
. Measurability: If Y is G-measurable, then E{XY | G} = YE{X | G}. In general, if X

is G-measurable then E{X | §} = X, i.e. X is not stochastic.

. Constant: The conditional expectation of a constant is a constant, i.e.

E{a| G} =a Va€eR.

. Independence: If X is independent from the sigma-field G, then E{X | G} = E{X}.
. Chain rule: If one considers two sub-sigma-fields of 5 such that G; C §,, then we can

write:

E{X 9.} =HEX |9} |91} <= G, CY. (6.1)

Remember that, when using the chain rule, it is mandatory to take the conditional
expectation first with respect to the greatest sigma-field, i.e. the one that contains more
information (in this case G,), and then with respect to the smallest one (in this case G,).

Conditional probability

Proposition 6.1 (Conditional probability). Given a probability space (2, F,P), consider G as
a sub sigma-field of F, i.e. G C F. Then the general definition of the conditional probability
of an event A, given G, is

PA]G) =E14]9). (6.2)

44



Instead, the elementary definition does not consider conditioning with respect to a sigma-
field, but with respect to a single event B. In practice, take an event B € F such that
0 < P(B) < 1; then YA € F the conditional probability of A given B is defined as:

P(ANB) P(ANB®)

P(B) ’ P(B°) (63)

P(A|B) = P(A| B°) =

Proof: Proposition 6.1

Proof. The elementary (Equation 6.3) and the general (Equation 6.2) definitions are
equivalent. In fact, consider a sub-sigma-field G which provides only the information
concerning whether w is in B or not. A sigma-field of this kind will have the form
G5 ={0,B,B°}. Then, consider a Gg-measurable function, f : Q — R, such that:

a weERB
f<w>={ﬁ e

It remains to find « and § in the following expression:
P(A]Gp) =E{1,| I} =alp+ flg..
Note that, the joint probability of A and B can be obtained as:

P(ANB) = E{1 415} = E{E{1415 | Gp}} =
= [E{[E{]lA | 93}13} =
= [E{[P(A ’ 93)13} =
=E{(alp + Blg )1z} =
=al{lg} + {115} =
= alP(B)

Hence, we obtain:
P(ANB)=a P(B) = a= m

Equivalently for P(ANB¢) it is possible to prove that:

P(ANB®) = B P(B¢) = B = m

Finally, thanks to this result, it is possible to express the conditional probability in
the general definition (Equation 6.2) as a linear combination of conditional probabilities
defined according to the elementary definition (Equation 6.3), i.e.

P(A|Gg)=P(A| B)lg+P(A| B)1ge.
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Exercise 6.1. Let’s continue from the Exercise 3.1 and let’s say that we observe X (w) = {+1},
then we ask ourselves, what is the probability that in the next extraction X(w) = {0}?

@ Solution: Exercise 6.1

Solution 6.1. The chance that, with 52 cards, we obtain X(w) = {0} is approximately
2 ~ 23.08% (see Solution 3.2), while X (w) = {1} is approximately 22 ~ 38.46%.

Hence, if we have extracted a card that produces X(w) = {+1}, then only 19 possible
cards that give {+1} remain in the deck, while the total number of cards reduces to 51.

Thus, the conditional probability of drawing another 1 decreases

19
P(X(wy) = {+1} | X(wy) ={+1}) = i 37.25%.
On the other hand, the conditional probability of a 0 increases

P(X(wy) = {0} | X(w,) = {+1}) = g — 23.52%.

Proposition 6.2 (Conditional probability and independent events). If two events A and B
are independent and P(B) > 0, then

ALB < P(A|B)=P(A).

Proof: Proposition 6.2
Proof. To prove the result in Proposition 6.2 we consider both sides of the expression.

1. (LHS — RHS) Let’s assume that A and B are independent, i.e. A 1 B.
Then, by definition (Definition 4.1) under independence holds the decomposition
in Equation 4.1, i.e.

P(ANB)

P(ANB) = P(AP(B) = P(A|B) = —p 5

= P(A).

2. (RHS = LHS) Let’s assume that the following holds, i.e. P(A | B) = P(A) and
P(B) > 0. Then, by definition of conditional probability (Equation 6.3) the joint
probability is defined as:

P(ANB) = P(A | B)P(B) = P(A)P(B),

that is exactly the definition of independence (Definition 4.1).
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Theorem 6.2 (Bayes’ Theorem). Let’s consider a partition of disjoint events {Ay,..., A, }
with each A, C 2 and such that LU A, = Q. Given any event B C Q with probability greater
than zero, P(B) > 0, for any j € {1,2,...,n} the conditional probability of the event A; given

B is defined as:
P(B|A;)P(A;)

J

>y P(B T A)P(4,)

()

P(A; | B) =

@ Conditional probability: numerical example

Example 6.1. Let’s consider two random variables X (w) and Y (w) taking values in
{0,1}. The marginal probabilities P(X = 0) = 0.6 and P(Y = 0) = 0.29. Let’s consider
the matrix of joint events and probabilities, i.e.

(X = 0Ny =0 [X=0n[Y=1]\ ¢ (017 043
( Ay =0] [X =10y 1]) - (0.12 0.28>'

Then, by definition the conditional probabilities are defined as:

P(X=0NY =0) 0.17

PX=01Y =0 =—F5—07 ~ 0

~ 58.63%,

and
P(X=0nY =1) 0.43

(X=0]Y=1) POY = 1) .29~ 00-56%
Considering Y instead:
P(Y =0nX =0 0.17
PY=0|X=0)= ([P(X:0) >_0.6 ~ 28.33%,
and
P(Y=0nX=1 12
Py —o0|x=n= X =00X=1 _ 012 .

P(X=1)  1-06
Then, it is possible to express the marginal probability of X as:
PIX=0)=EPX=0]Y)}=
=P(X=0|Y=0PY=0)+P(X=0|Y=1)PY =1)=
= 0.5863 - 0.29 4 0.6056 - (1 — 0.29) ~ 60%
And similarly for Y
PY=0)=EPY=0]|X)}=
=PY=0|X=0PX=0)+PY =0|X=1)P(X=1)=
=0.2833-0.6 +0.30- (1 —0.6) ~ 29%
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Exercise 6.2. You are on a game show where there are three closed doors: behind one is a
car (the prize) and behind the other two are goats.

The rules are simple:

1. You choose one door (say Door 1).

2. The host, who knows where the car is, opens one of the other doors, always revealing a
goat.

3. You are then offered the chance to stay with your original choice or switch to the other
unopened door.

Question: Is it in your interest to switch doors? (See 21 Blackjack)

@ Solution: Exercise 6.2

Solution 6.2. Before any door is opened, the probability that the car is behind each door
is

1 _
P(car behind door 1) = P(car behind door 2) = P(car behind door 3) = 3= 33.3%.

Suppose you picked Door 1. The conductor opens (say) Door 3, revealing a goat. Now
the conditional probabilities are:

e If the car is behind Door 1: Monty could open either Door 2 or Door 3 with equal
probability.

o If the car is behind Door 2: Monty is forced to open Door 3.

o If the car is behind Door 3: Monty is forced to open Door 2 (so this case is
impossible if Monty opens Door 3).

Apply Bayes’ Rule:

1.1
1.1 1/6 .
P(car behind door 1 | Monty opens door 3) = T %3_’_2% 1 1/6 —/F 1/3 = 1 =33.3%.
On the other hand, the other door has probability of winning equal to
L. 1/3 _
P(car behind door 2 | Monty opens door 3) = I %S—i- I = 76+ 1/3 =2 =66.6%.

After Monty opens a goat door, the probability the car is behind your original choice
is still 33%, while the probability it is behind the other unopened door is 66%, almost
double. Therefore, switching doubles the chances of winning.
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6.2.1 Conditional variance

Proposition 6.3 (Conditional variance). Let’s consider two random variables X and Y with
finite second moment. Then, the total variance can be expressed as:

V{X} = E(V{X | Y1} + V{E{X | Y}} < WY} = E{V{Y | X}} + V{E{Y | X})

Proof: Proposition 6.3
Proof. By definition, the variance of a random variable reads:
V{X} = E{X?} — E{X}2
Applying the chain rule (Equation 6.1) one can write
VIX} = E{E{X? | Y}} — E{E{X | Y}}2.
Then, adding and subtracting E{E{X | Y}?} gives
VIX} = E{E{X? | Y}} — E{E{X | Y]2HE{E(X | V)2 —E{E{X | Y2},
Group the first and fourth terms and the second and third to obtain

V{X} = E{E{X? |V} — E{X | VP23 + DL V) - E{E{X [ Y12,

that simplifies as
V{X} =BE{V{X |Y}} + V{E{X | Y}}.
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7 Moment generating functions

Reference: Pietro Rigo (2023), Chapter 9. Resnick (2005).

Definition 7.1 (Moment Generating Function). Consider a one-dimensional random variable
X; then the moment generating function is defined as:

Px(t) = [E{etx}

Proposition 7.1 (Moment generating function and sequence of moments). Consider a random
variable X, such that its moment generating function exists and is finite around zero, i.e.

Py(t) = E{e!X} < oo 3e>0,Vt € (—¢,¢)

The result presented in Proposition 7.1 implies that the sequence of moments is finite,
E{|X|"} < oo for all n, and that the sequence of moments uniquely determines the distri-
bution of X. According to the result, if we consider another random variable Y such that
E{|X]|"} = E{|Y|"} for all n, then the distributions of X and Y are equal.

7.1 Characteristic functions

Definition 7.2 (Characteristic function). Consider an n-dimensional vector X, then the char-
acteristic function is defined V¢ € R™ as:

X
itTX T Xy
dx(t) = E{e® *} where tTX = (t;,ty,....t,) | ~.
X'I’L
The characteristic function always exists when treated as a function of a real-valued argument,
unlike the moment-generating function. The characteristic function uniquely determines the
probability distribution of the corresponding random vector X. More precisely, saying that two
random variables have the same distribution is equivalent to saying that their characteristic
functions are equal. It follows that we can always work with characteristic functions to prove
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that two distributions of some random vectors are equal or that a distribution converges to
another distribution. Formally,

Fx =Fy < ¢x(t) =oy(t), VieR

Here, we list some properties considering the random variable case, i.e. n = 1, with t € R.

1.

Independence: The characteristic function of the sum of n independent random vari-
ables, namely S, = E?Zl X;, is equal to the product of the individual characteristic

functions, i.e.
Xy, ..., X,, independent = ¢g (t) = H(ﬁX’(t), (7.1)

for all t € R.

. Existence of the j-th moment: If the j-th moment of the random variable is finite

then the characteristic function is j-times differentiable and continuous in 0, i.e. ¢ € C\9).
Formally,

E{|X|"} <00 = ¢y €CM and ¢ (t) = E{(iX) e} r=1,2,..,j
For even orders, the converse also holds at the origin:

E{|X|"} < 0 <= qﬁgp(O) exists and is finite r=2,4,....j

. Inversion theorem: The characteristic function ¢y uniquely determines the probability

distribution F'y of a random variable X, i.e.

1 ) c efita _ efz’tb
Fx(b) — Fx(a) = %Clggo - i
—c

b (t)dt Ya <b,

and the density function is obtained as:

f@) =5 [ e ox(nt

. Convergence in distribution: A sequence of random variables X, converges in dis-

tribution to a random variable X if and only if the limit as n — oo of the characteristic
function of X,, converges to the characteristic function of X, i.e.

X, 5% X = ¢y(t) = lim ¢y (£) ViR
n—oo n

n—oo

. Scaling and centering: Given Y = a + bX, the effect of scaling and centering on the

characteristic function is such that:

¢Y(t) — [E{eitY} — [E{eit(rl,+bX)} — ez’ta,[E{ei(tb)X} — eit(l’gf)X(bt) Va,b,t € R.
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6. Weak Law of Large Numbers: Consider a sequence of independent and identically
distributed random variables such that the first moment of X is finite, i.e. E{|X;|} < o0
and E{X;} = u, then the sample mean converges in probability to the constant pu, i.e.

% -isx
= N T

WLLN and characteristic function

Proof. To prove the property 6. let’s compute the characteristic function of the sample

mean X, i.e.
o=l (o) o o ()]

Applying the Taylor expansion till the first order term (Equation 29.1) on the function
ox, (L) around zero x = £ gives

bx (1) = (qul 0) + %¢'X1<o> + 0(;>)n _

_ (1 N t¢3<1 (0)n—|— nO(,tZ)) n:; exp {t¢/X1 (0)}

Then, taking the limit as n — oo and recalling the well known result, i.e.

a n
a —>a:><1+i> — e,
n

n
n—oo n—o0

one obtains, since ¢y (0) = ip,

lm ¢y (t) =@ =¢itn Vi eR.
n—,oo n

Thus, since ' = ¢, (t), where ¢, is the characteristic function of a random variable that

is almost surely equal to u, the sample mean converges in distribution to the constant pu.

Convergence in distribution to a constant implies convergence in probability. O
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8 Convergence concepts

Reference: Chapter 6. Resnick (2005).

Let’s consider a sequence of real numbers, say a,,. Stating that the associated series converges,
formally Zzozl a;, < 00, implies that the tail sums converge to zero, i.e.

oo oo

a i =0.
Z <00 = 7}1_}11;02% 0
k=1 k=n

8.1 Types of convergence

Definition 8.1 (Point wise). A sequence of random variables { X, },, -, is said to be convergent
pointwise to a limit X if for all w € Q:

X, (w) — X(w) < lim X, (w) =X(w).

n—oo n—oQ

This kind of definition requires that convergence happens for every w € Q.

@ Example: pointwise convergence
Example 8.1. Let 2 = {0, 1} and let’s define for each w a sequence of random variables

defined as:

Then X, (w) converges pointwise to 0 for every w; in fact,

lim X, (w) = Y20 vweq.

n— o0 n

Definition 8.2 (Almost Surely). A sequence of random variables {X, },-, is said to be
convergent almost surely to a limit X if:

PlweQ: lim X,(w) = X(w)} = 1.

n—oo
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Usually, such kind of convergence is denoted as:

X, (w) =5 X(w).

n—oo

In other terms, almost sure convergence implies that the relation must hold for all w €
except for some w’s that are in €2, but whose probability of occurrence is zero.

@ Example: convergence almost surely

Example 8.2. Let Q@ = [0,1] with w ~ Uniform|0, 1]. Define the sequence of random
variables

Xn(w) = 1[&)3%] ((,U),

o If w> 0, then for sufficiently large n we have w > 1/n, hence X, (w) = 0 eventually
and X, (w) — 0.
o If w=0, then X,,(0) =1 for all n, so X,,(0) — 1.

Thus the pointwise limit is 0 for all w > 0 and 1 for w = 0. Since the exceptional set
{w = 0} has probability zero under the uniform law, the limit is 0 almost surely:

a.s.
X, — 0.

n—,oo

Definition 8.3 (In Probability). A sequence of random variables {X, }, -, is said to be con-
vergent in probability to a limit X if, for a fixed € > O:

lim P{w e Q: X, (w) — X(w)| > €} =0.
n—oo
Usually, such kind of convergence is denoted as:

X, (@) — X(w).

n—oo

@ Example: convergence in probability

Example 8.3. Let X, ~ Bernoulli(1/n), independent across n; then X, converges in
probability to zero. In fact, fixing an € > 0,
1 p
P(|X, —0>¢)=P(X,=1)=— — 0.

n n—oo
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Definition 8.4 (In L_p). A sequence of events X,, such that:
E{IX, P} < oo, E{IX]P} < oo,

is said to be convergent in L,,, with p > 0, to a random variable X iff

L
X, (w) nio X(w) ¢ lim E{|X, — X[} = 0.

Usually, such kind of convergence is denoted as:

LP
X, — X.

n—oo

Note that it can be proved that there is no relation between almost sure convergence and
L, convergence, i.e. one does not imply the other and vice versa. However, convergence in a
bigger space, say g > s, implies convergence in the smaller space, i.e.

Lq LP
X, - X=X, — X, 0<p<yqg.

n—,oo n—oo

@ Example: L, convergence

Example 8.4. Let X, = 1/n almost surely, then X, — 0 in L, for any p > 1 since

1N\? Ly
E{|X, — 0P} (E) 0

Definition 8.5 (In Distribution). A sequence of random variables X, is said to be convergent
in distribution to a random variable X if the distribution of F'y = weakly converges to Fx for
all z, i.e. '

lim Fy (x) = Fx(z),

n—oo

where z is a continuity point of F'y. Usually, such kind of convergence is denoted as:

X, (@) -5 X(w).

n—oo
In other terms, we have convergence in distribution if the distribution of X, , namely Fy |,

converges as n — oo to the distribution of X, namely F'y. Note that convergence in distribution
is not related to the probability space but involves only the distribution functions.
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@ Example: convergence in distribution

Example 8.5. Let X,, be a sequence of normal random variables, i.e.
1
X, ~N (H’02+7> .
n n
As n — oo, the distribution of X, collapses to a normal with mean zero, variance o2, i.e.

X, -5 N(0,02).

n—oo

8.2 Laws of Large Numbers

There are many versions of laws of large numbers (LLN). In general, a sequence {X, },-, is

said to satisfy a LLN if:

1 n
i:fZXiHX.
nooniE

I Strong vs weak laws of large numbers

In general, if convergence happens almost surely (Definition 8.2) we speak about strong
laws of large numbers (SLLN). Otherwise, if convergence happens in probability we
speak about weak laws of large numbers (WLLN). A crucial difference to be noted is
that when convergence happens almost surely we are dealing with a limit of a sequence
of sets (limit is inside P), instead if convergence happens in probability we are dealing
with a limit of a sequence of real numbers in [0, 1] (limit is outside P).

8.2.1 Strong Laws of Large Numbers

Proposition 8.1 (Kolmogorov SLLN). Let’s consider a sequence of IID random wvariables
{X, . }us1- Then, there exists a constant ¢ € R such that:

Then, if E{|X;|} < oo in which case ¢ = E{|X,|}.

Proposition 8.2 (SLLN without independence). Let’s consider a sequence of identically
distributed random variables {X,},-, i.e. E{X, } = E{X,} for all n, such that:
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1. E{X?} < ¢ where ¢ > 0 is a constant independent from n.
2. Co{X,;, X;} =0 Vi#j.

in:i =5 E{X, ).

n n—oo

Note that the existence of the first moment and the fact that it is finite, i.e. E{X;} < oo,
implies that the characteristic function of the random variable exists at zero, i.e. 3¢y (0). On
the other hand, the existence of the characteristic function at zero does not ensure that the
first moment is finite.

8.2.2 Weak Laws of Large Numbers

Let’s repeat a random experiment many times, always ensuring the same conditions, in such a
way that the sequence of experiments is IID. Then, each random variable X, comes from the
same population with an unknown mean E{X} and variance V{X}. Thanks to the WLLN,
by repeating the experiment many times we have that the sample mean of the experiment
converges in probability to the true population mean. Convergence in probability means

that:
> e} =0.

Proposition 8.3 (WLLN with variances). Given a sequence of independent and identically
distributed random variables {X, },~, such that:

LS X~ ELx(w)

lim [P{weQ:
n—oo

.Z. [E{Xl} == H.
2. E{X?} < o0,

S, »
X=20 D) =

n n—oo

_ 1
X, =-
ni=

Proof: Proposition 8.3

Proof. Let’s consider the random variable X, = %2?11 X;; then, since by assumption
the mean and variance are finite, let’s apply Chebyshev’s inequality (Equation 5.20), i.e.

_ 1 _
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Using a well known scaling property of variance let’s simplify it as:
_ 1
V{X, —pt=V { ZXZ- —p p = (Constant)
Lt
1 n
E I B
1 n
= ﬁ\/ ZXi = (Independence)

=— Zl V{X,} = (Identically distribution)
no? o2
n2  n

Therefore, Chebyshev’s inequality becomes

_ 0'2
Pl X, —p|>N) < —.

Taking the limit as n — oo proves the convergence in probability, i.e.
o2
lim P(| X, —p |>A) < lim — = 0.

n—o0 n—oo TL)\2

O

Proposition 8.4 (Khintchin’s WLLN under first moment hypothesis). Given a sequence of
independent and identically distributed random variables { X, }, -, such that:

1. E{X,} < 0.
2 E{X,} = .

1TL
— X, =—" — HX
nZZ: nn%oo{ﬂ‘/i

Proposition 8.5 (Feller’s WLLN without first moment). Given a sequence of independent
and identically distributed random variables {X,}, -, such that:

lim zP{|X| >z} =0,
T—00

then
1 & S,
ﬁz % 7, E{X11)x,1<n)}-

N
i=1 non
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Note that this result makes no assumptions about a finite first moment.

SLLN (without independence) implies WLLN

Proof. Let’s verify that under the assumptions of the SLLN without independence (Propo-
sition 8.2) we will always have convergence in probability, i.e.

ZX 2 E{x,).

n—oo

Using Chebyshev’s inequality (Equation 5.20), fix an € > 0 such that:

(X, —ELX,) > o) < Aol

Let’s explicit the computations, i.e.

n2€2 [ZV{X}—}-ZZCU{X“X}
i=1 i=1 j#i

By assumption the covariances are zero Cv{X;, X;} = 0Vi # j. Moreover, since V{X,} =
E{X?} — E{X,}? it is possible to upper bound the variance with the second moment,
namely V{X,} < E{X?}, i.e.

1 & 1 S
W;V{Xi} < W;E{Xi}-

Since by the assumption of the SLLN we have that E{X?} < ¢ where ¢ > 0 is a constant
independent from n we can further upper bound the probability by:

n

522 {X2}< Z nzgz :%'

=1

Finally, if we take the limit for n — oo, it is equal to zero, implying convergence in
probability:
0< lim P(X, — E{X,}| >¢) < lim -

n—oo ne2
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8.3 Central Limit Theorem

Theorem 8.1 (Central Limit Theorem (CLT) - IID case). Let’s consider a sequence of n
random variables, X, = (Xy, ..., X,,), where each X, is independent and identically distributed
(IID), i.e.
X, ~ D(p0%) — E{X,} = E{X,} = s
= V{X;} =V{X,} =0

Then, the CLT states that, when the sample is large, the random variable S,

n
S =2 X
=1

defined by the sum of all the X, is normally distributed, i.e.

W S N(E[S, )} V{S,}).

S,
n—oo

Since the X, are IID, the moments of S,, read explicitly
E{S,} = nE{X} =nu, V{S,} =nV{X,} =no?.
Alternatively, the CLT can be written in terms of the standardized random variable Z,,

_ L ‘g
_ Sn [E{SYL} _ ZZ=1 1 np g N(O,l),

" VVS,) Vno  nooo

which, on large samples, is distributed as a standard normal.
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O Introduction

9.1 Population and Sample

A population refers to the entire group of individuals or instances about whom we hope to
learn. It encompasses all possible subjects or observations that meet a set of criteria. The
population is the complete set of items that interest the researcher, and it can be finite (e.g. the
students in a particular school) or infinite (e.g. the number of times a die can be rolled). A
population size is given by the number of distinct elements and it includes every individual
or observation of interest.

A sample is a subset of the population that is used to represent the population. Since studying
an entire population is often impractical due to constraints like time, cost, and accessibility,
samples provide a manageable and efficient way to gather data and make inferences about the
population. It is important that the sample is representative of the population of interest to
allow for valid inferences. It is always important to distinguish between a random sample,
e.g. a random group of 5th-year students from a school used to make inference about all the
5th-year students in that school, and a convenience sample, e.g. a class of 5th-year students
who are easily accessible to the researcher, but that may not be representative of all the
Sth-year students in the school.

Aspect Population Sample

Definition Entire group of interest Subset of the population

Size Large, potentially infinite Small, manageable

Data Often impractical to study directly —Practical and feasible

Collection

Purpose To understand the whole group To make inferences about the
population

Population vs sample

Any finite sample is a collection of realizations of a finite number of random variables.
For example, consider a random vector X, , namely a sequence of n random variables
X, = (Xy,...,X,,). Let’s now consider a possible realization of this random sample,
namely x, = (zq,...,z,). While X,, denotes a random variable with distributive law
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i

Population Sample

Figure 9.1: Population vs sample.

given by the joint distribution of (X,...,X,,), x,, represents just one of the possible
realizations of X, .
In general, we distinguish between finite and non-finite populations. In the case of a

finite population with N elements, we distinguish between extractions:

n

« With replacement of n elements, the sample gives N™ possible combinations.
e Without replacement of n elements, the sample gives (]X ) possible combinations.

9.2 Estimators

Let’s consider a statistical model depending on some unknown parameter 6 contained in the
sample space of parameters O, i.e. {P, : § € ©}. Then, given an observed sample from the
statistical model, x,, = (z4,...,x,), an estimator is a function that maps the sample space
to a set of sample estimates. Formally, since X,, = (Xy,...,X,,) is a collection of random
variables, then any function of the sample, like the estimator of 6, is a random variable, i.e.

X, — x, — 0(x,,),

where the random variables in X, generate a sample x,, that is the input of the estimator
function 6, which outputs an estimate 6(x,,). When we condition on a particular value of the
sample x,,, we obtain a point estimate of the true 6, i.e. 6(x,,) = 0, which is a number (or a
vector).
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Since the estimator is a random variable itself, one can define some metrics to compare different
estimators of the same parameter. Firstly, let’s consider the bias, the distance between the
average of the collection of estimates and the single parameter being estimated, i.e.

Bias{0(X,,)} = E{0(X,,)} — 6.
We distinguish between two kinds of estimators: biased, when
0(X,,) biased < Bias{0(X,,)} # 0, (9.1)

and unbiased, when
6(X,,) unbiased <= Bias{6(X,,)} = 0. (9.2)

The variance is used to indicate how far the collection of estimates are from the expected value
of the estimates, i.e.

V{0(X,,)} = E{(0(X,) — E{0(X,) )"}

Finally, the Mean Squared Error (MSE) of an estimator, i.e.
MSE{f(X,,)} = Bias{0(X,,)}* + V{0(X,,)},

where for an unbiased estimator, the mean squared error equals the variance.

9.2.1 Properties

Some desirable properties of an estimator are:

1. Consistency: An estimator #(X,,) is said to be consistent for the parameter 6 if it
converges in probability (Definition 8.3) to the true parameter 6§ as the sample size

n — o0 .
0(X,) — @.

n—oo

Intuitively, as the sample grows, the estimator becomes arbitrarily close to the true
population’s parameter with high probability, formally for every € > 0,

lim P{weQ:|0(X,)—0 >¢} =0.

n—oo
In general, a consistent estimator is a minimal requirement in statistics: without it, the
estimator does not converge to the true value even with infinite data. In fact, consistency
ensures that the estimator is learning from the data. If we could repeat the estimation
process many times with increasing n, the histogram of é(xn) would peak more and
more tightly around the true 6. Let’s explore in Example 9.1 the bias and consistency
properties of three different estimators of the true expected value of an IID sample.
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@ Example: consistency of an estimator

Example 9.1. Let’s consider an IID normally distributed sample, ie. X;,..., X, g
N (u,0?) and let’s consider different estimators for the mean .

A. Sample mean: The natural estimator for y under Normality is the sample mean,

ie.
~ 1&
M(Xn) = - sz
N

that the strong law of large numbers (Proposition 8.1) converges almost surely, and
therefore in probability, to the true parameter in population, i.e.

R a.s.
i(X,) — p.

Thus [1 is a consistent estimator for the true expectation u. Hence, with more and more
samples, the average of the observations will get closer to the true population mean. If
we plot {1 against n, the fluctuations shrink around the true pu.

B. Biased but consistent estimator. Suppose we estimate p using an estimator of
the form

~ I &
This estimator is biased, since
E(X,)} = ——p #
PAAR )5 = nt ks

However, as n — oo, the estimate converges to the true parameter in population, i.e.

i n n

i S el G LA
and the variance still shrinks like 1/n.
Even if fi,, is biased, it can be consistent. Hence, bias does not necessarily prevent
consistency if the bias disappears as n grows. In fact, small-sample bias can coexist with
asymptotic correctness.
C. Inconsistent estimator: Let’s define as estimator for p the value of the first obser-
vation, i.e.

H(Xn) =T

Clearly, u(X,,) ~ N(u,0?) for all n, so its distribution never concentrates around .
Formally,

P(u(X,) — ul > €) = P(X, — | > ) # 0.

Thus, p is unbiased, but not consistent. Hence, using only one observation, regardless of
sample size, ignores the information contained in the data. The variance of the estimator
does not reduce with larger n.
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A B C
10~ 10~
5+ 5+
0+ 0+
_5 - _5 -
(I) 1(I)O 2(I)O 3(I)O 4(I)O 5(I)O (I) 1(I)O 2(I)O 3(I)O 4(I)O 5(I)O (I) 1(I)O 2(I)O 3(I)O 4(I)O 5(I)O
Sample size
Figure 9.2: Sample means computed on 1000 samples with different numbers of obser-
vations with estimators A, B and C. The theoretical confidence interval and
true expectation of u are in red, while the empirical ones are in deep blue.

2. Efficiency: Among unbiased estimators, the one with minimal variance is called efficient;
asymptotically efficient means it attains the Cramér—Rao lower bound (CRLB) limit.

3. Asymptotic normality: for some normalizing sequence a,, depending on n, the esti-
mator converges in distribution (Definition 8.5) to a normal random variable,

a, (0(X,) —0) —5 N(0,02(0)).

n—oo

9.2.2 Sufficiency and Completeness

Theorem 9.1 (Factorization Theorem). A statistic 6(X,,) is sufficient for the parameter 0 if
and only if the joint density (or probability mass function) can be factorized as

FX,, [0) = g(0(X,),0) h(X,,),

for some non-negative functions g and h, where g depends on the data only through 0(X,,) and
0, while h does not depend on the parameter 6.
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In other words, a statistic is sufficient if it captures all the information in the sample about
0. After observing a sufficient statistic, the sample provides no further information about the
parameter 6. Equivalently, the conditional distribution of the full data given the sufficient
statistic does not depend on 6. A natural consequence of sufficiency is that two samples with
the same value for the sufficient statistic should result in the same inference.

@ Example: Sufficient statistic for a Bernoulli

Example 9.2. If X, X Bernoulli(p), the likelihood given p is
FX [ p) = pia X (1= )i e

Here K(X,,) = Z:L: X, is sufficient for p, since the likelihood factors as g(K,p) =
pX (1 —p)" X with h(X,,) = 1. Intuitively: for Bernoulli trials, only the total number of
successes matters, not the specific order.

Theorem 9.2 (Rao—Blackwell). If 6(X,)) is sufficient for 6 and 0'(X,,) is any unbiased
estimator of 0, then the Rao—Blackwellized estimator

05X, = E{0'(X,) | 0(X,,)}, (9-3)
is unbiased for 0, i.e. E{0%B(X,,)} = 0 and has a lower (or equal) variance than ¢’

V{ORP(X,,)} < V(0" (X))}

In other words, conditioning on a sufficient statistic cannot increase variance. So Rao—
Blackwell gives a systematic way to improve an estimator: start with any unbiased
estimator, then condition it on a sufficient statistic to possibly reduce the variance.

Definition 9.1 (Completeness). A statistic (X,,) is said to be complete if for any measurable
function g and for all § € O,

E{g(0(X,,)) | 0} =0,
implies that

almost surely (Definition 8.2).

Intuition: if a function of a statistic always averages out to zero no matter what the param-
eter is, then it must be the trivial zero function. Completeness rules out the existence of
“hidden functions” of the statistic that are unbiased estimators of # but nontrivial. It ensures
uniqueness of unbiased estimators derived from the statistic.
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@ Example: Complete and sufficient statistic for a Bernoulli

Example 9.3. Continuing from Example 9.2, the statistic K(X,,) = E?zl X, is not only
sufficient but also complete for p. In fact if a function g satisfies E{g(K(X,,))} = 0 for
all p, then necessarily g(.) = 0. Suppose there exists some function g such that for all

pe(0,1)
E(o(T)} =3 at0) ()1 =) =0,
t=0

The left-hand side is a polynomial in p (because of the binomial expansion). If this
polynomial is identically zero for all p, then all coefficients must be zero and so each

g(t) =0.

Theorem 9.3 (Lehmann—Scheffé Theorem). If 6(X,,) is complete and sufficient estimator of
0, and if 7B (X)), as defined in Equation 9.3, is unbiased for 0, then 0%B(X ) is the unique
Uniformly Minimum-Variance Unbiased Estimator (UMVU) of 6.

In practice, sufficiency (Theorem 9.1) ensures §7FP(X, ) uses all available information and
completeness (Definition 9.1) ensures no other unbiased estimator can have the same mean with
smaller variance. Thus, the Lehmann—Scheffé theorem identifies the best possible unbiased
estimator.

@ Example: UMVU estimator of p for a Bernoulli

Example 9.4. Continuing from Example 9.3, K(X,,) = Z:.l:l X, is complete and suffi-
cient for p. Thus, by Lehmann—Scheffé, the sample mean is an unbiased UMV U estimator
of p.
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10 Moments

In this section, we consider a sample of independent and identically distributed (IID) random
variables. We recall that the notation x,, = (z4,...,2;, ..., x,,) denotes a possible realization of
the random vector X,, = (X,..., X, ..., X,,), where the probability distribution of each X, is
equal to X; forv=1,...,n.

10.1 Sample mean

The estimator of the sample expectation of an IID sample x,, reads:
1 n
Al = (10.1)
i=1

Proposition 10.1 (Moments of the sample mean). If the random variables in the sample are
IID, then the sample mean is an unbiased estimator of the expected value E{X,}, i.e.

E{i(X,)} = E{X,}. (10.2)
In the same context, the variance of the sample mean estimator reads
- V{X
v {acx,)) = (10.3)

Proof: Proposition 10.1

Proof. If the random variables in the sample are IID, then all have the same expected
value and variance, i.e. E{X;} = E{X;} and V{X,} = V{X,} for all i = 1,...,n. Taking
the expected value of the estimator in Equation 10.1 gives

E(3(X,)} = 3 E(X} = (D)

— LS e =
= [E{Xl}
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Similarly, taking the variance of the sample mean estimator gives
1 n
V{a(X,,)} = ﬁ\/ ZXZ- = (independence)
i=1

1 n
=2 Z; V{X;} = (identical distribution)

= % ZV{X1} =
VX, }

n

O

Proposition 10.2 (Distribution of the sample mean under IID). Under the IID assumption
and with n sufficiently large, the central limit theorem (Theorem 8.1) applies. It states that,
independently of the distribution of X, the distribution of the sample mean converges to the
distribution of a normal random variable, i.e.

Y ([E{Xl}, Wfl}).

n—oo

(X

n

Proof: Proposition 10.2

Proof. Let’s start the proof by considering the expectation and the variance of the fol-
lowing random variable, i.e.
n
S,=>_ X,
i=1

The expectation and the variance of S,, can be easily obtained from Equation 10.2 and
Equation 10.3 respectively and read:

E{S,} =n-B{Xi}  V{S,} =n -V{X;}
Applying the central limit theorem (Theorem 8.1), one obtains:

Sp—n-BH{X,} STL" —HX,}
Jn-Sd{Xx,y  SdX] e VO 1.

Jn

Thus, the random variable sample mean i(X,,) = % is distributed, on large samples, as
a normal random variable, i.e.

lx,) =0 = 1 Sa N ([E{Xl}, Wfﬁ) ,
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@ Example: convergence in distribution of the sample mean

Example 10.1. As shown in Figure 10.1, convergence of the sample mean to a Normal
random variable happens on large samples independently of the distribution of X, but
on small samples only if X, is also normally distributed in the population. As shown in
Figure 10.2, when X is, for example, Gamma distributed, convergence on small samples
does not happen.

V(X) 1n_ V(X) 1n_
_ N(E(x)’T) — EX} - - H;X" — N(E(X),T) — E{X} -~ R;Xn
—y —
06 -/ __—5‘ . TR
204 .,
g
0.2 5
00 0
-1 0 1 2 3 08 09 10 11 12
Sample mean Sample mean
(a) 3000 Small samples (10). (b) 3000 Large samples (1000).
Figure 10.1: Distribution of the sample mean of IID Normal random variables.
V(X) 1n_ V(X) lao_
— N(E(X).T) — EX} - - =% — N(E(X)'T) — EX} - - =3 %
06 __7‘ H 6 /\___
‘E 04 | 4
8 |
0.0 0
1 2 3 2 5 18 19 20 21 22
Sample mean Sample mean
(a) 3000 Small samples (10). (b) 3000 Large samples (1000).

Figure 10.2: Distribution of the sample mean of IID Gamma random variables.
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10.2 Variance

The true population variance o2 (Equation 5.10) of an IID sequence of random variables
X, = (Xy,...,X,,...,X,,) can be estimated on a sample x, = (x,...,2,,...,,) with the
sample’s variance estimator, i.e.

FERRD

F2(x,) = = > [ — filx,)]". (10.4)

where f1 is the estimator of the sample mean (Equation 10.1).

Equivalently, by applying property 2. of the variance (Equation 5.12) it can be estimated in
terms of the first and second moments, i.e.

%(x,) = filxy) — fi(x,)? =

:lz":x?_ (li%)z. (10.5)

i=1

Proposition 10.3 (Moments of the sample variance). The sample’s variance defined in Equa-
tion 10.4 - Equation 10.5 is a biased estimator of the true variance in population o® = V{X,},

i.e.
n—

1
a2,

E{o*(X,)} =

with a bias that disappears on large samples as n — oo.

n

A correct estimator of the population variance is the corrected sample’s variance, i.e.

52(x,), (10.6)
that satisfies

E{s(X,)} = V{X;}. (10.7)
In the same context, the variance of the corrected sample variance estimator reads

ViFX ) =2 (& 14

n \ ot n—1

) 0s)

where 24 is the kurtosis (Equation 5.19) of X,,.

o4
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@ Example: moments of the corrected sample variance

Example 10.2. Let’s consider 20000 IID samples extracted from Gamma random vari-
ables with parameters £ = 1 and 6 = 2. Notably, the expectation and variance of a
Gamma distributed random variable read:

E{X}=k-0, V{X}=F- 6
while the skewness and kurtosis read

Sk{X} = Kt{X} = % +3.

2
v
Let’s estimate the expectation and variance of the sample variance and the corrected

sample variance considering samples with ng,.; = 40 and nj,,,, = 1000.

Table 10.1: Moments of the sample variance and corrected sample variance.

n o2 E{52} £{3} V{s?} V{52} V{5%}
40 4 3.872863 3.972167  3.220513 3.0403443 3.1982583
1000 4 3.993620 3.997618  0.128032 0.1263861 0.1266393

Proposition 10.4 (Distribution of the corrected sample variance under normality). Under

the assumption of an IID normal sample, 24 = 3 and the variance simplifies to:

204
V{8*(X,)} = : 10.
P} = (10.9)
Moreover, from Cochran’s theorem the statistic
T(X,)=(n— 1)M ~x*(n—1). (10.10)

o2

Going to the limit as n — oo a x?(n) random variable converges to a standard normal random
variable (see Section 32.1.1), i.e.

2
x*(n)—n d
o — N(0,1),
vV 2n n—oo ( )

therefore, on large samples the statistic converges to a normal random variable, i.e.

T(X,) -5 N(n,2n). (10.11)

n—oo
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Proof: Proposition 10.4

If the population X, are IID normally distributed, then the distribution of 5?(X,,) is pro-
portional to the distribution of a x?(n—1). In fact, from Equation 10.10 the expectation
of 52(X,,) reads

E(T(X,)} = (n— 1) EEEal)

0—2
== [E{§2(Xn>} _9 [E;{lT_()fn)} _ 0 7(ln_—11) _ e

Similarly, computing the variance of Equation 10.10 and knowing that V{T'(X,,)} =
2(n — 1), one obtains:
V{5%(X
VIT(X,)} = (n— 12 Ke))

!
oY{T(X,)} o*2(n—1)  20*
(n—12  (n—12 n-1

= V{5(X,)} =

@ Example: Distribution of the corrected sample variance under normality

Example 10.3. Let’s consider 3000 IID samples extracted from Normal random variables
with parameters 1 = 1 and 02 = 4. Notably, the skewness and kurtosis read

SE{X} =0, K{X}=3.

Let’s evaluate the distribution of the corrected sample variance (Equation 10.10) and the
asymptotic distribution (Equation 10.11) of the statistic 7'(X,,) from Proposition 10.4.

- N(n2n) — E{T} - - EZT — XX(9) - - N(n2n) — ET} - - EZIT — ¥¥(999)
n né
0.100+ <V 7;1§
AN TS 0.0075 4 a N
0.075 2
2 0.0050 1
& 0.050
fa}
0.0254 0.0025 1
0.000+ 0.0000 1
0 10 20 30 900 1000 1100
Tn Tn
(a) Small sample (166). (b) Large sample (5000).

Figure 10.3: Distribution of the statistic 7, under normality.
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10.3 Skewness

Let’s consider an IID sample x,, = (zq,...,2;, ...
estimator of the form:

R 3
by(x,) = %Z (W) . (10.12)

=1 02 (Xn)

,x,), then the sample’s skewness is an

The estimator in Equation 10.12 is not correct for the true population skewness (Equa-
tion 5.18). A correct estimator of the skewness reads:

_n(n—1) N
) = Y x,). (10.13)

Proposition 10.5 (Distribution of the sample skewness under normality). Under the assump-
tion of an IID normal sample, the asymptotic moments of the sample skewness are:

E(0(X,)} =0, Viby(X,)} = .

Notably, from Urzia (1996) the exact mean of the estimator in Equation 10.12 corrected for
small samples reads

and variance

~ 6(n—2)
Vi (X,,)} = CESNC R

Thus, under normality, the asymptotic distribution of the sample skewness is normal i.e.

(10.14)

b(X,) - N(O,i). (10.15)

@ Example: Distribution of the corrected sample skewness under normality

Example 10.4. Let’s consider an IID normal sample, X, = (X,...,X,,) and let’s
simulate 2000 IID samples. Then, for each sample we compute the sample skewness as
defined in Equation 10.12 and Equation 10.13 and their theoretical moments as defined

in Proposition 10.5.

Table 10.2: Moments of the sample skewness and corrected sample skewness

n b E{b,} E{g,} Vb, } V{g:} Vb, } V{g:}
40 0 -0.0099361 -0.0103275 0.129325 0.139714 0.1307748 0.1412802
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1000 0  -0.0015675  -0.0015699 0.006000 0.006018 0.0061388 0.0061572
- = Asymptotic — E{Gj} - %g@, —— Normal = = Asymptotic —— E{ﬁ,} - %‘gﬁi —— Normal
TN g
0.9 : ) 0.9+ :
% 0.6 "50‘6
8 3
0.3 0.3
0.0 0.0+
-1 0 1 1 0 1
Gl al
(a) Small samples. (b) Small samples.
= Asymptotic — E(G,) - %gé, —— Normal = = Asymptotic —— E{a,} - %gaj —— Normal
- -
4 4
g 24 § 2
0 0-
-0.3 -02 -01 0.0 01 02 03 -03 02 0.1 00 01 02 03
G1 al
(c) Large samples. (d) Large samples.
Figure 10.4: Distribution of the skewness under normality.

10.4 Kurtosis

Let’s consider an IID sample x,, = (z4,...,2;,...,,); then the population kurtosis (Equa-
tion 5.19) is estimated as follows:

by(x,,) = ii (xﬂl(xf‘)) : (10.16)

The estimator in Equation 10.16 is not correct. From Pearson (1931), a corrected version of

by(x,,) is defined as:

(10.17)

3(n+ 1)] (n+1)(n— 1)'

aalxa) = [ta(n) = 205
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Proposition 10.6 (Distribution of the sample kurtosis under normality). Under the assump-
tion of an IID normal sample, the asymptotic moments of the sample kurtosis are:
24

Notably, Urzia (1996) also reports the exact mean and variance for a small normal sample,
i.e.

E00,(x,0} = 20, (10.15)
and the variance as: 24n(n —2)(n — 3)
\/{b2<Xn)} _ (10.19)

(n+1)2(n+3)(n+5)

Thus, under normality, the asymptotic distribution of the sample kurtosis is normal, i.e.

n—oo

by(X,,) —2 N(3,23>. (10.20)

@ Example: Distribution of the corrected sample kurtosis under normality

Example 10.5. Let’s consider an IID normal sample, X, = (X,,...,X,,) and let’s
simulate 2000 IID samples. Then, for each sample we compute the sample kurtosis as
defined in Equation 10.16 and Equation 10.17 and their theoretical moments as defined
in Proposition 10.6.

Table 10.3: Moments of the sample kurtosis and corrected sample kurtosis

n by E{by} E{g.} V{by} V{go} V{b,} V{g2}
40 3 2.862257 3.009779 0.4149616 0.5367032 0.4178224 0.5404034
1000 3 2.993902 2.999896 0.0240000 0.0242415 0.0242128 0.0244565
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(c) Large samples.
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(d) Large samples.

Figure 10.5: Distribution of the kurtosis under normality.
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11 Likelihood

Let’s consider a sequence of random variables X, = (X, ..., X,,) with known parametric joint
density defined by a vector of parameters 6, with dimension p. Then, f can be seen as a
function that takes as input a vector in R™*? and gives as output a scalar in R*. In fact, n

arguments come from a possible realized sample x,, = (24, ...,2,), while p arguments come
from the vector of parameters 6 = (6;,...,0,) € ©, where © is an admissible parameter space,
ie.

. PN +
Ixpox 00,0, R X RV =R

In general, when the set of parameters 6 is considered fixed and the input of the function is
only a vector of random variables or scalar in R™, then f is called density function, i.e.

fx, (X, [ 0) : R" = R,

On the other hand, when we fix a sample X, = x,, to a particular value and let the vector of
parameters be the input of the function, one obtains the observed likelihood, i.e.

fxn(H | X, =x%,): R = R,

that represents the probability of observing the realized sample (X,, = (x4, ...,2,,)), given a
vector of parameters #. Usually, the likelihood is denoted as

L00|X, =x,)=L0]2,....1,). (11.1)

In practice, for a given value of 8, the likelihood expresses how likely it is that the data are
generated under the distributive law implied by fx . x . The observed log—hkelihood
function £ is computed by taking the logarithm of the likelihood (Equation 11.1), i

00X, =x,) =log(£(0] X, =x,)). (11.2)

When the log-likelihood is differentiable, we can define the observed gradient (Equation 31.9)
of the log-likelihood with respect to the parameter’s vector 6 and computed on a realized sample
X,,, i.e.

V(0| x,) =
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and the observed Jacobian (Equation 31.10) of the gradient, i.e.

89216(9 | x,)  0p 0p, 00| x,) .. 89189p€(9 | x,,)

0y.0y £(0 ] x,, 02 0(0 X, e 0p.0p £(0] x,,
J@(G‘XH)Z (> 91'(| ) 02('| ) . 0y 9p<| )

0y 0,001 %) 0y D (0] x,) . (0] x,)

. )

If we consider the gradient as function of the random variables, then the population Score
is the expected value of the gradient, i.e.

S0)=E{V,0]X,)}, (11.3)

Notably, when the joint density function is correctly specified, the Score computed at the true
population parameter 6, is equal to zero, i.e.

S(0,) = 0.

Similarly, we define the population Hessian the matrix defined as the expected value of the
Jacobian of the Score, i.e.
H(0) =E{J,(0]X,)} (11.4)

Notably, the following relation
E{J (0] X,)} =E{V,(0 | X,)V;(0]X,)}

holds only if the model is correctly specified; otherwise, under misspecification, it does not hold
anymore. The Fisher information is related to the population Hessian matrix as follows

7(0) = —T(6). (11.5)

11.1 ML Estimator

In statistics, a method of estimating the unknown true vector of parameters 6, is the Maxi-
mum Likelihood (ML).

Under the assumption that the observed sample comes from a known parametric density func-
tion fx , the maximum likelihood estimators are obtained by maximizing a likelihood function
so that, under the assumed distributive law, the observed data are the most probable.

More precisely considering a realized sample, namely X, = x,, where x,, = (z,,...,x,,), then
~ML
the Maximum Likelihood Estimator (MLE) denoted as # , maximizes the likelihood (Equa-

tion 11.1), i.e.
~ML
0, =argmax|[L(0]x,)].
0c©
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Since the logarithm is a monotone function, instead of maximizing directly the likelihood,
usually it is preferable to maximize the log-likelihood (Equation 11.2) or minimize the negative
log-likelihood, i.e.

~ML ML
0, =argmax[{(0]|x,)] < 0

n

, =argmin[—£(0|x,)].

0cO 0cO
In general, the true population score (Equation 11.3) is not directly observable, therefore given
a realized sample x,,, the maximum likelihood estimator solves the system of observed Score

equations equal to zero. More precisely, in the vector case the first order conditions (FOC)
for the occurrence of a maximum (or a minimum) are

~ML

6916(071, | Xn) =0
ML 0, f(éML|x )=0
V0, )=0 < 700 15l (11.6)

ML

aepf(én ’ Xn) 0

In general, these equations may not have a closed-form solution, so the estimate is obtained
by numerical methods.

The observed Jacobian is the matrix of second-order partial and cross-partial derivatives
computed at the MLE estimate

~ML ~ML ~ML
83 E(en | Xn) 801892€<9n | Xn) 89189 £<0n | Xn)
ML aaleéML 92 (6 aapeéML
3,0, |x,)=|%"% ('n | %) b, L n | X,,) 0,%, (:n | %) ,
~ML ML ' ML
80p801€<9n | Xn) 69p86'2£(9n | Xn) ai,g(en | Xn)

and represents the actual curvature of the log-likelihood at the observed sample. To ensure a

strict local maximum the observed Jacobian must be negative-definite when computed at the
~ML
MLE estimate, i.e. when 6 =0, .

Global vs. local maximum

In general, if the Hessian is positive-definite (all eigenvalues positive) at GML, then it
corresponds to a local minimum. If the Hessian is negative-definite (all eigenvalues
negative), then it corresponds to a local maximum. If the Hessian has both positive and
negative eigenvalues, then it corresponds to a saddle point (not a maximum, not a
minimum).

If the entire log-likelihood function ¢ is globally concave in 6 (i.e. J,(0) is negative semi-
definite everywhere), then any local maximum is automatically a global maximum. But

81


https://en.wikipedia.org/wiki/Saddle_point

~ML
if £ is not globally concave, the negative definiteness at #  only guarantees a local max-

imum. Many classical families of distributions have log-concave likelihoods, for example
Exponential family distributions (Normal with known variance, Poisson, Bernoulli, Expo-
nential, etc.) have log-likelihoods that are globally concave in their natural parameters.
In those cases, the negative definiteness at a stationary point implies that this stationary
point is the unique global maximizer. On the other hand, for example Mixture mod-
els (e.g. Gaussian mixtures) have non-concave likelihoods and may admit multiple local
maxima. The MLE can then be non-unique and may converge to a local maximum.

Invariance property MLE

ML
A property of MLE is the invariance under monotone transformations, i.e. if 6, is the
L

~M
MLE of 6, then for any one-to-one transformation ¢ = ¢(#), the MLE of ¢ is ¢ =
~ML

9(0, ).

11.1.1 Independent sample

In the special case in which the sample is composed of independent observations, the joint
density factorizes into the product of the single densities, i.e.

fxn(‘xla"wxia'”xn | 6) = Hle(xz ’ 9)
i=1

Therefore, also the log-likelihood (Equation 11.1) simplifies into the sum of the log-likelihoods
where fy can be different for each random variable X, i.e.

(O] x,) =D 4,0 zy),
i—1
where the log-likelihood given the x,; observation depends on the density of X, and reads
£;(0 | x;) =log [fxl. (; | ‘9)] :
and the true population Score reads
Si(0) = E{V,, (0] X;)}.
Hence, the total gradient vector is obtained as the sum of the gradients per observation, i.e.

n o ot,(0le,
Zi:l 59‘ )
n N e, (0lz,)
V,(0) = szi 0]z;) = =1 00,

i=1

Zn o¢;(0)z;)
=1~ 00,
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and the true population Score is the sum of the scores per observations, i.e.
= 5,(6)
i=1
Similarly, the Jacobian of the i-th observation reads
ACAES) 39130251(9 | z;) . 891391,51‘(9 | z;)
83 0 02 0,00 | z, ve 0.0y £,(0 ] z,
JQ(M%): 0,90, (|$> 0, <|93) 0, 9,3:1(\95@) ’
86 89 0 ’ 1' 89 89 0 ’ X, ) 83p€l(0 | mi)
For independent samples, the Hessian per observation
Ji(0) = E{J3,, (0] X;)}.
and the Fisher information per observation

Ti(0) = =H(0).

Therefore, the total Hessian in population reads

0) = 7(0)
i—1
and the total Fisher information

ZZM@)

11.1.2 1ID sample

In the special case in which the sample is composed of independent and identically distributed
observations, the joint density factorizes as

an<x17 ey Ty Ty | 6) = Hle(xi | 0).

i=1

Therefore, also the log-likelihood (Equation 11.1) simplifies

ICAE'S) Zee\x

where

00 | z;) =log [fx, (; | 0)] .
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In this case, the gradient of the log-likelihood depends only on the different values assumed

by z,, i.e.
J{CIER)
90,
oL(0)z,)

vf(e | xz) = 8.92 ;

ot(0)z;)
0,

and the total gradient reads
IGENEDSAACIEN
i=1

Therefore, taking the expected value of the gradient one recover the population score (Equa-
tion 11.3), i.e.
5(0) =nE{V,(0 | X,)}.

Similarly, the matrix with the second derivatives

8315(9 | z;) 8918925(9 | z;) .. 39139p£(9 | z;)

2
3,60| ) = 892891€<0\xi) 8926(?\%) 09,09 L(0 | ;)

Oy g, 00| ) Dy 00,00 | 2;) .. OBLO| )

. )

Hence, Hessian per observation is the same for each X, i.e.

J;(0) = [E{JK(H ‘ Xl)}-
and the Fisher information per observation

Ti(0) = —E{J, (0| X)}
Therefore the total Hessian in population is

H(0) = nE{J, (0 | X,)}.
and the total Fisher Information

7(6) = nE{3, (0] X,)}.

Exercise 11.1. Let’s consider an IID sample x,, = (zq, ..., z,,), where each z; is drawn from

a normal distribution X; ~ N (u, o) with known variance 0. The likelihood, given a realized
sample and the known variance reads

Lx (p]x,,0%) = H \/2:;76}([) (_W) . (11.7)

Compute the Fisher information according to Equation 11.5.




@ Solution: Exercise 11.1

Solution 11.1. Let’s consider the given joint density, then by definition (Equation 11.2)
the log-likelihood function of the z,; observation, given o2 reads:

Bl 240 = 5 os(2m) — 5 [1og(o?) ()]

Therefore, the total log-likelihood is the sum of the log-likelihoods

n

(2, — )"

" n n 1
o 2000?) = 3 G 2000%) =~ log(2) — 2 log(0?) —
i—1 i—1

The first derivative of the log-likelihood (Equation 11.3) with respect to the mean param-
eter p given the observation x,; reads

(3

66(:“’ ’ xi702> _ i p

o o2
and the second derivative
P z,0%) 1
op? o2

Therefore, the Score with respect to p is the sum of the scores, i.e.

ot | %,,0%) 1 &
8—u:§;(%_ﬂ)’

and similarly
0] x,,0%)  n
op? oY

Hence, the Fisher information (Equation 11.5) reads

_ 826(”’ | 027X1) _ n
0 oo { LX)

Intuitively, since for a Normal random variable a greater ¢ implies a more dispersed

distribution with respect to the center (u), the Information related to the mean param-
2

2

eter contained in an observed sample with n observations decreases when ¢“ increases.
Moreover, it is interesting to note that as the number of observations increases (n — 00),
the impact of any variance parameter 0 < 02 < oo becomes negligible.
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11.1.3 Properties MLE

~ML
Let 6, be the MLE estimate of some unknown true population parameter 6,. Then, under
the main regularity conditions (i.e. identifiability, differentiability, non-singularity of the Fisher
Information), the MLE estimator has two fundamental properties:

1. Consistency: the MLE is consistent for the true population parameter ¢, in the sense
that, as the number of observations n increases it converges in probability to the true
population parameter, i.e.

A’
— .
n n—oo 0

2. Asymptotic Normality: The asymptotic joint distribution of the MLE estimate is
Multivariate Normal with dimension p, where p is the number of parameters, i.e.

~ML

0

n
n—oo

d 1
4, MVN, (90, 57—1(9)> ,
equivalently, the distribution of the rescaled estimation error converges to a multivariate
normal with mean zero and covariance matrix given by the inverse Fisher information,
i.e.
~ML d L
vn(d, —6,) — MVN, (0,7740)).

n— oo

11.1.4 MLE in the Gaussian case

Let’s consider a sample of n independent and identically distributed random variables x,, =
{z,2y,...,z,}. All the observation are extracted from the same probability distribution that
is Normal with unknown true population’s parameters x4 and 2. In specific, the joint density
of n IID Normal random variables reads as in Equation 11.7. Thus, the likelihood is a function
of the unknown parameters given the observed data, i.e.

0?1 = [T s o (2.

i=1

The log-likelihood function (Equation 11.2) is obtained by taking the natural logarithm of the
likelihood, i.e.

Up, 0% | X)) =InL(p,0* | X,,) =

Y (—1 In(27) — %log(az) <x12;2”) ) —
= —g In(27) — gln(a2) ~ 5,0 Z(Q:Z — )2



1. Partial derivatives with respect to the parameters 6 = (i, 0?). The partial derivative
of the log-likelihood with respect to the mean parameter for the z; observation reads

Ay(p, 0* | ;) _ Ty H

)

ou o?

and the total partial derivative reads

M(p,0®|x,) 1
— on ;;(%—M)-

Similarly, the first derivative of the log-likelihood with respect to the variance parameter

reads
ol (p, o? | z;) 1 (m; — N>2

0o? T 202 204
and the total partial derivative reads

n

o, 0% | x,,) _on 1 Z( ‘

do? T 202 20t £
=1

2. Score vector: the complete score vector, reads

1 n
\v4 70,2 x,) = ( n_? Zizlgxz’ - M) > )
el 0% [ ) ez gex 2y (T — )’

Notably, if X; are truly Normal then the expected value of the gradient, the score, is
Z€ero, i.e.

E{V,(,0% | X,)} = (_Qn_il ikl([f{g{(}x_i)Q}) -

(FEED-
_#"'ﬁzi:l‘ﬁ 0

at the value of the true parameters p, o2, that is equivalent to say that the model is
correctly specified.

To find the maximum likelihood estimates of the unknown parameters, one has to search for
the values of y and o2 such that the observed Score equations (Equation 11.3) are equal to
zero. In general, this requires solving a system of first order conditions (Equation 11.6),

ie.
o(p,0°%xy,) _ 0

Vi(u, 0% | x,) =0 < {aau%xn) —0
Olp?xy)

do
Hence, one obtains a system of two equations in two unknowns. From the first equation
depending on pu, the solution is exactly the sample mean, i.e.

ag(uaO’Q’Xn) _ ~ML __ IS
a—u_o — U —ﬁ;xl
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Then, substituting 2M" in the second equation gives

8f(ﬂa02|xn) ~9oML RS ~ML\2
ELT ) g = M= =3, — M2,

=1

To compute the Hessian matrix (Equation 11.4), one has to make the second and cross deriva-

tives explicit, i.e.
n
8/%£('u’ 02 ’ Xn) = _ga

n 1 &
8§2€<,U,,O'2 ‘ Xn) =54 5 Z(xz - :U’)Zu

204 ob —
and the cross derivative in u and o2, i.e.
2 I
80.28#E(,U,, g ’ xn) = _ﬁ Z(xz - :U’)
i=1

Therefore, the Jacobian matrix computed at the MLE estimate reads:

n
——= 0
T (ML 62ML | x ) = o2MLE A )
" 0 SEIVT — 56}\4L 2?21(331 — pMh)?

since the cross derivative computed at the MLE estimate is equal to zero. Hence, taking the
expectation, the Hessian matrix reads

n
——— 0
~ML ~2ML\ __ 2MLE
j‘[(u y 0 ) - o n n&2ML :
0 254ML — T56ML

since, 2;1(% — iM¥)2 = ng2ML| Moreover, the first diagonal element is always less than zero,
and also the second diagonal element, i.e.

n no2ML n <0
954ML 76ML 954ML )

Thus the Hessian is negative definite at the MLE, confirming a strict local maximum. Moreover,
the theoretical Fisher information for n IID observations

n
~ML ~2ML MLE ,_2MLE o2ML 0
7(# , 0 ) = _‘7{(” , O ) = n
0 254ML

is exactly n-times the Fisher Information of a single observation, i.e.

1
ST 0
~ ~ 52ML
T (M g = | 0 1
254ML
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Therefore, asymptotically, the MLE estimators are normally distributed, i.e.

~ML 2
I d py 1 (o 0
(&QML> n—00 MVN2 ((0'2> ’ n ( 0 20’4>) '

mean p = 1 and variance o
maximum likelihood parameters.

@ Example: Maximum likelihood estimate for a Normal

2

Example 11.1. Let’s simulate 5000 observations from an IID Normal distribution with
= 4. Then, given the simulated sample estimate the

Table 11.1: Mean and std. deviation computed on the simulated sample and MLE esti-

Figure 11.1: Log-likelihood function for a normal sample.

mates.
pMLE # Mean o oMLE  Std.deviation
0.994 1 0994 2 2.053 2.053
-10691.65 1 ~10691.65 T\
°
8
2 -32074.94
©
=
o
o
|
—32074.94
—64149.87 -
-5.0000000 0.9937103 5.00000 4.214567 100.000C¢
2 2
Ny o“lu
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11.2 Quasi-Maximum Likelihood

Quasi-Maximum Likelihood Estimation (QMLE), also known as pseudo-maximum like-
lihood, is an estimation strategy used when the full distribution may be misspecified but a
parametric likelihood can still be posited (e.g., correct conditional mean/variance form, wrong
errors). In other words, we assume a parametric likelihood function for the data (perhaps
incorrectly) and then maximize it as if it were true.

The QML estimator sacrifices some efficiency (if the model is misspecified there could exist
estimators with a lower variance) for robustness: it converges to the pseudo-true parameter 6"
(the best approximation within the assumed family), and valid inference follows from robust
(sandwich) standard errors. This approach yields the quasi-MLE, an estimator that behaves
like the true MLE under certain conditions but remains consistent even if the assumed distri-
bution is wrong (See White (1982)).

11.2.1 QML Estimator

Let fxn be the assumed parametric density function depending on the vector of parameters
6. Then, even if the density f is misspecified, we define the pseudo-true parameter §* as the
value that maximizes the expected log-likelihood under the true distribution (see Gourieroux,
Monfort, and Trognon (1984)), i.e.

0" = argmax E{£(0 | X))},
SC)
where the expectation is under the true data-generating process. In this case the log-likelihood
used is also called pseudo-likelithood because we do not require to work under the true density.
Equivalently, 8" is the value that minimizes the Kullback-Leibler (KL) distance between the

true and the (possibly misspecified) parametric density. If the model is correctly specified,
0" = 0, and QMLE coincides with MLE.

The QML estimator is the sample counterpart and maximizes the average log-likelihood given
the realized sample x,,, i.e.

~QML 1 &
0 = arg max — L0 x;),
P g 13012,

~QML
Then, to find #,,  one proceeds exactly like ordinary MLE optimization finding the vector of
parameters that maximizes the average log-likelihood.
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11.2.2 Properties

~QML

1. Consistency of QMLE: Under the assumption that the model is identifiable at 6,,
~QML

meaning that the expected log-likelihood has a unique maximum at 6,, , and under

standard regularity conditions (e.g. continuity of f(z;6) in 6), the QMLE estimator
converges in probability as n — oo to the pseudo-true parameter, i.e.

~QML p

n

*

n—oo

If the model is correctly specified, then the pseudo-true parameter coincides with the
actual true parameter, i.e. * = 6,, and QMLE reduces to ordinary MLE. However,
when the model is misspecified, the QMLE parameters converge to 6", which produces
the best approximation of the true distribution, in the sense that it minimizes their
KL distance.

2. Asymptotic normality: Asthe MLE, under regularity conditions, the QMLE is asymp-
totically normal. However, the asymptotic distribution must account for possible mis-
specification. More precisely, let’s define the expected information computed at the

pseudo-true parameter as
A(07) = —E{J,(0" | X,)}

and
B(0") = E{V,(0" | X,) V; (0" | X,))}

Then, a result derived by Huber in the context of M-estimators and White in the con-
text of misspecified likelihoods establishes that under misspecification A # B and the
asymptotic variance is a sandwich of the two matrices, i.e.
~QML * d * * *
Vi, =07 S MVN(0,A7H8")B(0)AT6).

n—oo

If the model is correctly specified, then §* = 6, and one obtains
A(by) = —E{J, (0, | X,,) =} = [E{vz<90 | X,,) V?(% | Xn)} =B(b,)

In this case, the asymptotic variance simplifies and we recover the ML result that is
asymptotically efficient. More precisely, the variance-covariance matrix of the QMLE

~QML ~ML
Cv{en } = CU{Hn } = Ail(eo)

A noteworthy point is that QMLE is generally not fully efficient if the model is misspec-
ified: there might exist other estimators targeting the same quantity that have smaller
asymptotic variance if one knew more about the true distribution. But QMLE has
the convenience of likelihood-based estimation and retains consistency and asymptotic
normality without needing the full truth.
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11.2.3 Sandwich Standard Errors

Given the asymptotic variance formula above, a crucial practical issue is how to compute
standard errors for QMLE estimates. If one naively computes standard errors as if the assumed
model were true (for example, using just the inverse Hessian), the inference can be invalid when
the model is misspecified. The remedy is to use robust or sandwich standard errors, often called
heteroskedasticity-consistent standard errors in econometrics (See White (1980)).

In practice, to compute the robust variance estimate, one proceeds as follows:

~QML
1. First, obtain the QMLE parameters #,, by maximizing the pseudo log-likelihood.
2. Secondly, compute the average observed Information matrix at the estimated parameter,

i.e.
~ ~QML ~QML

A =336 %)

3. Compute the outer product of gradients matrix at the QMLE:

. ~QML 1 & ~QML ~QML

t=1

This uses the scores for each observation and does not assume the model is correct.
Hence, the estimated variance-covariance matrix of the QML parameters reads:

~QML 1~ ~QML_ ~ ~QML_ ~QML
Cv{en } = 7A71(9n )B(an )Ail (an )
n

where the diagonal elements (scaled by 1/n) give the variance estimates for each param-
eter, while the off-diagonal elements give their covariances. Therefore, the variances are
obtained as

~QML 1 ~QML
Vioe Y = Ldiag <Cv{0n })
n
if A and B were computed as averages, or without rescaling if they are summed forms.

If the model is actually correctly specified, then B should be close to 1% in large samples, and
the variance reduces to the usual Fisher information based variance A~!. Thus, the robust
variance estimator is a conservative generalization: it equals the classical one in the ideal case,
but remains valid in the non-ideal case.
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12 Hypothesis tests

A statistical hypothesis is a claim about the value of a parameter or population character-
istic. In any hypothesis-testing problem, there are always two competing hypotheses under
consideration

1. The null hypothesis J, representing the status quo.
2. The alternative hypothesis J{| representing the research.

The objective of hypothesis testing is to decide, based on sample information, if the alternative
hypothesis is actually supported by the data. One usually does new research to challenge the
existing beliefs.

Is there strong evidence for the alternative?

Let’s consider that you want to establish if the null hypothesis 7 is not supported by
the data. One usually assumes to work under J(; then, if the sample does not strongly
contradict J( ), we will continue to believe in the plausibility of the null hypothesis. There
are only two possible conclusions: Reject 7 or Fail to reject 7.

Definition 12.1. The test statistic 7'(x,,) is a function of a sample and is used to make
a decision about whether the null hypothesis should be rejected or not. In theory, there is
an infinite number of possible tests that could be devised. The choice of a particular test
procedure must be based on the probability that the test will produce incorrect results. In
general, two kinds of errors are related to test statistics, i.e.

1. A type I error is when the null hypothesis is rejected, but it is true.
2. A type II error is not rejecting the null when it is false.

The p-value is the probability, computed under 7, of observing a test statistic at least as ex-
treme as the one obtained from the sample. The smaller the p-value, the stronger the evidence
in the sample data against the null hypothesis and in favor of the alternative hypothesis.

In general, before performing a test one establishes a significance level « (the desired type I
error probability), which defines the rejection region. Then the decision rule is:

Reject H <~ p-value <«
Do not reject #;, <= p-value > «
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The p-value can be thought of as the smallest significance level at which ; can be rejected,
and its calculation depends on whether the test is upper, lower, or two-tailed.

For example, let’s consider a sample x,, of data. Then, the general procedure for a statistical
hypothesis test can be summarized as follows:

1. an assumption about the distribution of the data, often expressed in terms of a statistical
model;

2. a null hypothesis #, and an alternative hypothesis 7, which make specific statements
about the data;

3. a test statistic T'(x,,) which is a function of the data and whose distribution under the
null hypothesis is known;

4. a significance level a which imposes an upper bound on the probability of rejecting J¢),
given that J( is true.

Given that T'(X,,) under ', has a known distribution function Fp, then the value g, is
computed with the quantile function Fz! that is such that

Fp:R—[0,1] < F':[0,1] > R.

Mathematically, the p-value is related to the test performed. In general, two kinds of tests are
available:

A two-tailed test is appropriate if the estimated value can depart from the reference value
in both directions. For a continuous and symmetric statistic, if ¢, is the observed value, the

p-value is
p-value = P(IT(X,,)[ = [tons| | Fo)-

The two critical tails of a level-a test are defined by

o o
[P(T(Xn> < QQ/Z) = 57 and [P(T(Xn> > Q1—o¢/2> = 57
where q, o = Fr'(a/2) and q;_,» = Fr'(1 —a/2)

A one-tailed test is appropriate if the estimated value may depart from the reference value
in only one direction, left or right, but not both. For a left-tailed test, the p-value is Fip(t.)
and the level-a critical value satisfies

P(T(X,) <4a) = a,
while for a right-tailed test, the p-value is 1 — Fip(t,,) and the critical value satisfies
[P(T(Xn) 2 Q1fo¢) = Q.

If the distribution function is symmetric, then for a two-tailed test ¢, = —¢;_,/» and the
formulas simplify.
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12.1 Tests for the means

Proposition 12.1. Let’s consider an IID, normally distributed sample, ie. X, =
(X1 ey Xy, X)) with X; ~ N (p,02), and let’s consider the set of hypothesis

Ho:pw=po, Hy:p# po.

Then, given the sample mean i (Equation 10.1) and the corrected sample variance 8 (Equa-
tion 10.6), under the null hypothesis J{, the test statistic

is Student-t distributed with n — 1 degrees of freedom. Moreover as n — oo the distribution of
T(X,,) converges (Definition 8.5) to the distribution of a Standard Normal, i.e.

T.(X,) -5 N(0,1) < lim Fy (t) = 8(t),
Ho n—00 "

where ®(t) denotes the distribution of a standard normal.

Proof: Proposition 12.1

Proof. If the sample is normally distributed, the sample mean is also normally distributed,
i.e.

M(X,) = al ) =1 v 1),

g

Under normality the sample variance, which is a sum of the squares of independent and
normally distributed random variables, follows a x? distribution with n — 1 degrees of
freedom, i.e.

(n—1)5*(X,)
V(X,)= .z ~ X2(n —1).
Notably, the ratio of a standard normal and a x? random variable (the latter divided
by its degrees of freedom) is exactly the definition of a Student-t random variable as in
Equation 32.2. Hence, the ratio between the statistics M and V divided by their degrees

of freedom reads

V(X,) o $2(X,)

n
n—1

The test statistic under #, follows a Student-t distribution with n—1 degrees of freedom.
O
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Exercise 12.1. Let’s consider a sample of n = 500 IID random variables, where each obser-
vation is drawn from a normal distribution with mean p = 2 and variance 0? = 4. Then,
evaluate, with an appropriate test, if the following three sets of hypotheses are statistically
significant with significance level a = 10%, i.e.

(1) .7[0:/.1/:2.3, %1-”7&2.3,

(2) Ho:p=22, Hy:p+22,
(3) ‘%O:M:2'17 %1 :N#2.1.

@ Solution: Exercise 12.1

Solution 12.1. Since we are dealing with a single Normal population, we can apply a
t-test (Proposition 12.1). More precisely, the statistic will be Student-t distributed and
the critical value with probability « is such that:

Qoj2 = F,Enl(a/2>7

where F:Fn1 is the quantile function of a Student-t. Therefore, if the statistic computed
on a sample x,, lies inside the non-rejection area, i.e.

Iy is not rejected <= —[q, o] < T,,(%,,) < |qaal,

then we do not reject |, with probability a and we cannot conclude that the mean is
significantly different from .

Table 12.1: t-tests on the mean of a Normal sample.

Ho o qa/? Tn(xn> qlfa/2 ‘7{0

2.3 0.1 -1.648 -2.814 1.648 Rejected

2.2 0.1 -1.648 -1.709 1.648 Rejected

2.1 0.1 -1.648 -0.604 1.648 Not-rejected

96



0.4 1
Not-rejection Area
Rejection Area
0.3 1
2
2 0.2+
[
(@]
0.1 1
0.0 1 ° °

T.(1) T2 T.0Q)
Ts00(X500)

Figure 12.1: t-tests on the mean of a Normal sample.

12.1.1 Test for two means and equal variances

Proposition 12.2. Let’s consider two IID Gaussian samples with unknown means py and fi,

and unknown equal variances o3 = 03 = 02, i.e.

an NN(:ulaO-Q)a X 5 NN(M%UQ)’

n

where ny and ny are the number of observations in each sample and let’s consider the set of
hypotheses

Hoipy —po = pa, Hitpy —py F pa-
Then, given the sample mean [i(x,,) (Equation 10.1) under the null hypothesis F, the test
statistic is Student-t distributed with ny + ny — 2 degrees of freedom, i.e.

/Z(an) - [L(Xng) — HA

T(XnI’XnQ) = — _7-? t(nl + ng — 2)) (121)
S2<Xn17Xn2) 0
where ) )
n, —1)8%(X_ )+ (ny —1)5%(X 1 1
e x ) M DEXK) DR (1 1Y
! 2 ny+ny—2 ny Mo

and 52 is the sample corrected variance (Equation 10.6) computed on the two samples.
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Exercise 12.2. Let’s consider two samples extracted from a Normal distribution with n,; =
100 and n, = 200 and
X0 ~ N(2,4),  Xyoo ~ N(L,4),

Then, let’s evaluate with an appropriate test and significance level o = 10% the following sets
of hypotheses, i.e.

(1) Ho:ipa=p—pp =05, FHy:ppy=p—py#0.5,

(2) Ho:pa =y —pe =075, Fy:pp = py — pg # 0.75,

(B) Hoipa=p —pp=1,  FHy:ipa=p—py#1,

@ Solution: Exercise 12.2

Solution 12.2. Since the samples are normally distributed in populations with equal
variances, we can consider the test statistic in Equation 12.1. More precisely, the test
statistic is Student-t distributed

[(X100) — 1(Xa00) — Ha

T(x1005 X200) = IR w t29s;

where 52(x;(g, Xg00) is computed as in Equation 12.2. Since it is a two-tailed test the
critical value for a significance level « is defined as the value of the statistic

do/2 = FEI(O{/2>,

where Fi! is the quantile function of a Student-t, which is symmetric. Therefore, if T
lies inside the non-rejection area, i.e.

I, is not rejected <= —|qa/2| <T(x,) < |qa/2|7

then #, is not rejected with probability o and one cannot conclude that the difference
between the sample means is significantly different from p,. Otherwise, when H, is
rejected, one can conclude that the difference between the sample means is statistically
different from px .

Table 12.2: Tests on the difference between the means of two Normal populations with
equal variances.

«Q 27N Ao /2 Tn (Xn) d1—a/2 ‘7{0
0.1 0.50 -1.65 3.075 1.65 Rejected
0.1 0.75 -1.65 2.016 1.65 Rejected
0.1 1.00 -1.65 0.957 1.65 Not-rejected
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Figure 12.2: Tests on the difference between the means of two Normal populations with
equal variances.

12.1.2 Test for two means and unequal variances

Proposition 12.3. Let’s consider two IID Gaussian samples with unknown means p, and fi,
and unknown variances 0% and o3, i.e.

an NN(MDU%)’ Xn2 NN(M%U%)’
where ny and ny are the number of observations in each sample and let’s consider the set of
hypotheses
Hoipy —He = pas FHitpy — fig F Ha-
Then, given the sample means i (Equation 10.1) and corrected sample variances (Equa-

tion 10.6), Welch (1938) - Welch (1947) proposes a test statistic that under the null hypothesis
JH o is approximately Student-t distributed with v degrees of freedom, i.e.

ﬁ(Xn1>_ﬂ<Xn2>_l’LA ~ t
\/§2<xnl>+§2<xn2> v

nq o

T(an ) XnZ) =

where the degrees of freedom v is not necessarily an integer and it is computed using the Welch-
Satterthwaite approzimation. More precisely, it is defined as a weighted average of the degrees
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of freedom of each group, reflecting the uncertainty due to unequal variances, i.e.

2

<§Z(Xn1) i §Z(Xn1)>
ny no

(82(X,,))? | (82(X,,))2 "

n%(nl—l) n%("Q—U

UV =

Exercise 12.3. Let’s consider two samples extracted from a Normal distribution with n; =
100 and n, = 200 and
X0 ~ N(2,4),  Xyoo ~ N(L,9),

Then, let’s evaluate with an appropriate test and significance level o = 10% the following sets
of hypotheses in Exercise 12.2.

@ Solution: Exercise 12.3
Solution 12.3.

Table 12.3: Tests on the difference between the means of two Normal populations with
unequal variances.

« 27N 4o /2 Tn (Xn) d1—a/2 ‘7{0
0.1 0.50 -1.65 2.634 1.65 Rejected
0.1 0.75 -1.65 1.732 1.65 Rejected
0.1 1.00 -1.65 0.830 1.65 Not-rejected
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Figure 12.3: Tests on the difference between the means of two Normal populations with
unequal variances.

12.2 Tests for the variances

12.2.1 F-test for two variances

Proposition 12.4. Let’s consider two IID Gaussian samples with unknown means (1, and piy
and unknown variances 0% and o3, i.e.

an ~ N([,Ll,O'%), Xn2 ~ N(/"L27O§)7

where ny and ny are the number of observations in each sample and let’s consider the set of
hypotheses

L4222 c a2 L2
Hy:0{i=05=0°, IH,:0]{F#0;5.

Then, given the corrected sample variances (Equation 10.6), the following test statistic under
the null hypothesis J{ has a Fisher-Snedecor distribution (Equation 32.3) with n; — 1 and
ny — 1 degrees of freedom, i.e.

S
T(an ) Xn2) }?0 W
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This means that the null hypothesis of equal variances can be rejected when the statistic is as
extreme or more extreme than the critical values obtained from the F-distribution with degrees
of freedom ny; — 1 and ny — 1 and significance level «, i.e.

Ty is not rejected <= qo0 < T(X,, ,Xp,) < @10

Proof: Proposition 12.4

Proof. Using the fact that the sample variance of a Normal IID population is y2-
distributed (Equation 10.10) let’s define the statistics

T1<Xn1) =(n; — 1)*2 ~ X2<”1 —1),

Ty(X,,,) = (ny — 1) =520 3 2(ny — 1),

where § reads as in Equation 10.6. Hence, the statistic given by their ratios reads:

T(X,,) 5(X.)

5 2
T(X X ) _ -1 — o? _ S (Xn1>0—2'
nyr “ing TQ(anQ) s (X2"2) §2(Xn2>0%

No— 92

Thus, using the fact that the ratio of two independent x? random variables divided by

their respective degrees of freedom follows an F-distribution (Equation 32.3) with n, —1

and n, — 1 degrees of freedom, and that under % : 03 = 03 = o2 one obtains

(X))

T<Xn17Xn2) = m 7,

Exercise 12.4. Let’s consider two samples extracted from a Normal distribution with n, =
100 and n, = 200 and
Xigo ~ N(2,4.4), Xyp0 ~ N(1,4),

Then, let’s evaluate with an appropriate test and significance level o = 10% the following sets

of hypotheses, i.e.
(1) Hy:oy=09, Hy:o0yF 0,
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@ Solution: Exercise 12.4
Solution 12.4.
Table 12.4: Tests on the difference between the variances of two Normal populations.
G do/2 T(Xn1 ’ an) d1—a/2 ‘7{0
0.1 0.755 0.364 1.297 Rejected
2.54
Not-rejection Area
2.0 Rejection Area
> 1.5
‘0
c
[}
0O 10-
0.54
0.0 1
o T
T(X100, X200)
Figure 12.4: Tests on the difference between the variances of two Normal populations.

12.3 Left and right tailed tests

Let’s consider the three kinds of tests that can be performed: two-tailed, left-tailed and
right-tailed. Starting with the first one, in general it is used to evaluate if an estimate is

equal or not to a certain value.

For example, consider an observed sample x,,, drawn from an IID population, and suppose we
would like to investigate if it has a certain population mean py, = E{X;}. In practice, in this
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setting we are considering the following set of hypotheses, i.e.

Ho:p=po, Hy:pF po

where in general /() is what the researcher expects to be true, while /', is the complementary
alternative. Given a statistic 7" that has a known distribution F; under (), the critical value
qq 2 for a significance level « is defined

o = [P([T(Xn) < qa/Z] U [T<Xn> > qlfa/QD
¢
Qoj2 = Frl(e/2), di—a/2 = Frl(1—a/2)

where F! is the quantile function. Therefore, if the test statistic lies in the rejection area,
i.e.

Tn(Xn> < Qa/Q or Tn<Xn> > QIfa/Q'
then we reject J, at significance level o and we can conclude that the mean is significantly
different from .

Let’s now instead consider a one-tailed test, appropriate if the estimated value may depart
from the reference value only in one direction, left or right, but not both. Let’s consider the
set of hypotheses,

Ho:p=pg, Fy:p<pg

In this case, we need a left-tailed test. The test statistic T' can be left the same as in the
two-tailed test, but the critical values now must be re-computed. In fact, in this case we will
search for a ¢, such that P(7 < ¢,) = a. Applying the quantile function we obtain:

3
0o = Fr'(a),
Therefore, if the test statistic lies in the rejection area, i.e.
T(X,) < 4o
then we reject J, at significance level & and we can conclude that the mean is significantly

lower than p.

Exercise 12.5. Continuing from Exercise 12.1, evaluate with a left-tailed test with significance
level a = 10% the following sets of hypotheses, i.e.

(1) Hy:p=23, Hy:p<2.3,

(2) Ho:p=22, Hy:p<22,

() Hy:p=21, Hy:p<2.1.
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@ Solution: Exercise 12.5

Solution 12.5. In this case, we need a left-tailed test. The test statistic 1" can be left the
same as in Exercise 12.1, but the critical values now must be re-computed. In fact, in
this case we will search for a ¢, such that P(T" < ¢,) = a. Applying the quantile function
we obtain:

qo = Fr'().
In this case, with o = 0.10, the critical value of a Student-t with 499 degrees of freedom
is q, = —1.28325. Therefore, if T' > —1.28325 we do not reject the null hypothesis, i.e.

H is not rejected <= T,,(x,,) > q,-

Table 12.5: Left-tailed t-tests on the mean of a Normal sample.

@ Ko L Tn (Xn> ‘7{0
0.1 2.3 -1.283 -2.814 Rejected
0.1 2.2 -1.283 -1.709 Rejected
0.1 2.1 -1.283 -0.604 Not-rejected
0.4
Not-rejection area
Rejection area
0.3
2
2021
)
a
0.14
0.0 ° ° °
O T.Q T,0
T(Xs00)

Figure 12.5: Left-tailed test on the mean.
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Lastly, let’s consider the right-tailed test for the set of hypothesis

T o= pg, Fy:p> pg.
It is still a one-sided test, but in this case the critical value ¢;_,, is defined as

a=1-P(T(X,)<q )
(>
to=Fr'(l—a).

Therefore, if the test statistic lies inside the non-rejection area, i.e.

JH is not rejected <= T'(x,,) < q1_,-

Exercise 12.6. Continuing from Exercise 12.1, evaluate with a right-tailed test with signifi-
cance level a = 10% the following sets of hypotheses, i.e.

(1) Fo:p=23, Hy:p>23
(2) Hy:p=22, Hy:p>22,
(3) Hy:p=21, Hy:p>21.

@ Solution: Exercise 12.6

Solution 12.6. It is still a one-sided test, but in this case the critical value g, _,, is defined
as

di—o = F’Z:nl(l - a)’
In this case, with o = 10%, the critical value of a Student-t with 499 degrees of freedom
is ¢;_, = 1.28325.
Therefore, if T' < 1.28325 we do not reject the null hypothesis; otherwise, we reject it
and conclude that the sample mean is greater than p,. Coherently with the previous test
performed in Figure 12.5, a right-tailed test is never rejected.

Table 12.6: Right-tailed t-tests on the mean of a Normal sample.

« Ko Tn (Xn) d1—q %0
0.1 2.3 -2.814 1.283 Not-rejected
0.1 2.2 -1.709 1.283 Not-rejected
0.1 2.1 -0.604 1.283 Not-rejected
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Figure 12.6: Right-tailed test on the mean.
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13 Multivariate data

Let’s consider a matrix X, ;, with n observations and k variables. Then, let’s define some
useful operations that can be performed on the matrix.

-:Ul,l e x17‘7 e -:L‘l,k
X =1 x; T 7 I U =% - X o Xg 13.1
nxk l.’l %’] Z_’k nxl1 nx1 nx1 ( )
Ty o Ty e Tpg
h 1 I
where x; = (azl’j - Ty xmj) . In general:

o The i-th row contains the variables related to the i-th statistical unit (e.g., an individual,
a firm, or a country).
e The j-th column contains all the observations related to the j-th variable.

? X4 Xq X3
1 0.167 —0.750  2.191
2 —0.865 0.524  0.793
3 —0.276 1.374  0.327
4 —2.623 0.783  0.179
e = 5 1.061 0.657  0.809
6 0.9743 0.179 —2.806
7 | —0.000647 —0.0367 —2.078
8 0.364 0.946  0.132
9 0.0189 —1.0173 —0.733
10 —0.132  0.8137  1.153

13.1 Vector of means

Let’s consider the matrix X (Equation 13.1), then the vector of means for each column is

computed as:
Ty
_ i T 1
X = ( : ) =(£J,,X) = —X T
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where J,, ; is the matrix of ones (Equation 31.2).
il —0.131
X =|2] = o84
) s —0.00296

Let’s compute the matrix of centered observations, where each element is computed as &, i=

13.2 Deviation matrix

‘/B’L,] - SUj, 1.e.
x171 ':Ul,j x17k
& ~ ~ ~.
n%k - :L"L,l e x%d e l‘%,k
Tpy o Ty e Ty

In matrix notation, it is possible to estimate X as:

X=X-7J,,x" =

1 T

:X_Jnl <7XTJn1> =
5 :

1
= - 5Jn,1J1,nX =

n
=AX

where I, is the identity matrix (Equation 31.3) and J,, is the matrix of ones (Equation 31.2).
A is called the centering matriz and it is formally defined as:

1
n

nxn
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i %, %, %,
1 0209 —1.098  2.194
2 | —0.7343  0.1767  0.7968
3 —0.145  1.026  0.3308
4 —2.492 04359  0.1829
12\23: 5 1.192 0.3104 0.8122
6 1105 —0.1681 —2.803
7 0.1305 —0.3842 —2.075
8 0.4959  0.5991  0.1355
9 0.15  —1.364 —0.7304
10 | —0.001575  0.4662  1.156

13.3 Variance-covariance matrix

The covariance for a matrix X is also a matrix k x k of the form:

VX)) . CofX, X} . Co{X,,X,)
3 = CHX, Xy} o VX o Co{X, X} (13.3)
ColX X} o Co{Xp X} o V{X,)

Given a matrix X, the variance-covariance matrix in matrix notation can be estimated as
Y=-X'X=

= - (AX) AX = (13.4)

where A is the centering matrix (Equation 13.2). The variance-covariance matrix is:

1. Square, i.e. k x k, and symmetric.
2. Positive semi-definite.
3. It has the variances on the diagonal. Hence the trace (Equation 31.8) is trace(Cv{X}) =

SEV{X )

1.087 —0.163 —0.319
> = | —0.163 0.576  0.143

23\ 0319 0.143 225
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13.4 Standardized variables

In order to remove the effect of the unit of measure in the different variables, it is possible to
work with the matrix of standardized variables, i.e.

?1,1 21,5 21,k
7 = z. z. . z.
sk Z.,l & l.,k
Zn,l Zn,] Zn,k:
where each element z; ; is defined as:
k]
Lij Tij — T

UMK VX

In matrix notation, Z can be rewritten as:

Z=X.-D 3.
where the matrix D is defined as:
V{X,;} 0 0
k]ZX)k =X-I, = O \/{X]} O . (13.5)
0 0 . VX, }

where I, is the identity matrix (Equation 31.3). The standardized variables have mean equal
to zero and unit variance. Moreover, the numbers no longer depend on the unit of measure of
the variables.

1 Z, Zo Z3
1 0.2868 —1.446 1.461
2 | —0.7042  0.2327  0.5305
3| —0.1391 1.352  0.2203
4 —2.39 0.574  0.1218
10sz = 5 1.143  0.4087  0.5408
6 1.06 —0.2213 —1.866
7 0.1251 —0.506 —1.382
8 0.4755  0.7839  0.0902
9 0.1439 —1.796 —0.4863
10 | —=0.00151  0.6139  0.7696
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13.5 Correlations matrix

The correlation is a statistic that measures the linear dependence between two or more variables.
The elements of the correlation matrix are:

1 ao Cr{X, X Cr X, X )

p = | Cr{X;, Xy} .. 1 o Cr{X, X}
kxk : : .
Cr{X;, X1} o Cr{X,, X} .. 1

where each element is the correlation (Equation 5.11) between the random variables X; and
X,

()

In matrix notation, the correlation of a matrix X can be estimated from the deviation matrix
or from the standardized one, i.e.

where D is defined as in Equation 13.5. The correlation matrix is:

1. Square, i.e. k x k, and symmetric.
2. Positive semi-definite.

3. Trace: (Equation 31.8), i.e. trace(p) = Zk 1=k

j=17

1.0 —0.205 —0.204
p =|—-0205 1.0  0.125

3x3 —0.204 0.125 1.0
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14 Introduction

Statistical modeling applies statistical methods to real-world data to give empirical content to
relationships. It aims to quantify phenomena and develop models and test hypotheses, making
it a crucial field for economic research, policy analysis, and decision-making. The aim of the
statistical modeling is to study the (unknown) mechanism that generates the data, i.e., the
Data Generating Process (DGP). The statistical model is a function that approximates the
DGP.

14.1 The matrix of data

Let’s consider n realizations defining a sample for ¢ = 1,2,...,n. Suppose we have p depen-
dent variables and k explanatory variables (also known as predictors). The data matrix of
the exogenous variables (regressors) X,, ; is defined as in Equation 13.1, while the matrix
composed of the endogenous variables (dependent variables) Y reads

Yip Y12 - Y15 - Yip
Y — Y21 Y22 - Y25 - Yap
nxp : : : :

yn,l yn,2 yn,j yn,p

Hence, the complete matrix of data reads

Yip - Yip T1a o Tig
W =(Y X)= no oo (14.1)
nx(k+p)
yn,l yn,p mn,l xn,k
In general, when p = 1 then the model has only one equation to satisfy for i = 1,...,n, for
example
}/i — bo + blxi,l + be’L',2 + + bkii,k + U,L‘. (142)

Otherwise, when p > 1 there is more than one dependent variable and the model is composed
of p equations for i = 1,...,n, i.e. the same linear model with p equations reads:

Yi1=001+tb11%; 1 +by om0+ +by 1T + U4
Yz’,z = bo,z + b2,1xi,1 + b2,293¢,2 + ot b2,kxi,k + U, 9 (14.3)

Yip =bop + 0,121 + 0y 02 0+ by 0y,
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Thus, the matrix of the residual components reads

U171 U172 e u177/ e ul’p
U — U271 U272 e u277/ e /U/2’p
nxp . . . . . : )
un,l un,Q un,i un,p

14.2 Joint, conditional and marginals

Let’s consider the bi-dimensional random vector in Equation 14.1 and let’s write the joint
distribution of X and Y, i.e.

[P(Y17 ves ,Yp S y17 ves 7yp7X17 ees ,X.p S X17 ves ’Xk> — FY,X(Yl’ eee 7yp’X1’ ves 7Xk>' (14.4)

joint probability distribution function

In the continuous case, there exists a joint density fy x such that:

Fy x(y,x / / fy x(y:x)dydx. (14.5)

Moreover, from the joint distribution (Equation 14.4) it is possible to recover the marginal
distributions, i.e.

(14.6)

Then, given the marginals (Equation 14.6), it is possible to compute the unconditional mo-
ments, for example

o First moment: E{Y} = ff:o yfy(y)dy
e Second moment: E{Y?} = f_o; Y2 fy(y)dy

Applying the Bayes theorem (Theorem 6.2), from the joint distribution (Equation 14.4) it is
possible to recover the conditional distribution, i.e

W = frxx) = fyx(y [ %) fx(x). (14.7)
X Joint conditional ~ marginal

fY|x(y | x) =

Given the conditional distribution, the conditional moments read

F{Y | X} = / yhvx(y | 0)dy,

E{Y?| X} = / ¥ Fex(y | X)dy
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@ Example: Inference on a Multivariate Gaussian model
Example 14.1. Let’s consider a multivariate Gaussian setup, i.e.
()~ () (o 53))
X Hx Pxy 2XX
If (XY) are jointly normal, then the marginals are multivariate normal, i.e.
Y~ MVN(MY, EYY)’ X ~ MVN(/J'X) EXX);
and also the conditional distributions, i.e.
Y | X~ MVN(pyx, Eyyix), X[ Y ~MVN(uyy, Exxpy)-
In such a model setup, the conditional expectation of Y given X reads
EHY | X} = Hyix =
—1
= py +Eyx - Bxx (X —py) =
—1 —1
= Hy — Dyx - Bxx Hx T 2yx - Yxx X =

= fy —byx fix +byx X =
= aY‘X + bY|X X

and the conditional variance as
Y [ X} =Zyy — Zyx Z)_(IXZYX'
In this setup the parameters are:
 Joint distribution, 6 = {/y, iy, ¥xx: Xxv: Zyy )

« Marginal distribution, \y = {1y, ¥xx}-

Noting that A; is a function of 0, i.e. 7 = f(\;), in the Gaussian case it is possible
to prove that A\; and A\, are free to vary. Hence, imposing restrictions on \; does not
impose restrictions on A,. In general, if the parameters of interest are a function of the
conditional distribution and A; and A, are free to vary, then the inference can be done
without losing information by considering the conditional model. In this case we say that

X is weakly exogenous for 7 = f(A;).
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14.3 Conditional expectation model

Let’s consider a very general conditional expectation model with p = 1, of which the linear
models are a special case. In matrix notation it can be written as:

y = E{y | X} +u, (14.8)
where the conditional expectation errors are defined as:

u=y—HEy| X} (14.9)

Proposition 14.1. In a conditional expectation model as in Equation 14.8, the residuals u,
defined as in Equation 14.9, have unconditional expectation and covariance with the regressors

X equal to zero, i.e.
E{u} =0, E{uX}=0.

Moreover, the conditional expectation error is orthogonal to any transformation of the condi-
tioning variables, i.e.
y = E{y | 9X)} +u = E{ug(X)} =0, (14.10)

Proof: Proposition 14.1

Proof. Let’s start with the unconditional expectation of the residuals defined in Equa-
tion 14.8, i.e.
E{u} =EHy - Ey | X}} =
=Hy} -HHy | X}} =
=Ky} -Hy}=0

Then, let’s compute the expected value between the residuals and the regressors, i.e.
E{u} =0 = Cov{u, X} = E{uX}.

For simplicity, let’s assume that X can take only values in {0,1}. Applying the tower
property of conditional expectation, one obtains:

E{uX} = E{E{uX | X}} =
=EHuX [ X=0}P(X=0)+EH{uX | X=1}P(X=1) =
=EuX | X=1}P(X=1)
Then, let’s substitute u from Equation 14.8 and X with 1, i.e.
EfuX} = E{(y — E{y | X})X | X = 1}P(X = 1) =
—E{y |X=1)P(X = 1) - E{E{y | X} | X = JP(X = 1) =
=Hy | X=1}PX=1)-Ky | X=1}P(X=1)=0
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For a general transformation of the regressors as in Equation 14.10, the covariance is
computed as:

E{ug(X)} = E{E{ug(X) | X}} =
= Hy(X)Hu [ X}} =
= HyX)Hy —Hy | X} [ X}} =
= Hyg(X) [Hy [ X} -Hy [ X}]} =0

14.4 Uniequational linear models

Let’s consider a uni-equational linear model, i.e. with p = 1 in (Equation 14.2), expressed in
compact matrix notation as:
y =X b+ u (14.11)

nx1 nxk kx1  nx1’

where b and u represent the true parameters and residuals in the population. Let’s consider
a sample of n observations extracted from a population; then the matrix of the regressors X
reads as in Equation 13.1, while the vectors of the dependent variable and of the residuals
read

Hence, the matrix of data W is composed of:

Yo Tia o Trk
vy X)=|: =+ =~ | (14.12)

Yn xn,l xn,k

14.4.1 Estimators of b

In general, the true population parameter b is unknown and lives in the parameter space,
Le. b€ ©, C R*. In the following section we will define with @ the estimator function while
b will denote one of its possible estimates.

Depending on the specification of the model, the function ) takes as input the matrix of data
and returns as output a vector of estimates, i.e.

Q:W — 0O, suchthat Q(W)=Dbe®,.
In this context, the fitted values y can be seen as a function of the estimate B, ie.

y(b) = Xb. (14.13)
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Consequently, the fitted residuals @, which measure the discrepancies between the observed
and the fitted values, are also a function of b, i.e.

u(b) =y — y(b) =y — Xb. (14.14)

Different optimal estimators of b

As we will see in Chapter 15, the assumptions on the variance of the residuals determine
the optimal estimator of b. In general, the residuals could be

1. homoskedastic: the residuals are uncorrelated and their variance is equal for each
observation.

2. heteroskedastic: the residuals are uncorrelated and their variance is different for
each observation.

3. autocorrelated: the residuals are correlated and their variance can differ across
observations.

As shown in Figure 14.1, depending on the assumption (1, 2 or 3), the optimal estimator
of b is obtained with Ordinary Least Squares for case 1, while Generalized Least Squares
is used for cases 2 and 3.

Generalized least squares (GLS)
(heteroskedasticity & correlation)

Classic least squares (OLS) Generalized least
(omoskedasticity) squares (GLS)

(heteroskedasticity)

Figure 14.1: Different classes of estimator for linear models.

For example, if the residuals are correlated, then their conditional variance-covariance
matrix reads

¥ = V{uu' | X},

or more explicitly,
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2 2
> Ugey Uy .. Ugly, | | 091 05 .. Ogp (14.15)
nxn : : : : : :
2 2
Up€1 Uply ... Uy Op1 Opa - Op

Since the matrix 3 is symmetric, the number of distinct elements above (or below) the

(-2

Hence, given that the number of elements of ¥ is n x n, the number of unique values
(free elements) is given by the n variances plus ”(”271) covariances, i.e.

diagonal reads

free elements = n + n(n2 ) — n(n;— ) > n.
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15 Classic least squares

References: Angela Montanari (2017), Chapter 3. Gardini A. (2007).

15.1 Assumptions

Let’s start from the classic assumptions for a linear model. The working hypotheses are:

1. The linear model approximates the conditional expectation, i.e. E{Y; | x;} = x/b.

2. The conditional variance of the response variable y is constant, i.e. V{Y; | x;,} = o2 with
0< 02 < oo.

3. The response variables Y are uncorrelated, i.e. Co{Y;,Y; | x;} = 0 with i # j and
i,7€{1,...,n}.

Equivalently the formulation in terms of the stochastic component reads

1. The residuals have mean zero, i.e. E{u, | x;,} =0 for all i with i =1,...,n.
2. The conditional variance of the residuals is constant, i.e. V{u, | x,;} = 02 with 0 < 02 <
0.

3. The residuals and the regressors are uncorrelated, i.e. Cv{u;,u; | x;} = 0 for all i # j
and 7,7 =1,...,n.

Hence, in this setup the error terms are assumed to be independent and identically distributed
with mean zero and equal variances 0?2 = o2 for all i. Thus, the general expression of the
covariance matrix in Equation 14.15 reduces to ¥ = o21,,.

15.2 Estimator of b

Proposition 15.1 (Ordinary Least Squares (OLS) estimator). The ordinary least squares
estimator (OLS) is obtained by minimizing the sum of the squared residuals expressed by the

function
Q%" (b) = t(b)Tu(b). (15.1)

that returns an estimate of the parameter b. In this context, the fitted residuals are seen as a
function of the unknown b (Equation 14.14).
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Formally, the OLS estimator is the solution of the following minimization problem, i.e.

bOLS = argmin { QOLS(b)} , (15.2)
becOy,

where Oy, C R* is the parameter space. Notably, if X is non-singular, one obtains an analytic
expression, i.e.

bOlS = (XTX)1XTy. (15.3)

kx1
Equivalently, it is possible to express Equation 15.3 in terms of the covariance matrixz of the
X andy, i.e.

Cv{X,Y
pors - CUX Y} (15.4)
vi{X}

Proof: Proposition 15.1
Proof. Developing the product of the residuals in Equation 15.2:
Q" (b) = i(b) "i(b) =
= (y —Xb)"(y —Xb) =
=y'y—-b'X'y—y'Xb+b'X"Xb =
=y'y—2b' X"y +b'X"Xb

(15.5)

To find the minimum, let’s compute the derivative of QOLS with respect to b, set it equal

to zero and solve for b = bOS je.

9,Q° () = —2XTy + 2X'Xb =0
— X'y =X"Xb
— pOLS = (XTx)fley

To establish if the above solution corresponds also to a global minimum, one must check
the sign of the second derivative, i.e.

O2QOYS(b) = 2XTX > 0,

that, in this case, is always positive definite and denotes a global minimum. An alter-
native derivation of this estimator, as in Equation 15.4, is obtained by estimating the
variance-covariance matrix Co{X, Y} as in Equation 13.4 and the variance matrix V{X}
as in Equation 13.5. ]
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Singularity of X

Note that the solution is available if and only if X is non-singular. Hence, the columns
should not be linearly dependent. In fact, if one of the k£ variables can be written as a
linear combination of the others, then the determinant of the matrix X "X is zero and the
inversion is not possible. Moreover, to have rank(X"X) = k, the number of observations
must be greater than or equal to the number of regressors, i.e. n > k.

! Intercept estimate

If a column of ones was included in the data matrix X, then the intercept parameter
is obtained from Equation 15.3 or Equation 15.4. However, if it was not included, it is

computed as:
aOLS — [E{Y _ XbOLS}.

15.2.1 Projection matrices

Substituting the OLS solution (Equation 15.3) in Equation 14.11, we obtain the matrix P,
which projects the vector y on the subspace of R™ generated by the matrix of the regressors
X, i.e.

P, = X(X'X)"1XT. (15.6)

Proposition 15.2 (Properties Matrix P_x). The projection matriz P, satisfies the following

three properties, i.e.
1. Py is an n x n symmetric matriz.
2. P, P, =P, is idempotent.
3. P, X=X.

Proof: Proposition 15.2

Proof. Let’s consider the property 2. of P, i.e.
P, P, = (X(XTX)™XT) (X(XTX)™'XT) =
= (XTX)IXT =
=P

X

Let’s consider the property 3. of P, i.e.
P, X=[XX"X)"'XTX=X.
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Substituting the OLS solution (Equation 15.3) in the residuals (Equation 14.14), we obtain
another projection matrix M,, which projects the vector y on the orthogonal subspace with
respect to the subspace generated by the matrix of the regressors X, i.e.

M, =1, —P,. (15.7)

where I, is the identity matrix (Equation 31.3).

Proposition 15.3 (Properties Matrix M_ x). The projection matriz M, satisfies the following
3 properties, i.e.

is n X n and symmetric.
« M, = M, is idempotent.
« X=0.

X

X

ZZZ

1.
2.
3.

Proof: Proposition 15.3

Proof. Let’s consider the property 2. of M, i.e.

I?’L PX
= Mx
Let’s consider the property 3. of M, i.e.
M, X = (I, =P, )X =
= (I, - X(X'X)'X") X =
=X—-X=0

O

Remark 15.1. By definition, M, and P, are orthogonal, i.e. P, M, = 0. Hence, the fitted
values defined as y = P,y are the projection of the empirical values on the subspace generated
by X. Symmetrically, the fitted residuals t = M,y are the projection of the empirical values
on the subspace orthogonal to the subspace generated by X.

Proof: Remark 15.1

Proof. Let’s prove the orthogonality between M, and P, i.e.

PxMx = Px (In _Px) = Px _Px =

124



15.2.2 Properties OLS

Theorem 15.1 (Gauss-Markov theorem). Under the Gauss-Markov hypotheses, the Ordinary
Least Squares (OLS) estimate is BLUE (Best Linear Unbiased Estimator), where “best”
stands for the estimator with minimum variance in the class of linear unbiased estimators of
the unknown true population parameter b. More precisely, the Gauss-Markov hypotheses are:

1. y=Xb+u.

2. E{u} =0.

3. E{uu'} = 021, i.e. homoskedasticity.

4. X is non-stochastic and independent from the errors for all n’s.

Proposition 15.4 (Properties OLS estimator).

1. Unbiased: b is correct and its conditional expectation is equal to the true parameter
in the population, i.e.

E{b%/| X} =b. (15.8)

2. Linear in the sense that it can be written as a linear combination of y and X, i.e. b9 =
Ay, where A, does not depend on'y, i.e.

bOlS = Ay, A,=(XTX)XT. (15.9)

3. Under the Gauss-Markov hypotheses (Theorem 15.1), bOFS is the estimator that has the
minimum variance in the class of the unbiased linear estimators of b and its variance

reads:
V{b9L5 | X} = 02(XTX) L. (15.10)

Denoting with c;; the j-th element on the diagonal of (XTX)™1, the variance of the j-th
regressor reads

Vo7 | X} = of - (XTX) - (15.11)

where (XTX)EIJ.] denotes the element on the diagonal in the position [j, j].

Proof: Proposition 15.4
Proof.

1. The OLS estimator is correct: its expected value is computed from Equation 15.3
and, substituting Equation 14.11, is equal to the true parameter in the population,
ie.

E{bOM | X} = E{(X'X) ' Xy | X} =
=E{(X"X)"'X"(Xb +u) | X} =
= (XTX)1X"Xb + (X'X) ' X"E{u| X} =
=b
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2. In general, applying the properties of the variance operator, the variance of b8

is computed as:

V{bOLS | X} = V{(X X)Xy | X} =
= V{(X"X)"'XT(Xb +u) | X} =
= V{(X'X)'XXb + (X'X) !X u | X} =
=V{b+ (X"X)'XTu| X} =
= V{(X"X) "X u | X}

Then, since X is non-stochastic one can bring it outside the variance thus obtaining:

V{bOS | X} = (XTX)1XTV{u | X} X(X"X)! = (15.12)
= (X"X)"'XTE{uu" | X} X(X"X)! '
Under the Gauss-Markov hypotheses (Theorem 15.1), the conditional variance is
V{u | X} = 02 -1, and therefore Equation 15.12 reduces to:

V{bO | X} = o2(XTX)IXTX(XTX)"! =

u

=o2(XTX) !

u

15.3 Variance decomposition

In a linear model, the deviance (or total variance) of the dependent variable y can be decom-
posed into the sum of the regression variance and the dispersion variance. This decomposition
helps us understand how much of the total variability in the data is explained by the model
and how much is due to unexplained variability (residuals).

o Total Deviance (Dev{y}): represents the total variability of the dependent variable y.
It is calculated as the sum of the squared difference of y; from its mean y.

o Regression Deviance (DevReg{y}): represents the portion of variability that is ex-
plained by the regression model. It is computed as the sum of the squared differences
between the fitted values y, and y.

« Dispersion Deviance (DevDisp{y}): represents the portion of variability that is not
explained by the model. It is computed as the sum of the squared differences between
the observed values y; and the fitted values g, (Equation 14.13).
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Hence, the total deviance of y can be decomposed as follows:

Dev{y} =  DevReg{y} + DevDisp{y}
wi—9? = D @-9* + D @-w)? (15.13)
i—1 i—1 i=1
y'y — ny? = b'X'Xb—ny? + u'u

where y is the sample mean (Equation 10.1).

Proof: regression deviance

Proof. Let’s prove the expression for the regression deviance DevReg{y}, i.e.

DevReg{y} = Dev{y} — DevDisp{y} =
=y'y—ny—u'u=
—y'y —ni? = (y —Xb) (y —Xb) =
=y'y—n—y'y+y'Xb+b'X'y-b'X"Xb =
— 2 +20' Xy —b X Xb =
— b X Xb — nj?

O]

The decomposition of the deviance of y also holds with respect to the corresponding degrees
of freedom.

Table 15.1: Deviance and variance decomposition in a multivariate linear model

Degrees of

Deviance freedom Variance
Dev{y} = 37 (v — )’ n—1 52 = Devly}

n ~ — ~ DevRe
DevReg{y} = >, (5 — )’ k-1 52 = Deefealy)
DevDisp{y} = Z?:l (y; — yi>2 n—k §121 = Devgzjf{y}

15.3.1 Estimator of o2

The OLS estimator does not depend on the variance of the residuals o2 and it is not possible
to obtain both estimators in one step.

Proposition 15.5 (Unbiased estimator of sigma_ u~2). Let’s define an unbiased estimator of

. . 2 ..
the population variance o;, as:

ﬁ(bOLS)Tﬁ<bOLS>
Y n—=k
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In the notation used here, k is the number of columns of X, including the intercept when it
is present. Therefore, the residual degrees of freedom are n — k. If k is used to count only
the non-constant regressors, the same denominator is written as n — k — 1. In general, the

regression variance overestimates the true variance o2, i.e.

F{32} = 02 + g(b,X), g(b,X) 0.

Only in the special case where by = -+ = b, = 0 in population, then g(b,X) = 0 and also the
regression variance produces a correct estimate of O'Z.

Proof: Proposition 15.5

Proof. By definition, the residuals can be computed by pre-multiplying y by the matrix
M, (Equation 15.7), i.e

G(bO1S) =y — 3(bOS) =
=y— XbOLS —
=y - X(X"X)" X"y =
= (In - Px>y =
=M,y

Substituting the true relation in the population, i.e. y = Xb + u, one obtains

(b)) = M_(Xb 4 u) =
=M, Xb +M, u=
= M,u

since M, X = 0. Being the matrix M, symmetric and idempotent (Proposition 15.3):

@(bOLS) TR(bOLS) = (M) (M,u) =
=u'M,M,u=

.
=u M,u
Thus, since u' M u is a scalar, the expected value of the deviance of dispersion reads

E{a(bO)Ta(b°M)} = E{u™™M, u} =
= E{trace(u'™M,u)}
= E{trace(M,uu')}
= trace(M,E{uu'}) =
= trace(M, 021,) =
=02 -trace(M,I,,) =
= 02 - trace(M,)
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The trace (Equation 31.8) of the matrix M, reads

trace(M, ) = trace(I,, — P, ) =
= trace(I,,)) — trace(X(XTX) !X T) =
= trace(I,,) — trace(X ' X(X'X) 1) =
= trace(I,,) — trace(I;) =

=n—k
where k counts all columns of X, including the intercept when present. Hence,
E{a(b°")Ta(b°MS)} = 02 . (n — k).
Equivalently, the expectation of the deviance of dispersion is equal to

E{DevDisp{y}} = o2 - (n— k).

15.3.2 R?

The R? statistic, also known as the coefficient of determination, is a measure used to assess
the goodness of fit of a regression model. In a multivariate context, it evaluates how well the
independent variables explain the variability of the dependent variable.

Definition 15.1 (Multivariate R™2). The R? represents the proportion of the variation in
the dependent variable that is explained or predicted by the independent variables. Formally,
it is defined as the ratio of the deviance explained by the model (DevReg{y}) to the total
deviance (Dev{y}). It can also be expressed as one minus the ratio of the residual deviance
(DevDisp{y}) to the total deviance, i.e.

DevReg{y} 1 DevDisp{y}
Dev{y} Dev{y}

Using the variance decomposition (Equation 15.13), it is possible to write a multivariate version
of the R? as:

R’ = (15.14)

(bOLS)TXTXbOLS _ nng i ﬁ(bOLS)Tﬁ<bOLS)'

R? =
y'y —ny? y'y —ny?

(15.15)

The numerator represents the variance explained by the regression model, while the denomina-
tor the total variance in the dependent variable. The term numerator in the second expression
represents the variance of the residuals, or the variance not explained by the model. A value
of the R? close to 1 denotes that a large proportion of the variability of the dependent variable

129



has been explained by the regression model, while a value close to 0 indicates that the model
explains very little of the variability.

Variance Inflation Factor (VIF)

An alternative expression for the variance of the j-th regressor (Equation 15.11) reads

V{bOLS} _ 0121 1
VIF

J

where Dev{X;} is the deviance of the regressor j and R]2‘o is the multivariate coefficient
of determination on the regression of X; on the other regressors.

Proposition 15.6 (Adjusted R™2). A more robust indicator that does not always increase
with the addition of a new regressor is the adjusted RQ, which is computed as:

—2 n — 1 DevDisp{y} 52
R=1- —1-Ju,
n—k Dev{y} 52

=2
The R can be negative, and its value will always be less than or equal to that of R%. Unlike
Rz, the adjusted version increases only when the new explanatory variable improves the model
more than would be expected simply by adding another variable.

Proof: Proposition 15.6

Proof. To arrive at the formulation of the adjusted R? let’s consider that under the null
hypothesis H, : by = -+ = b, = 0, where only the intercept is different from zero, the
variance of regression 52 (Table 15.1) is a correct estimate of the variance of the residuals

o?. Hence, under H:
n—1 F { DevReg{y} } ~ 1

E—1 Dev{y}
This implies that the expectation of the R? is not zero (as it should be under %) but:
~ k—1
E{R’} = ——.
R} =—"—

Let’s rescale the R such that when JH o holds true it is equal to zero, i.e.
E—1

n—1"

R2=R’—

However, the specification of Rg implies that when R*=1 (perfect linear relation between
X and y) the value of Rg <1,ie. Rz = Z—:If < 1. Hence, let’s correct again the indicator
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such that it takes values in [0, 1], i.e.

R2:<R2_/{7—1)n—1:

n—1/ n—k

(Rn—-1)—(k—-1)\n—-1_
N n—1 n—k

—1 k—1
n RQ

n—k n—=k

Remembering that R? can be rewritten as in Equation 15.14, one obtains:

_ —1 DevDs -1
RI_M (1_ ev zsp{y})_k B

=k \' " eyt ) Tk
_ (n —1)Dev{y} — (n — 1)DevDisp{y} k-1 _
Dev{y}(n — k) n—k

n—1 n—1DewDisp{y} k-1
n—k n—k Dev{y} n—k
n —1DevDisp{y}

—1—

n—k Dev{y}
ot
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Limitations of R?
The R? statistic has some limitations. Firstly, it can be close to 1 even if the relationship
between the variables is not linear. Additionally, R? increases whenever a new regressor

is added to the model, making it unsuitable for comparing models with different numbers
of regressors.

15.4 Diagnostic

Let’s consider a linear model where the residuals u are IID normally distributed random
variables. Hence, the working hypothesis of the Gauss Markov theorem holds true.
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15.4.1 t-test for bj

A t-test evaluates if a parameter in a regression is statistically different from zero, given the
effect of the other k — 1 regressors. The test is built under the null hypothesis of linear
independence in the population between y and X, i.e.

If the residuals are normally distributed, then the vector of parameters b is distributed as a
multivariate normal, thus also the marginal distribution of each b; will be normal.

Using the expectation (Equation 15.8) and variance (Equation 15.10) of b;-)LS, we can standard-
ize the estimated parameter b?LS to obtain a Student-t distributed statistic (Equation 32.2),

i.e.
OLS F{pOLS OLS

t L o~ty b (15.16)
SERVAT{ ! 52 ¢,
where the unknown o2 is replaced with its correct estimator 52. Under H : b; = 0, one
obtains
bQLS
t 7 j27 ~t, g (15.17)
Su * Cjj

Given a significance level «, the test is rejected if the test statistic falls in the rejection area,
i.e.
Hyis rejected <= t; < g, OR t; > ¢ 40,

where ¢ is the quantile function of a Student-t with v = n — k degrees of freedom.
15.4.2 Confidence intervals for b
Under the assumption of normality, from Equation 15.16, one can build a confidence interval

for b, i.e.
bj € [b?LS + qa/2 \/ V{bjOLS}’ bjOLS + qlfoz/Z \/ V{b]OLS}] :

where « is the significance level, g, is the quantile at level a of a Student-t distribution with
n — k degrees of freedom, and \/V{b?LS} reads as in Equation 15.11.
15.4.3 F-test for the regression

The F, . evaluates the significance of the entire regression model by testing the null hypothesis
of linear independence between y and the non-constant regressors in X, i.e.

Hoiby=-=b,=0 H,:at least one b; # 0,
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where the only coefficient different from zero is the intercept. In this case, the test statistic
reads

52 DevReg(y) - (n— k) F

52 (k—1) DewDisp(y) = F b
that is distributed as a Fisher-Snedecor random variable (Equation 32.3) with v; = k— 1 and
vy = n — k degrees of freedom. 52 is the regression variance and §2 is the dispersion variance.
By fixing a significance level a, the null hypothesis %, is rejected if F,. > ¢,_,,, where ¢;_,

is the corresponding F;_; ,,_, quantile. Remembering the relation between the deviance and
the R?, i.e. DevReg(y) = R*Dev(y) and DevDisp(y) = (1—R?*)Deuv(y), it is possible to express
the F-test in terms of the multivariate R™ as:

R® n—k
1I_R2k—1 ~ ke

Fiot = (15.18)

Ftest =

Interpretation F-test

If the null hypothesis 7, is rejected then:

e The variability of Y explained by the model is significantly greater than the residual
variability.

o At least one of the k regressors has a coefficient b, that is significantly different
from zero in the population.

On the contrary, if ( is not rejected, then the model is not adequate and there is no
evidence of a linear relation between y and X.

15.5 Multi-equations OLS

Proposition 15.7 (Multi-equations OLS estimator). Let’s consider a multivariate linear
model, i.e. with p > 1 in (Equation 14.3), then the model in matriz notation reads:

Y=J,,a ' +Xb' +U,

nxp 1xp nxk kxp nxp

then the OLS estimate of b is obtained from Equation 15.4, i.e.
bOLS = Cu(Y,X) Co(X) 1,
and similarly for the intercept a
a9 = E{Y} — bOLSE{X}.
The variance covariance matriz of the residuals is computed as:

¥ = Cv(u) = Co(Y) — b5 Co(Y, X).
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@ Example: fit a multi-equations model with OLS

Example 15.1. Let’s simulate n observations for the regressors X from a multivariate
normal distribution with parameters

0.5 0.5 0.2 0.1
py=105| y=[02 1.2 01].
0.5 0.1 01 0.3

Then, to construct two dependent variables we simulate a matrix p x £ = 6 for the
parameters b from a standard normal, i.e. for j =1,...,6, b; ~ N (0,1) and the intercept
parameters a from a uniform distribution in [0,1], i.e.

b — <b1,1 b1 b1,3) a — (%) '
pXk b271 b272 b273 p><1 CL2
Thus, for i = 1,...,n, one obtains a multi-equation model of the form:
Yii=Bo1+B11Xi1 +B810Xi0+ B1pXiz +ui
Yio=B8o2+ Bo1Xi1+B20X;0+ 8o X3+

where u, ; and u, , are simulated from multivariate normal random variables with true

covariance matrix equal to:
0.55 0.3
Cofu} = (0.3 0.70) ‘

Table 15.2: Fitted parameters

Parameter b, b, b,
True 0.8500 -0.9253 0.8936
True -0.9410 0.5390 -0.1820
Fitted 0.8457 -0.8699 0.9396
Fitted -0.9532  0.5518  -0.1804

Table 15.3: Fitted parameters

Parameter a; a,
True 0.8137 0.8068
Fitted 0.7942 0.7423
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16 Generalized least squares

References: Chapter 3. Gardini A. (2007).

16.1 Working hypothesis

The assumptions of the generalized least squares estimator are:

1. The linear model approximates the conditional expectation, i.e. E{Y; | x;} = x/b.

2. The conditional variance of the response variable Y depends on the observation 4,
ie. V{Y; | x;} = 0? with 0 < 07 < oo for all 4 with i = 1, ..., n.

3. The response variables Y are correlated, i.e. Co{Y;,Y; | x;} = o;; for all i # j and
i j=1,..,n.

Equivalently, the formulation of the assumptions in terms of the stochastic component u is

1. The residuals have mean zero, i.e. E{u, | x;,} =0 for all i with i =1,...,n.

2. The conditional variance of the residuals depends on the observation i, i.e. V{u, | x;} = o2
with 0 < 0?7 < oc.

3. The residuals are correlated, i.e. Cv{u;,u; | x,} = 0;; forall i # jand i,j =1,...,n.

In this case, the variance-covariance matrix X is defined as in Equation 14.15 and contains the
variances and the covariances between the observations.

16.2 Generalized least squares estimator

Proposition 16.1 (Generalized Least Squares (GLS)). The generalized least squares estimator

(GLS) is the function QGLS that minimizes the weighted sum of the squared residuals and returns
an estimate of the true parameter b, i.e.

Q“"(b) = a(b) TS u(b). (16.1)
Formally, the GLS estimator is the solution of the following minimization problem, i.e.

b5 = argmin { QGLS(b)} . (16.2)
bcO,
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Notably, if X and ¥ are non-singular, one obtains an analytic expression, i.e.

b = (XTY X)X Ty y. (16.3)

Singularity of X or X

The solution is available if and only if X and ¥ are non-singular. In practice, the
conditions are:

1. rank(X) = n for the inversion of X.
2. rank(X) = k and condition 1. for the inversion of X% 'X.

Proof: Proposition 16.1

Proof. Let’s prove the optimal solution in Proposition 16.1. Developing the optimization
problem in Equation 16.1:

Q™(b) = a(b) "= a(b) =

= (y—Xb)'S ' (y —Xb) =

=y ¥ ly—2b' X' 'y+b'X'E 'Xb
In order to minimize the above expression, let’s compute the first derivative of QGLS(b)
with respect to b

GLS

dQ ™" (b)
db

Then, setting the above expression equal to zero and solving for b = b%™S gives the
solution, i.e.

= 22Xy 'y + 2XTy 'Xb.

bOLS — (XTe 'X)1XTx 'y,

Proposition 16.2 (Two-stage derivation of GLS estimator). The GLS estimator in Equa-
tion 16.3 can be equivalently recovered as

bGLS — (XTTTTx)fleTTTy,
where T = A" Y2%eT with ¥ = eAe” and

e A is the diagonal matrix containing the eigenvalues of .
e e is the matriz with the eigenvectors of ¥ that satisfies the following relation, i.e. e

T
ee' =J,.

Te —
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1/2
/eT

Moreover, the matriz T = A~ satisfies the product:

T T=eA AT =eA el =% (16.4)

Proof: Proposition 16.2
Proof. Let’s consider a linear model of the form
y = Xb + u,

and let’s apply some (unknown) transformation matrix T, ., by multiplying on both
sides, i.e.

Ty=TXb+
4 4 Y
y = Xb +

In this context, the conditional expectation of ¥ reads
E{y | X} = Xb,
while its conditional variance reads
V{y|X}=V{a|X}=TxT".

The next step is to identify a suitable transformation matrix T such that the conditional
variance becomes equal to the identity matrix (Equation 31.3), i.e.

via|X}=1,.

In this way, it is possible to work under the Gauss-Markov assumptions (Theorem 15.1),
obtaining an estimator with minimum variance.
A possible way to identify T is to decompose the variance-covariance matrix (Equa-
tion 14.15) as follows

Y=—ele! N '=eAlel

where A is the diagonal matrix containing the eigenvalues and e is the matrix with the
eigenvectors that satisfy the following relation, i.c. e'e = ee’ = | B

Thus, for the particular choice of T = ATY 2eT, one obtains a conditional variance equal
to 1 for all the observations, i.e.

V{ia| X} =TT =
= (A_1/2 el)eAe’ (eA_1/2) =
—APANTP =g

n
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where J,, ,, reads as in Equation 31.2. Finally, substituting X = TX in the OLS formula
(Equation 15.3) and using the result Equation 16.4, one obtains exactly the GLS estimator
in Equation 16.3, i.e.
pGLS — (XTX)—lXT~ _
=X'TITX)"'X'"T'Ty =
= (X' 'X)1XTsly

16.3 Properties GLS

Theorem 16.1 (Aitken theorem). Under the following working hypotheses, also called Aitken
hypotheses, i.e.

1. y=Xb +u.

2. E{u} =0.

3. E{uu'} =%, i.e. heteroskedastic and correlated errors.

4. X is non-stochastic and independent from the errors u for all n’s.

The Generalized Least Squares (GLS) estimator is BLUE (Best Linear Unbiased Esti-
mator), where “best” stands for the estimator with minimum variance in the class of linear
unbiased estimators of b.

Proposition 16.3 (Properties GLS estimator).

1. Unbiased: b is correct and its conditional expectation is equal to the true parameter
in the population, i.e.
E{b%| X} =b. (16.5)

2. Linear in the sense that it can be written as a linear combination of y and X, i.e. b¢L5 =
Ay, where A, does not depend on'y, i.e.

bS—Ay A, =X'T'X)IXTn (16.6)

3. Under the Aitken hypotheses (Theorem 16.1) it has minimum variance in the class of
the unbiased linear estimators and it reads:

V{bCLS | X} = (X' 'X) L. (16.7)
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Proof: Proposition 16.3

Proof. The GLS estimator is correct. Its expected value is computed from Equation 16.3
and, substituting Equation 14.11, is equal to the true parameter in the population, i.e.
E{bClS | X} = E{(XTY'X) X ¥ 'y} =
—E{(XTS'X)"XTS ' (Xb+u)} =
= (X" X) X" ' Xb 4+ (X2 X) X T T E{u | X} =
=b
Under the assumption of heteroskedastic and correlated observations, the conditional

variance of b%LS follows similarly as for the OLS case (Equation 15.12) but with V{u |
X} =%, ie

V{bCLS | X} = (X' 'X)IX TS 'Wu | X} ' X(XTe X)L =

- X)
= (X' X)X TIX(X Ty X)L =
= (XX XTsIX(XTy X)L =
— (X'y'x)?
where Equation 15.10 becomes a special case of Equation 16.7 where ¥ = ¢21,,. ]

139




17 Restricted least squares

References: Chapters 3.7, 3.8, 4.2 Gardini A. (2007).

Let’s consider a generic univariate linear model with k regressors, namely

and suppose that we are interested in testing whether the coeflicient b, is statistically different
from a certain value r known a priori. In this case, the null hypothesis can be equivalently
represented using a more flexible matrix notation, i.e.

where

R'=(0..1..0).

kex1 j-th position

Hence, the linear restriction in Equation 17.1 can be written in matrix form as
by

e o
To k];:}l klg1 1£1_191 = ((jthpiauor?) bJ <T> - <0>

b‘k
17.1 Multiple restrictions

Let’s consider multiple restrictions, i.e.

Hy: (1) by —by =0 by and by have the same effect
(2) bg+0by=1 by plus by has a unit root

Let’s construct the vector for (1) (first column of R) and (2) (second column of R), i.e.

by
. B 1 -1 0 0\[b]| (0 (o0
2134 4‘31 2£17291 ~ (0 0 1 1) bs <1)(0>
R by r
b
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17.2 Restricted least squares

Proposition 17.1 (Restricted Least Squares (RLS) estimator). Let’s consider a linear model
under the OLS assumptions and let’s consider a set of m linear hypotheses on the parameters
of the model taking the form

Hy: R 'b—r = 0.

mxk kx1 mx1 mx1

Therefore, the optimization problem becomes restricted to the space of parameters that satzsﬁes
the conditions. More precisely, the space @b, which is a subset of the parameter space @b C 0
where the linear constraint holds true, is defined as

O, ={beR:Rb—r=0}.
Hence, the optimization problem in Equation 15.2 is restricted to only the parameters that
satisfy the constraint.

Formally, the RLS estimator is the solution of the following minimization problem, i.e.

bALS = argmm{QOLS )} . (17.2)
bcOy

where QOLS reads as in the OLS case (Equation 15.1). Notably, the analytic solution for b5
reads
bRLS = pOLS _ (XTX) 'R [RT(XTX)"'R] " (RTbOLS —1). (17.3)

Proof: Proposition 17.1

Proof. In order to solve the minimization problem in Equation 17.2, let’s construct the
Lagrangian (Equation 31.11) as

Q"™ (b, A) = Q") — 22" (RTb —1).
Then, one obtains the following system of equations, i.e.

9,Q" (b, \) = —2XTy +2X ' Xb—2RA=0 (4)
9,Q"M™ b, \) = —2Rb—1)=0 (B)

Let’s first solve explicitly b = bR from (A), i.e.

bRLS — (XTX) 1xTy _ (XTX)ilR)\ —

174
=DbOL% — (XTX)"'RA a7-4)
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and substitute the result in (B), i.e.

RS —r =0
= R [b% — (XTX)'R)\ —-r=0
= R _RTI(X'X)'RA\—r=0
= RTbOY —r=[RT(X"X) 'R] A

Hence, it is possible to express the Lagrange multipliers \ as:
A=[RT(XTX)'R]” (RTbOS — ). (17.5)
Finally, substituting A (Equation 17.5) in Equation 17.4 gives the optimal solution, i.e.
bRLS — pOLS _ (XTX)'R [RT(XTX>71R]*1 (RTHOLS 1),

Note that if the constraints hold true in the OLS estimate, #, is true and therefore
R"bOS_—r = 0. Hence, the RLS and OLS parameters are the same, i.e. bRS = bOLS. [

Proposition 17.2 (Expectation RLS estimator). The RLS estimator (Equation 17.3) is cor-
rect for the true parameter in the population b if and only if the restrictions imposed by F

are true in the population, i.e. its expected value is computed as:

E(b™5| X} =b— (X'X)"R[R'(X'X)"'R] " (R"b—r), (17.6)

where E{b®"% | X} = b only if the second component is zero, which happens only when J,

holds true and so RTb —r = 0.

Proof: Proposition 17.2

Proof. Let’s apply the expected value on Equation 17.3 remembering that X, R and r are
non-stochastic and that bO™ is correct (Equation 15.8). Developing the computations
gives:

E{bRLS | X} = E{bOIS | X} — {(XTX)*lR [RT(XTX)'R] " (RTbOLS —y) | X} -
—b— (X"X)'R[RT(XTX)"'R] " (RTE{bOMS | X} —r) =
—b— (X'X)"'R[RT(X"X)'R] " (R"b—1)
Hence, bR is correct if and only if the restriction holds true in the population, i.e.

E{bRS | X} =b <= R'b—r=0.
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Proposition 17.3 (Variance RLS estimator). The variance of the RLS estimator (Equa-

tion 17.3)

V{bALS} — V{bOLS} — o2 (XTX)'R[RT(X"X)'R]  RT(X"X).

It is interesting to note that the variance of the RLS estimator is always lower than or equal

to the variance of the OLS estimator; in fact,

W{bRLS} < \/{bOLS}'

Proof: Proposition 17.3

Proof. In order to compute the variance of the RLS estimator, let’s apply the variance
operator to Equation 17.3, i.e.

V{bRLSY — V{pOLS} v {(XTx>71R [RT<XTx)71R]_1 RTbOLS} '
Let’s denote with R, the matrix
R, = (X'X)'R[RT(X'X)'R] 'R,
and let’s bring it outside the variance, i.e.
V{bRLS} = V{pOLS} — R _V{bOLS}R].

Moreover, substituting the expression of the variance of b°" (Equation 15.10), one

obtains
V{bELS} = V{bOLS} — 2. R (XTX)'R].

Developing the matrix multiplication gives

R, (X'X) 'R} = (X'X)"'"R[RT(X'"X)'R] "
= (XTX)"'R[RT(XTX)'R]  RT(XTX) !

RTX'X)'RR(X'X)'R] 'RT(X"

X)~1

17.3 A test for linear restrictions

Under the assumption of normality of the error terms, it is possible to derive a statistic to test
the significance of the linear restrictions imposed by R'b —r = 0. Let’s test the validity of

the null hypothesis /|, against its alternative hypothesis 7, i.e.
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Under normality, the OLS estimates are multivariate normal, thus applying the scaling prop-
erty one obtains that the distribution under 7, is normal, i.e.

R'bAS _r~ NR'b—r1, 02-RT(X'X)"'R). (17.7)

Thus, we can write the statistic

W =

m

"Rb—1) (RT(X'X)"'R)"(R"b —r). (17.8)

hY
ErciBas

If we work under #,, then the mean in Equation 17.7 is zero, i.e.

RTbRLS —r -~ N(0,02 - RT(XTX)"'R).
0
Recalling the relation (Section 32.1.1) between the distribution of the quadratic form of a
multivariate normal and the y? distribution, then the test statistic

W,, ~ x3(m), (17.9)

has x2?(m) distribution, with m the number of restrictions.

Instead, under 7, the distribution of the linear restriction is exactly equal to Equation 17.7.
Thus, applying property 4 in Section 32.1.1, one obtains that the test statistic is distributed
as a noncentral x2(m,d), i.e.

4 2
W X (m,d), (17.10)

1

m

where the noncentrality parameter ¢ reads

0= 01121 ‘R'b—1)T" [RT(XTX)_IRT1 (R"b—r1) > 0.
As a general decision rule, J{ is rejected if the statistic in Equation 17.9 is greater than the
quantile with significance level a of a x?(m) random variable. Such critical value, denoted by
q,, represents the value for which the probability that a x2(m) is greater than g, is exactly
equal to a, i.e.
P(W,, >q,) =a.
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Part IV

Time Series
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18 Time series

A stochastic process is a collection of random variables { X, },.o defined on a probability space
(2, B, P) and assuming values in R¥ with & > 1. The index set T is usually the half-line [0, c0),
but can also be an interval [a,b] or a subset of R¥.

While a stochastic process has a clear mathematical definition, a time series is a less precise
notion, and people use it to refer to two related but different objects. A time series can be
seen as a stochastic process indexed by integers or by some regular unit of time that can be
mapped to integers (e.g., minutely, hourly, daily, or monthly data). A time series can also
be understood as a collection of time-value data-point pairs, while a stochastic process is the
mathematical description of a distribution of time series. Some time series are realizations of
stochastic processes, or one can use a stochastic process as a model to generate a time series.

Definition 18.1 (Filtration). Let (€2, B,P) be a probability space and let I be an index set.
If for every t € T one has that 7, is a sub-c-algebra of B and for every k£ < t it holds that
F . C F,, then the family of sub-o-algebras denoted by

{?t}tETa

is called a filtration.

For example, consider a stochastic process {X,, },cy and the sequence of sub-o-algebras gen-
erated by X;, X5, ..., X,,. Then &, is a o-algebra and {F,,},,c\ is a filtration, also called the
natural filtration, with respect to {X,, },,cy. Formally, &, is the smallest o-algebra containing
all events observable up to the index n, i.e.

Ty =0(Xo)
Ty =0(FgUo(X,y)) =o(Xy, Xy)
o(Xo, X1, Xy)

Fo=0(F Uo(Xy)) =

? :U(‘?dnil UU(X”/L)) :0_<X07X17X27...7Xn>

n
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18.1 Stationarity

Definition 18.2 (Strongly stationary). A stochastic process {X,},cs is said to be strongly
stationary if and only if for all finite collections of indices ¢4, t,, ... ,t,, € T and every shift h
such that t; + h,...,t, +h e T,

I]D(th ) Xt27 7Xt"> = [P(Xt1+h7 Xt2+h7 7th+h>'
meaning that the joint distribution of an arbitrary number of random variables
X, . Xy,,-., X, does not change when shifting the process, upward or downward, by a
step h.

Definition 18.3 (Weakly stationary). A stochastic process {X,},.s is said to be weakly
stationary (or covariance stationary) if and only if

1. E{X,} = p and |u| < oo for every t € T;
2. E{X?} < oo for every t € T;
3. Co{X,, X} =~(h) and |y(h)| < oo for every t € T and every admissible lag h.

Hence, the covariance 7(h) of a weakly stationary process does not depend on time ¢, but only
on the temporal lag h between two observations.

Strong and weak stationarity

In general, strong stationarity (Definition 18.2) does not imply weak stationarity unless
the second moment is finite. For example, an independent and identically distributed
Cauchy process is strongly stationary, but since its expectation and variance are not
finite, the process is not weakly stationary. Conversely, weak stationarity does not imply
strong stationarity, because it controls only the first two moments and not the full joint
distribution.

18.2 Notable processes

Definition 18.4 (IID process). A time series { X, },cs where each X, is independent from the
others and all X, have the same distribution for all ¢ is called an independent and identically
distributed process (IID). Such a process, usually denoted as X, ~ IID(0,0?), is strongly
stationary (Definition 18.2). Moreover, if the mean and variance are finite, the covariance is
zero and the process is also weakly stationary (Definition 18.3), i.e.

Vt(h) = CU{XUXtJrh} - [E{XtXtJrh} - [E{Xt}[E{Xt+h} =0, h 7& 0.
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Definition 18.5 (White noise). A stochastic process { X, };cs, commonly denoted as
X, ~ WN(0,0?). (18.1)
is called White Noise if it satisfies the following properties:

1. The expectation is equal to zero, i.e. E{X,} =0 forallt € T.
2. The variance is finite and constant for all t € T, i.e. V{X,} = 0% < 0.
3. The process is uncorrelated over time for all ¢ # k, i.e. Co{X,, X;.} = 0.

A White Noise process is weakly stationary (Definition 18.3). In fact, the autocovariance
function of the process depends on the lag, but not on time, i.e. it is equal to the variance for
t = s and is zero otherwise. This process is more general than an IID process (Definition 18.4),
since it does not require the stochastic independence of the time series for all ¢.

18.2.1 Martingales

Definition 18.6 (Martingale). Let’s consider a probability space (€2, 3,P) and stochastic
process {M, },.. Then, given a filtration F, namely {F,},.s, the stochastic process M, is a
martingale with respect to the filtration {F,},cs if

1. M, is adapted to F, in the sense that M, is included in the information contained in 7,
i.e. M, is F ,-measurable.
2. E{|M,|} < oo for every t.
3. Forany 0 < k <t
E{M, | F.} = M,. (18.2)

Definition 18.7 (Martingale difference sequence). Let’s consider a probability space (£, B, P)
and stochastic process { D, },.5. Then, given a filtration #, namely {F, },.7, the stochastic pro-
cess D, is a martingale difference sequence (MDS) with respect to the filtration {7, },.o
if D, is integrable, J,-measurable and for any 0 < k <t

E{D, | F,} =0. (18.3)

This implies that D, is a mean-zero process uncorrelated with any information contained in
F,_1. The definition can be extended to a case where the filtration J,_; also includes other
processes X,. In this case, D, is said to be an MDS conditional on X, if the same condition
in Equation 18.3 holds.
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Super and sub-martingales

A stochastic process {X, },7 is said to be a sub-martingale if instead of Equation 18.2
we have that for any 0 < k < t,

E{X, | F.} > X,. (18.4)
On the other hand it is said to be a super-martingale if
E{X, | F.} <X, (18.5)

From the above definitions, it follows that to be a martingale (or an MDS) a stochastic
process must be both a super-martingale and a sub-martingale.

Sub—-martingales Martingales Super—martingales
40 1
30 1
5 20+
vlr' m\v/"“ N
10 A f‘*\ /"' ‘
/ ""'v /"
T, 4 i
01 V"""’/: 54 i
. va ‘é W\,

0 25 50 75 100 0 25 50 75 100
time

Figure 18.1: Simulation of a sub-martingale, martingale and super-martingale with ex-
pected value (red).

The concept of martingales is connected to the concept of predictability of a stochastic pro-
cess.

Definition 18.8 (Predictable process).

stochastic process {4, },co. Then, let’s define a sequence of sub-o fields of B, namely {F, },c.
Then, the stochastic process A, is predictable if

1. Ay € Fy;
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2. For any ¢t > 0 we have that A,,, € F,.

Then, we call the process predictable and increasing if 0 = 4; < A4; < A, < ...

Theorem 18.1 (Doob decomposition). Any sub-martingale {X,},co can be written in a unique
way as the sum of a martingale {M,},c+ and an increasing process {A;}cr, i.e.

Xt :Mt+At'

18.3 Lag operator

The lag operator L is a function that allows us to translate a time series in time. In general,
the lag operator associates y, with its lagged value y,_;, i.e.

L(y) = yy1- (18.6)

More formally, L is the operator that takes one whole time series and produces another; the
second time series is the same as the first, but moved backwards or forward one point in time.
From the definition, we list some properties related to the lag operator, i.e.

1. Backward L*(y,) =y, .
2. Forward L *(y,) =y,
3. Llay, +bx,) = ay, 1 +bry ;.

18.3.1 Polynomial of Lag operator

Given a time series y,, it is possible to define polynomials of the lag operator, i.e.

p
QL)Y =y + Pry 1+ + Yy = Z PiYy—i-
i=0

where in general

p
O(L) =1+ ¢ L+ 6oL + 4 6,10 = > ¢, 1. (18.7)
=0

For the polynomial ¢(L), the following factorization holds:

(o= 22) - ) o 22) - 2).

where 2, ..., z;, are the complex solutions of the characteristic equation, i.e.

B(2) =14 ¢z + 2% + -+ + @28 = 0.
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For autoregressive lag polynomials, the roots being outside the unit circle is the condition that
makes the inverse lag polynomial well defined as a convergent power series, i.e.

1
Z

In other words, the modulus of the solutions must lie outside the unit circle; otherwise the
geometric expansion of the inverse is not convergent. The factorization of the lag polynomial
allows us to define its inverse, i.e.

D 1 -1
-1 _ -
o) =1] (1 z-L> ;

i=1 ?
In fact, the inverse of a factor (1—a;L) can be expressed with a Taylor expansion as an infinite
sum if and only if |a;| < 1, i.e.

1 o~ o
3=0

that is equivalent to |z;| > 1 for all i since a; = .

i

@ AR(1) and geometric series

For example, let’s consider an Autoregressive process of order 1, i.e.

Y=y +e = oLy, =¢ <= y,=¢ (Le,

In fact,
P(L)y, =Y, — P11 =
=Yy — 1Ly, =
=y (1—01L)

Considering such a polynomial, its inverse polynomial ¢(L)~!, defined such that
é(L)p~1(L) = 1, is defined as a geometric series, i.e.

[e%e] o 1
¢~ (L) :1+¢1L+(¢1L)2+"':Z¢J1LJ :m = |l <1,
=0

that converges if and only if |¢,| < 1. Moreover, if |¢,| < 1 it is possible to prove that
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¢ (L) is indeed the inverse polynomial of ¢(L), in fact:

(D)6 (L) = (1 6,1) -3 (L) =

7=0

(¢ L) — dnLZ ¢ L)7

g

(¢71L) Z(¢1L)j+1 =

<.
Il
o

M 1P||18 1
Mg

(61L)) = ) (LY +1=1

<.
Il
o
Il
o

J

Therefore, the process y, can be equivalently expressed as:

yy = ¢ (L)e, = Z Qs{et—j
=0

The factorization of any polynomial of the form of ¢(L) is connected to the convergence
of the following geometric series, i.e.

quf — = ¢l <1

3.04

0.84
2.59
Z A A N
2.04 0.64 0.588
\/ V

1.5

0.4

1.0

T T T T T T T T T T v T T v v v T T T T
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
i i

(a) 0<a< 1. (b) -1<a<0.

Figure 18.2: Convergent series for AR(1) parameter (I).

Another important series that converges if and only if |a| < 1, i.e.

o0
Zam 5 = la| < 1.
1=0
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Due to the square, in this case we do not distinguish between 0 < a <1l and —1 <a <0
since they lead to the same result.

lal <1
1.961
1.75 1
“®  1.50-
8 NT
1.25
1.00 -
T T T T T T T T T T
0 2 4 6 8 10 12 14 16 18

Figure 18.3: Convergent series for AR(1) parameter (II).
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19 MA and AR processes

19.1 MA(q)
In time series analysis, a univariate time series Y, is defined as a Moving Average process with
order q (MA(q)) when it satisfies the difference equation, i.e.

Yt = Uy + 01ut—1 + ot Hqut—q’ (191)

where u, ~ WN(0,02) (Definition 18.5). An MA(q) process can be equivalently expressed as
a polynomial in 6 of the Lag operator (Equation 18.7), i.e.

Y, =0O(L)u,, u, ~WN(0,02),
where ©(L) is a polynomial of the form ©(L) =1+ 6, L+ -+, L9. Given this representation,
it is clear that an MA(q) process is stationary independently of the value of the parameters.

Moreover, the stationary process Y, admits an infinite moving average or MA(oco) repre-
sentation (see Wold (1939)) if it satisfies the difference equation, i.e.

[ee]
Y = W(L)u, =uy +hyuy y +- = ijutfp Yo =1,
=0

under the following summability condition the process is covariance stationary; with standard
regularity conditions on the innovations, it is also ergodic, i.e.

o0
> | < oo
J=0

If the above condition holds, then the MA(oco) process can be written in compact form as:

Y;‘/ = \I’(L)uta Uy ~ WN(()?O%)’ ‘II(L> = Z¢1LJ
7=0

Proposition 19.1 (Expectation of an MA(q)). In general, the expected value of an MA(q)
process depends on the distribution of u,. Under the standard assumption that u, is a White
Noise (Equation 18.1), its expected value is equal to zero for everyt, i.e.

E{Y,} = ieiE{utﬂ'} =0.
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Proof: Proposition 19.1

Proof. Given a process Y, such that E{Y,} = pu, it is always possible to simply
reparametrize the Equation 19.1 as:
}/t == /,L + ut + Qlutfl —'I_ + Oqutiq,

~

or rescale the process, i.e. Y, =Y, — u, and work with a process with zero mean. Then,
let’s consider an MA process of order q; the expectation of the process is computed as

q q
E{Y;} =E {Ut + Z eiuti} = Zeiﬂz{utfi} =0
-1 =0

Hence, the expected value of Y, depends on the expected value of the residuals u,, which
under the White Noise assumption is zero for every t. O

Proposition 19.2 (Autocovariance of an MA(q)). For every lag k > 0, the autocovariance
function, denoted as vy, is defined as:

—k
on Zj-zg 00 k<gq
0

Ye = Co{Y,, Y, 1} = {
k>q

where by convention 0, = 1.

The covariance is different from zero only when the lag k is less than or equal to the order of
the process q. Setting k = 0, one obtains the variance V{Y,}, i.e.

q
Yo = 0320? =o02(1+67+-+02).
=0

It follows that the autocorrelation function is bounded up to the lag q, i.e.

1 k=0
— ngjjejejm 0 k<
Pk =\ arair oy VSR Sd
0 k>q

where p, = Cr{Y,, Y, ,}.

19.1.1 MA(1)

Proposition 19.3 (Moments of an MA(1)). Let’s consider a process Y, ~ MA(1), i.e.

Yi=p+01u 4 +uy.
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Independently from the specific distribution of u,, the process has to be a White Noise, hence
with expected value equal to zero. Therefore, the expectation of an MA(1) process is equal to
W, i.e. E{Y,} = p. The variance instead is equal to

Yo =V{Y;} = ol (1+67).
In general, the autocovariance function for order k is defined as

=Cuv{Y,Y, .} =
Tk {t tk} {0 E>1

It follows that the autocovariance function is bounded up to the first lag, i.e.
> il = on(1+6; +16)),
k=0

and therefore the process is always stationary without requiring any condition on the parameter
0,. Also, the autocorrelation is different from zero only between the first two lags, i.e. the
process s satd to have a short memory

1 k=20

o
p=Cr{Y, Y, 4} =45 k=1
0 k>1

Proof: Proposition 19.3

Proof. Let’s consider an MA(1) process Y, = p + 6,u,_; + u,, where u, is a White Noise
process (Equation 18.1). The expected value of Y, depends on the intercept u, i.e.

E{Y;} = p+ 60 E{u,_, } + E{u,} = p.

Under the White Noise assumption the residuals are uncorrelated, hence the variance is
computed as
Yo =V{p+u +6iu 4} =
= V{u, + 0uy 1} =
= V{u,} + 07V{u,_} =
=02+ 0202 =
=02(1+6%)

By definition, the autocovariance function between time ¢ and a generic lagged value t—k
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reads

Ve = Co{Y,, Y, 4}

=YY, ) —HYJHY, ) =

= E{(p 4wy + Oy ) (o +wyg + Oyuy g q)} — p* =

= E{uguy_y,} + 01 E{uy_juy g} + 01 E{uuy_yy} 4+ O7E{u,_quy_p g+

+ 1%+ pE{uy g} + p0 E{uy g} pE{ug} + p0 E{u, g} =

o2(1+62) k=0

=< 6,02 k=1
0 k>1

This is a consequence of u, being a White Noise and so uncorrelated in time,

ie. E{uu,_} = 0 for every k # 0. This implies that the correlation between two
lags is also zero if k > 1. O

@ Example: stationary MA(1)

Example 19.1. Under the assumption that the residuals are Gaussian, i.e. u, ~ N (0, 02),
we can simulate scenarios of a moving-average process of order 1 of the form

Y, ~MA(l) < Y, = pu+0u,_q +u,. (19.2)

1. Next step dynamics from Equation 19.2.
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Figure 19.1: Simulation of an MA(1) process with long-term expected value (red, top)
and empirical autocovariance for the first 30 lags (bottom).

In Table 19.1 we compute the expectation, variance and covariance on simulated values
and according to the formulas in Proposition 19.3.

Statistic Formula  Monte Carlo |Error|
E{Y,} 1.0000000 0.9974245 0.258%
V{Y;} 1.0225000 1.0301274  -0.74%
CwY,,Y, ,} 0.1500000 0.1513608 -0.899%
CriY, Y, |} 0.1466993 0.1469331 -0.159%

Table 19.1: Empirical and theoretical expectation, variance, covariance and correlation
(first lag) for a stationary MA(1) process.

19.2 AR(P)

In time series analysis, a univariate time series Y, is defined as an autoregressive process of
order p (AR(p)) when it satisfies the difference equation, i.e.

Y, =p+¢ Y+ + 0, +uy, (19.3)
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where p defines the order of the process and u, ~ WN(0, ¢2). In compact form:

P
Y, = M+Z¢¢Y;t—i+ut'
i—1

An autoregressive process can be equivalently expressed in terms of the polynomial operator,
ie.

B(L)Y, = ptuy, B(L) = 1— ¢ L—-— 6, LP.
From Section 18.3.1 it follows that a stationary AR(p) process exists if and only if all the

solutions of the characteristic equations, i.e. #(z) = 0, are greater than 1 in absolute value. In
such a case, the AR(p) process admits an equivalent representation in terms of MA(c0), i.e.

1
_ — -1 _
}/t [E{Yt}_é(L> ut_ 17¢1L7‘”7¢prut
00
= (L4 L+l + . )y, = Z@Z)iutﬂ'-
=0

Proposition 19.4 (Expectation of an AR(p)). The unconditional expected value of a station-

ary AR (p) process reads

E(Y) =

Proof: Proposition 19.4

Proof. Let’s consider an AR(p) process Y;, then the unconditional expectation of the
process is computed as

E{Y;} =E {u+ > Y, +ut} =

=1

p
=p+ Y GE{Y, )+ E{u,} =
=1

P
=p+ Z o, E{Y:}
=1

Since, under the assumption of stationarity, the long-term expectation of E{Y,_,} is the
same as the long-term expectation of E{Y,}. Hence, solving for the expected value, one
obtains:

E{Y;} (1_Z¢i> =p = EHY,} = 1_Z:Mp¢
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If the AR(p) process is stationary, the covariance function satisfies the recursive relation, i.e.
Ve = P1 V-1 — %%—p =0

Yo =1 + o+ by, + o

where v_;, = v,. For k=0, ..., p, the above equations form a system of p + 1 linear equations
in p + 1 unknowns 7, ..., 7, also known as Yule-Walker equations.

Proposition 19.5 (Variance of an AR(1)). Let’s consider an AR(1) model without intercept
so that E{Y,} = 0. Then, its covariance function reads:

00 _ % Y = ¢k

Proof: Proposition 19.5

Proof. Let’s consider an AR(1) model without intercept so that E{Y,} =0, i.e.
Yi=¢1Y 0 +ug

The proof of the covariance function is divided in two parts. Firstly, we compute the
variance and covariances of the AR(1) model. Then, we set the system and we solve it.
Notably, the variance of Y, reads:

Yo = V{Vi} = H{Y?} - H{Y ) = E{Y?} =
=HY (1Y, +u)} =
=YY, o+ E{Yu} =
= ¢17, + o

(19.4)

remembering that E{Y,u,} = E{u?}. The covariance with first lag, namely 7, is computed

as:
1 =CulY,, Y, 1} =E{(1Y, 1 +u)Y, 1} =

= ¢1[E{}Q%1} = 917
The Yule-Walker system is given by Equation 19.4, Equation 19.5, i.e.
Yo =¢1m + o (L)
1= $1% (Ly)

In order to solve the system, let’s substitute 7; (Equation 19.5) in v, (Equation 19.4)
and solve for v, i.e.

(19.5)

2
{’Yo = ¢%702+ o= 13‘;,; (Lo)
"= ¢11i7;g (L1>
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Hence, by the relation v, = ¢;v,_; the covariance reads explicitly:

or k
Ve = q‘lﬁl = %91

Proposition 19.6 (Variance of an AR(2)). Let’s consider an AR(2) model without intercept
so that E{Y,} = 0. Then, its covariance function reads:

70:7%03 k=0

B 71 = Y1% k=1
Y =

Y2 = V2o k=2

Ve = P1 V-1t P2Vp2 k=3
where
Yo = (1— ¢y — doihy) "
Py =y (1—¢g) "
Yy =16y + Py

Proof: Proposition 19.6
Proof. Let’s consider an AR(2) model without intercept so that E{Y,} =0, i.e.
Yi=¢1Y 1+ Y 5+,

The proof of the covariance function is divided in two parts. Firstly, we compute the
variance and covariances of the AR(2) model. Then, we set the system and we solve it.
Notably, the variance of Y, reads:

7 = V{Y,} = H{Y?} - H{Y,}? = E{Y?} =
=HY, (1Y, 1 + 92Y, o tuy)} =
= 0 E{YY, 1} + 0. EH{Y,Y, o + E{Yu,} =
= 0171 + P72 + Ua

(19.6)

remembering that E{Y,u,} = E{u?}. The covariance with first lag, namely v, is computed

as:
1 =Co{Y,, Y, 1} = (oY, 1 + Y o +u)Y, 4} =

= ¢1[E{Yt%1} + ¢2[E{Yt—2yt—1} = (19-7)
= 1% T P2m
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The covariance with second lag, namely 7, is computed as:
Yo =Co{Y,, Y, o} = E{(¢1Y, 1 + &Y, o +u,)Y, o} =

= 0\ E{Y, 1Y, o} + 9o E{Y? 5} = (19.8)
=01 + P2%

The Yule-Walker system is given by Equation 19.6, Equation 19.7 and Equation 19.8, i.e.
Yo =b1m + P2ve +on (L)

71 = G170 + G (Ly)
Yo = ¢171 + P20 (L)

In order to solve the system, let’s start by solving for 7, (Equation 19.7) in terms of ~,
in Ly, ie.

1 — ¢,
y
Substituting 7, from Equation 19.9 into v, (Equation 19.8) in L, gives:

Yo = (Y161 + H2)79 = Y20 (19.10)
P

M= ( o1 )’Yo = ¥17- (19.9)

Finally, substituting v, (Equation 19.9) and +, (Equation 19.10) into 7, (Equation 19.6)
in L, gives an explicit expression of the variance of Y}, i.e.

1 2 2
Yo = o5 = Py05.
O 1910 — oty ’
Yo
Covariance Formula MonteCarlo
V{Y,} 1.1363636 1.1366947

Cv{Y,, Y,_;} 0.3787879 0.3790032
Cv{Y,,Y, ,} 0.2272727 0.2274017
Cv{Y,,Y, 5} 0.1060606 0.1064418
Cuw{Y,,Y,_,} 0.0545455 0.0548409
Cv{Y,,Y, s} 0.0269697 0.0271296
Table 19.2: Theoretical long-term variance and covariances computed on 500 Monte Carlo
simulations (t = 100000).
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Proposition 19.7 (Variance of an AR(3)). Let’s consider an AR(8) model without intercept
so that E{Y,} = 0. Then, its covariance function reads:

Yo = %03 k=0
71 = V1% k=1
e = Y2 = Y20 k=2
Y3 = Y37 k=3
Vi = P1Vk—1 T P2 V2 T P33 k=4

where

Yo = (1 — Prhy — athg — b3h3)

Py = (¢1 + Pad3) (1 — g — d3 — d1¢03) "
Yy = 9191 + P31 + ¢y

Y3 = 9105 + Pty + @3

Proof: Proposition 19.7
Proof. Let’s consider an AR(3) model without intercept so that E{Y,} =0, i.e.
Yi=01Y g+ Y, o+ ¢3Y, 3+,
where u, ~ WN(0,02). Notably, the variance is computed as:
% =V{Y;} = H{Y?} - E{Y;}? =

— ()=
=KY (01Y, 1 + &Y, o+ @3, 5+ u,)} = (19.11)
=0 E{YY, 1} + 0o E{Y, Y, o} 4+ o5 E{V,Y, 5} + E{Viu, } =
= o171 + b2%2 + P373 + 0

remembering that E{Y,u,} = E{u?}. The covariance with first lag, namely v, is computed
as:

1 =Co{Y, Y, 1} = E{(oY, ) + Y, o+ @3Y, 3 +u,)Y, )=
= O E{Y2 } 4+ o E{Y, oY, 1} 4+ osE{Y, 3Y, 1} = (19.12)
=17 + P + D372
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The covariance with second lag, namely 7, is computed as:

Yo =Co{Y,, Y, o} = E{(¢1Y, 1 + Y, o+ d3Y, 3 +u,)Y, o} =
= ¢1 [E{Y;s—ﬂ/;—z} + ¢2[E{Yt2—2} + ¢3[E{Ke—3yt—2} = (19-13)
= Q171 + D2 + O3M1

The covariance with third lag, namely 75 is computed as:

713 = ColY,, Y, 3} = E{(¢1Y; 1 + @Y, o+ @3Y, 3 +u,)Y, 3} =
= 0\ E{Y, 1Y, 3} + o E{Y, LY, 3} + o3 E{Y2 3} = (19.14)
= @172 + Pam1 + P37

The Yule-Walker system is given by Equation 19.11, Equation 19.12, Equation 19.13 and
Equation 19.14 reads

Yo = G171+ P2Ye + P373 +0n
Y1 = 017 + G271+ P37 (Ly
Yo = ¢171 + $2%0 + P3n (
Y3 = P172 + G271 + P37 (

Let’s start by expressing v, (Equation 19.13) in terms of v, and v, from L, i.e.

Yo = (@1 + ¢3)71 + D270, (19.15)

and let’s substitute the above expression of v, (Equation 19.15) in 7, (Equation 19.12)
from L, i.e.

Y1 = G170 + P+ P3(P1 + 3)71 + P32

At this point 7, depends only on 7, hence we can solve it:

_ b1+ 9293
L — ¢y — 03— 105
Py

71 Yo = Y1%- (19.16)

With ~; solved, one can come back to the expression of v, (Equation 19.15) and substitute
the result in v; (Equation 19.16) obtaining an explicit expression for 7,, i.e.

Yo = ($191 + P31 + d2)70 = Yo (19.17)
P

Substituting the explicit expressions of v, (Equation 19.17) and «,; (Equation 19.16) into
v5 (Equation 19.14) completes the system, i.e.

Y3 = (D195 + do¥1 + D3)70 = V37o- (19.18)
Y3
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Finally, substituting v, (Equation 19.16), v, (Equation 19.17) and ~5 (Equation 19.18)
in 7, (Equation 19.11) gives the variance, i.e.
1 2
Yo = oL
O 1= Gy — dathy — b3ty
%o

(19.19)

and

Yo = (1= dy9hy — Pothy — 3ths)

Py = (¢ + Gad3) (1 — g — 3 — d1¢5)
Yy = 0191 + @3ty + ¢y

VY3 = 010y + Oy + @3

Covariance Formula MonteCarlo

V{Y,} 1.1538304 1.1539698
Cw{Y,,Y,_;} 0.3987743 0.3987340
Cv{Y,,Y, 5} 0.2549540 0.2548339
Cw{Y,,Y, 5} 0.1740552 0.1740382
Cv{Y,,Y, 4} 0.0976507 0.0976318
Cuv{Y, Y, 5} 0.0594484 0.0594063
Table 19.3: Theoretical long-term variance and covariances computed on 500 Monte Carlo
simulations (t = 100000).

Proposition 19.8 (Variance of an AR(4)). Let’s consider an AR(4) model without intercept
so that E{Y,} = 0. Then, its covariance function reads:

(70 = @5003 k=0

Y1 = P17% =1
7k:<72:'/12’)’0 k=
Y3 = V3% k=
Y14 = Va0 k=

Ve = P1Vp—1 + P2 V2 + P3Vi3 + Py Vs k25
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where

_ P3(¢1 + 93)  D104(d1 + ¢3)

o= (25 22 raran) (1- 22
U@y + B3) o
=Ty Tiog,

3 = @195 + Pothy + P53 + P41y
7/14 = ¢1¢3 + ¢2¢2 + ¢31/’1 + ¢4
Yo = (1 — 1) — dothy — d3thy — dy1hy) "

-1
— %@@ﬁ)

Proof: Proposition 19.8

% =V{Y;} = E{Y?} - E{Y;}? =

= E{Y?} =

= 171 + Pova + P3V3 + Pyyy + 02

as:

= 017 T P271 + @372 + P43

= Q171 + P2% + D371 T PaVe
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Proof. Let’s consider an AR(4) model without intercept so that E{Y,} =0, i.e.
Yi=¢1Y 1 +02Y, o +03Y, 3+ 04Y, 4 +uy,

where u, ~ WN(0,02). Notably, the variance is computed as:

=E{Y (1Y, 1+ DY, o+ 03Y, 3+ 0.Y, 4 +uy)}t =
=YY, 1} + 0 E{VLY, o} + o3 E{Y, Y, 5} + o, B{Y,Y, o} + E{Yu, ) =

remembering that E{Y,u,} = E{u?}. The covariance with first lag, namely v, is computed

11 =Co{Yy, Y, 1} = (911 + Y o+ B3Y 5+, 4y +u,)Y, )=
= O E{Y? )+ 0o E{Y, oY, 1} 4+ o5 E{Y, 3, } + o, E{Y, .Y, } =

The covariance with second lag, namely v, is computed as:

Yo = Co{Yy, Y, o} = E{(¢1Y; 1 + Yy 0+ B3V, 5+ 4V, 4y +u,)Y; o} =
= O E{Y, 1Y, 5} + 0 E{Y2 .} + o3 E{Y, 3V, o} + o, E{Y, Y, ,} =

(19.20)

(19.21)

(19.22)




The covariance with third lag, namely 75 is computed as:

73 = Co{Yy, Y, 3} = EH{(91Y; 1 + Yy o+ B3V, 5+ 4, 4 +u,)Y; 5} =
= 0 E{Y, 1Y, 3} + 0 E{Y, LY, 5} + o3 E{Y 25} + ¢, E{Y; Y, 3} =

= 172 + P71 + 370 + Pan
(19.23)
The covariance with fourth lag, namely v, is computed as:

Yy =ColY, Y, 4} = E{(1Y, 1 + 0oY, o+ 03V, 5+ 1Y, 4 +u,)Y, 4} =
= 0 E{Y, Y, 4} + 0o E{Y, LY,y + 03E{Y, Y, 4} + o E{Y2,} =

= 0173+ PaY2 + G371 + P40
(19.24)

The Yule-Walker system is given by Equation 19.20, Equation 19.21 and Equation 19.22,
Equation 19.23, Equation 19.24 reads

Yo = 017 + P2Yo + B33 + dava +0n (Lo)
Y1 = P17 + P21+ P3Y2 + Pas (Ly)
Yo = P11+ P2Y0 + P31+ Pae (L)
Y3 = 172 + P11 + P3%0 + Pa (Ls)
Yo = 173+ PaY2 + G371 + Pao (Ly)

To solve the system, let’s substitute 7; (Equation 19.21) into 7, (Equation 19.22) and
recover 7, in terms of v, i.e.

72_011:;3 + ¢2¢470. (19.25)

Then, substitute v4 (Equation 19.23) into 7; (Equation 19.21), i.e

V1 = (¢35 + 3104)72 + (B2 + Pabs + $3) 71 + (b1 + P304)%0- (19.26)
Then, substitute v, (Equation 19.25) into the previous expression for v; (Equation 19.26),

e ([ P3(d1 + 93) n $104(d1 + @3)
L =y =y

P3by | P1P4Py
+ (1_¢4 + 1— 6, +¢1+¢3¢4)’Y

Hence, recovering v,, one obtains:
B ;Z’Szi + ¢1¢4¢2 +¢1 +¢3¢4
T 1 s

Yo = ¥Y17%-
31@;:1)3) ¢y ¢4<¢1+¢3 — Gy — oy — (ﬁ)
11)1

+ Qg + Pa0y + ¢421) Y1+

(19.27)
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Substituting v, (Equation 19.27) into -, (Equation 19.25) gives

- (1/}1 <1¢i—;4¢3) + - f2¢4>% = ¥y, (19.28)

b

Then, let’s rewrite 5 (Equation 19.23) substituting 7, (Equation 19.27) and ~, (Equa-
tion 19.28), i.e.
V3 = ($13 + Pothy + 3 + G401) V0 = Y370 (19.29)
b3
Finally, substituting v, (Equation 19.27), v, (Equation 19.28) and 4 (Equation 19.29)
into v, (Equation 19.24) gives:

Yy = (P15 + dahg + P31 + D4)%0 = Va0 (19.30)
Py

Finally, substituting v, (Equation 19.27), v, (Equation 19.28) and 4 (Equation 19.29)
and v, (Equation 19.30) into -, (Equation 19.20) gives the variance, i.e.

1 2
Yo = o 19.31
07 1= ¢y1hy — dothy — dgths — Bytly ( )
Yo
Covariance Formula MonteCarlo
V{Y,} 1.2510514 1.2509967

Cv{Y,,Y,_;} 0.5004128 0.5002624
Cv{Y,,Y, »} 0.3998174 0.3996579
Cv{Y,,Y, 5} 0.3351247 0.3349660
Cw{Y,,Y,_,} 0.2480828 0.2482111
Cv{Y,,Y, 5} 0.1796877 0.1797934
Table 19.4: Theoretical long-term variance and covariances computed on 500 Monte Carlo
simulations (t = 100000).

19.2.1 Stationary AR(1)

Let’s consider an AR(1) process, i.e.

Yi=pu+ oY, g +uy.
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Through recursion up to time 0 it is possible to express an AR(1) model as an MA(c0), i.e.

t—1 t—1
Y, =Y+ u> ¢l + > dlu,
j=0 7=0

where the process is stationary if and only if |¢,| < 1. In fact, independently from the specific
distribution of the residuals u,, the unconditional expectation of an AR(1) converges if and
only if |¢,]| < 1, i.e.

1— ¢} f
1—¢y tooo 1—¢y

t—1
E{Y, [ Yo} = ¢4 Yy + 1> ¢l = ¢t Yy + p
J=0

The variance instead is computed as:

2t_1 2j 1 —oF oy
VY, | Yol =00 )¢y =op Y =73
Lo = 1—¢2 tooc 07 1—¢2

The autocovariance decays exponentially fast depending on the parameter ¢, i.e.

2
o

M= CU{Y}»Y;A} =y - 1 _u¢2 =01 Yo
1

where in general for the lag &k

k
Y = ColY,, Y, } =:¢g"7b-

Finally, the autocorrelation function
_ - _
P1 = (D’I“{Y;,Y;fl} - d)la
Yo
where in general for the lag k
k
o= Cr{Y,, Y, i} = o

An example of a simulated AR(1) process (¢; = 0.95, 4 = 0.5 and 02 = 1 and Normally
distributed residuals) with its covariance function is shown in Figure 19.2.

@ Example: sampling from a stationary AR(1)

Example 19.2. Sampling the process for different ¢ we expect that, on a large number
of simulations, the distribution will be normal with stationary moments, i.e. for all ¢

2
" o
Y, ~ N TR
! (1—¢1 1—¢%)
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p: 0.5 @ 0.95 03: 1

N i AVAW\A,//\N/N\ »/m\”\vﬂvm A m/
7Y VWW Ty
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10.0
7.5
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ool 11T
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CvY{Yy, Yk}

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
Lag (k)

Figure 19.2: AR(1) simulation and expected value (red) on the top. Empirical autocovariance
(gray) and fitted exponential decay (blue) at the bottom.

p: 0 @ 0.7 03: 1
6-
\
3-
> 0
_3-
_6-
0 30 60 90
t
Figure 19.3: Stationary AR(1) simulation with expected value, one possible
and samples at different times.
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t=30 t =60 t=90

0.34
0.3+ 0.3-
0.2+
0.2 1 0.2
Ol' Ol' Ol'
0.0+ 0.04= 0.0+
-50 -25 00 25 -6 -3 0 3 -5.0 =25 00 25 50

Figure 19.4: Stationary AR(1) histograms for different sampled times with normal pdf
from empirical moments and normal pdf with theoretical moments.

Table 19.5: Empirical and theoretical expectation, variance, covariance and correlation
(first lag) for a stationary AR(1) process.

Statistic Theoretical Empirical
E{Y,} 0.000000 -0.0027287
V{Y,} 1.960784  1.9530614

Co{Y,,Y, ,}  1.372549 1.3586670
cr{Y,,Y,_,}  0.700000  0.6956660

19.2.2 Non-stationary AR(1): random walk
A non-stationary process has expectation and/or variance that changes over time. Considering
the setup of an AR(1), if ¢; = 1 the process degenerates into a so called random walk process.

Formally, if u # 0 it is called random walk with drift, i.e.

Yi=p+Yy +u.
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Considering its MA(oco) representation

t—1

Y, =Yo+p-t+ Y u_
J=0

it is easy to see that the expectation depends on the starting point and on time ¢ and the
shocks wu,_; never decays. In fact, computing the expectation and variance of a random walk
process it emerges a clear dependence on time, i.e.

Y, [ Fo} = Yo+ put VY, | 7o} = to}

CofYy, Yoy} = (= h) 02 (Y, Yy} = /1

and the variance tends to explode to co as t — oo.
Stochastic trend of a Random walk

Let’s define the stochastic trend S, as S, = Z:;; u;_;, then

1. The expectation of S, is zero if u, is a martingale difference sequence, i.e.

t—1 t—1
E{S,} = Z [E{ut—j} = Z [E{[E{ut—j | ‘?t—j—l}} =0,
=0 =0
and therefore
E{Y,} =Y, + pt + E{S,} =Y, + pt.

2. The variance of S, if u, is a square-integrable martingale difference sequence with

2 is time-dependent, i.e.

constant variance oy

t—1 t—1
W{Yt} - W{St} = Zv{ut—j} = 20'121 = t0'121.
J=0 7=0

while the covariance between two times ¢ and ¢ — k depends on the lag, i.e.

Co{S, Sipn} = E{S,S,_p} — E{SE{S,_,} =

t—1 t—h—1
=E {Zut—i Z ut—h—j}
i=0 =0
t—h—1
- Z E{ui
=0
t—h—1

=S V{u, )=

= (tl h) - o?

u
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and so the correlation

CU{SL‘? Stfh}

Cr{S;, S, 1} =

(t—h)-o5 _

o24/t(t —h)

tends to one as t — oo, in fact:

. . h
A CriSe St = A V 1= T 1

p: 0.02 oﬁ: 1

NIEADIEE

30

204

Yi

10~

0 100 200 300

400

500

1.001
0.754
0.50 1
0.254

Cr{Yy, Y}

0.00 -

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

Lag (k)

Figure 19.5: Random walk simulation and expected value (red) on the top. Empirical auto-

correlation (gray).
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@ Example: sampling from non-stationary AR(1)

Example 19.3. Let’s simulate a random walk process with drift with a Gaussian error,

namely u, ~ N(0,02).

p: 0.3 o 1 oﬁ: 1

60 -

40 -

20+

O-
~ 0 30 60 90
“>:-‘ 10.01
@ 8]
‘(‘_U‘ OO- T T T T T
c 0 25 50 75 100
t

Figure 19.6: Non-stationary AR(1) simulation with expected value (red), a possible tra-
jectory (green) and samples for different times (blue) on the top. Theoretical
(blue) and empirical (black) standard deviation at the bottom.

Sampling the process for different ¢t we expect that, on a large number of simulations, the
distribution will still be normal but with non-stationary moments, i.e.

Y, | Yy ~ N (Y, + ut,o2t).

In the simulation below, the index t = 1 stores the initial value, so the number of
innovations accumulated by the plotted observation is ¢t — 1.
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t=30 t=60 t=90
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0.04-
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0.00- 0.00- 0.00-
10 0 10 20 30  -10 0 10 20 30 40 0 20 40 60

Figure 19.7: Non-stationary AR(1) histograms for different sampled times with normal
pdf with empirical moments (blue) and normal pdf with theoretical moments
(blue).

Table 19.6: Empirical and theoretical expectation, variance, covariance and correlation
(first lag) for a non-stationary AR(1) process.

¢ E{Y:} Eme{Y,} ViY) VY
30 8.7 8.698311 29 29.69114
60 17.7 17.517805 59 60.09756
90 26.7 26.268452 89 90.05715
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20 ARMA processes

20.1 ARMA(p, q)

An autoregressive moving average process, or ARMA (p,q) for short, is a combination of an
MA(q) (Equation 19.1) and an AR(p) (Equation 19.3), i.e.

P q
Y, = M‘i‘Z@Ytﬂ‘ ‘1'293‘“%]‘ Uy, (20.1)
=1 =

where in general u, ~ WN(0, 02) (Definition 18.5).

p: 0.5 ¢ 0.95 0;: 0.45 oﬁ: 1

161

12~

0 1(I)0 2(I)O 300

CWY{Yy, Yk}
O N A OO

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
Lag (k)

Figure 20.1: ARMA(1,1) simulation on the top and empirical autocovariance at the bottom.
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20.1.1 Matrix form

An autoregressive process of order p, AR(p) (Equation 19.3), can be written in matrix form

as
Yt =C + Yt—l + but7
where
O1 Gy o Qp g O
Y K L 02 pol 0| (Y 1
Y’fjl = (:) +]10 1 0 0 Yth + 9 u,
% 0 : : : : : % O
tptl — o o0 .. 1 o0/)22t» 27
Y, c ps Y,

where Y,, c and b have dimension p x 1, while ® is p x p. The state vector contains p entries,
from Y; to Y;_,,4; the lagged state therefore contains Y, ; to Y, .

How to construct the companion matrix &7

Let’s consider the vector containing the coefficients of the model, i.e.

Y :<¢1 Gy . ¢p71 ¢p)-

px1

If the order of the autoregressive process is greater than 1, i.e. p > 1, let’s consider an
identity matrix (Equation 31.3) with dimension (p —1) x (p — 1), i.e.

1 0 .. 00

0 1 0 0
Ip*l - : : 9

0 0 1 0

0 0 0 1

and combine it with a column of zeros, i.e.

o= Tt Opoga).

Finally, add the AR parameters on top of L, i.e.
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@ Example: AR(4) in matrix form

Example 20.1. Let’s consider an AR(4) process of the form
Yi=p+01Y, 1+ Y, o+ 03, 3+ 04Y, 4+ uy

Then, the vector containing the coefficients of the model reads

(@Z’l Py @3 ¢4)-

’7 =
4x1

For an AR(4) we start with a diagonal matrix with dimension 3 x 3, i.e.

1 00
I,.=(0 1 0],
0 01
and we add a column of zeros, i.e.

1 0
3x4 00

= o O
o O O
~

and the parameters

P11 P Q3 Py
1 0 0 o
x4 | O 1 0 O
O 0 1 0

In order to verify the above result, let’s consider the iteration from ¢ — 1 to time ¢; in
matrix form, one obtains

Y, 2 b1 Py D3 Py Y, 4 1
Y, _ 0 1 0 0 O Y, , n 0 u
Y, o 0 O 1 0 0 Y, 5 0 t
Y, 5 0 O 0 1 0 Y, 4 0

After an explicit computation, one can verify that it leads to the classic AR(4) recursion,
i.e.

Y, H G1Yi 1+ P2Y o+ 03Y 5+ P4Y 4 Uy
}/t—l — 0 + }/;_1 + 0
Y| =0 Vi, 0
Vo) \o Vs 0
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Let’s now consider the matrix form of an ARMA (p,q) process (Equation 20.1), i.e.
Xt = C + AXt—l + but,
where the first component, namely Y, = e; +q Xy, 18 extracted as:

— ol T T
Y,=e ,,,cte , AX, te , bu,.

T

where e is the first basis vector (Equation 31.1) with dimension p + q.

1,p+q
Y, Y, | 1
Y,y K o1 Gy o Gpy O, Oy Oy . 0,4 0, Yi o 0
: 0 1 0 .0 0 0 O 0 0 : :
Y, b1 _ 0 " 0 1 .0 0 0 O 0 0 Y, , n
Up_q 0 0 O 1 0 0 O 0 0 Uy_o
: 0 0 O 0 0 O 1 0 :
Ut—g+1 c A Ut_q 0
X, X,y b

How to construct the companion matrix for an ARMA?

Let’s consider the vector « containing the coefficients of the model, i.e.

v o=(¢1 b9 o by b, Oy Oy .. 0,4 0,).

1x(g+p)

For an ARMA (p,q), we consider two distinct matrices. For the AR part, we consider the
identity matrix (Equation 31.3) with order p — 1, i.e.

1 0 .. 00
01 .. 00

L, =]: t &+ & if,
(p—1)x(p—1) 00 .. 10
00 1

and we combine it with a column of zeros, i.e.

1 000
1 000

L 00 .. 100
00 10
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For the MA part we consider the identity matrix with order ¢ — 1, i.e.

1 0 0

01 0 0
qul = : )

00 10

0 0 1

and we combine it with a column of zeros, i.e.

10 0 0 0
0 1 000
DM = (I Oyapa)= | i E 0
R 00 .. 100
00 .. 010

we need to add a matrix of zeros. More precisely:

AR
L 0(p1)Xq)

To combine the matrices L, ; and L_,,

01><p 01><q

L =
(g+p—1)x(gq+p) 0 LMA

Finally, we combine L with the parameters, i.e.

5
A = .
(g+p)*x(g+p) <L>

Then, the vector b is constructed by combining two first basis vectors (Equation 31.1),
to ensure it is equal to one in position 1 and in position p + 1, i.e.

b= <e11p> .
e17q

(¢—1)xp

@ Example: matrix form of an ARMA(2,3)
Example 20.2. For example, let’s consider an ARMA(2,3):
= (¢1 Py 0y 0y 93) .
The matrix for the AR part is equal to combined with a matrix of zeros, i.e.

LAR = (1 0),

1x2

For the MA part, we consider a similar matrix as in the single case but with the first row
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equal to zero, i.e.

and we combine

R P
L= |02 Qs /=10 o 1 ¢ 0
Oz L 00010
Finally, we combine
¢1 ¢2 01 02 03
1 0 0 0 0
M—(E)— 0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

Then, the vector b is constructed by combining two vectors

bz(em):(l 010 0) .

€13

Let’s check that it leads to a classic ARMA(2,3):

Y, 01Y, g+ @Y, o+ biup g + Oyuy o+ Ogu,_g Uy
Y;f—l }/15_1 0
U | = 0 + | uy
Us—q Ug_q 0
Us_g Uy_o 0
01Y,q + 9o, o+ biup g +Ouy 5+ Oguy g+ uy

Y,

Up—1

Up_g

20.2 Moments

Proposition 20.1. Given the information at time t, the forecasted value at time t + h for an

ARMA (p,q) process reads:

h—1 h—1
Xy =3 Alc+AMX, +> Aibu,,, ;.
=0 =0
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Proof of Proposition 20.1
Proof. Let’s start developing the Equation 20.2 with h =1, i.e.

with h = 2:

Xipo=c+AX, ; +bu,=
=c+A(c+AX, +buy ) +b-u,,=
=c+Ac+A’X,+bu,.,+Abu,,

with A = 3:

Xipg=C+AX; p +buyz=
=c+A(c+Ac+A?X, +bu, o+ Abu, ) +bu,;=
=c+Ac+ A%c+ A*X, +bu, 3+ Abu,, + A’bu,

and so on. Hence, when the companion matrix is stable, the impact of shocks decreases
over time. O

Proposition 20.2 (Expectation of an ARMA). The conditional expectation at time t + h of
X, given the information up to time t can be easily computed from Equation 20.2, i.e.

E{Xyin | Foh =T g — AM) (Lyg — A) e+ AMX,.
Proof of Proposition 20.2
Proof. The expectation of Equation 20.2 reads:
h-1 h=1
E{Xpn [ T} = ZAJC +AMX, + ZAjb : [E{Ut+h—j | F1}
§=0 =0

Under the assumption that u;,,,_; ~ MDS(0, 1), we have that for all ¢
E{ugr | F¢} = 0.
Therefore
h=1
E{Xyin | T4} = ZA]C +A"X,,
§=0
where for constant c, the series further simplifies in

h—1
Z Alc = (Ip+q - Ah) (Ip+q - A)ilca
7=0

with I, the identity matrix (Equation 31.3). O
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Proposition 20.3 (Variance of an ARMA). Taking the variance of Equation 20.2 on both

stdes gives
h—1

V(X | T} =02 S AlbbT(A)T.
j=0
Moreover, assuming u, ~ WN(0,02) and independence across time, the conditional covariance
18:
min(h,k)—1
CofXyin Xpsp | T} =03 Z A" =IbbT (AR T
=0

Proof of Proposition 20.3

Proof. Taking the conditional variance gives

h—1 h—1
{Xpn [ Fot = ZV{A]bUHh—j | Ty} = ZAJbV{ut—&-h—j | T 3bT(AT)T.
§=0 §=0

Then, if u, is a White Noise process, its variance is constant, hence independent from
t, and equal to o2. For the covariance formula, each X, +p, is influenced by past shocks
Ugip—j- Since the shocks are uncorrelated across time, only shared shocks affect both
X, and X, ;. The number of common shocks is min(h, k), and each contributes:

Cof A" Tbuy 5 A by ) = 0f AP b T (AMT) T

@ Example: ARMA(2,3) iterative forecast

Example 20.3. Let’s use Monte Carlo simulations to establish if the results are accurate.

Covariance Formula Monte Carlo
E{Y;} 0.5454545 0.5451268
V{Y,} 1.7466575 1.7472189

Cw{Y,, Y, ;} 1.1317615 1.1322251
Cv{Y,, Y, o} 0.8115271 0.8118819
Cw{Y,,Y, 5} 0.5132223 0.5133504
Cv{Y,,Y, ,} 0.2756958 0.2758340
Cw{Y,,Y, s} 0.1596921 0.1596755
Table 20.1: Theoretical long-term moments and moments computed on 200 Monte Carlo
simulations (t = 100000).
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Figure 20.2: ARMA(2,3) simulations with expected value (red) and confidence intervals

with a = 0.1 (green), a = 0.05 (blue) and o = 0.01 (deep blue).
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21 Conditional variance processes

A stochastic process for the conditional variance can be used to specify a model of the form

Yt:[E{YH?t—l}"‘ vv{Yt|9’vt—1}’Uta

where the conditional mean and variance can both be stochastic. In the following section, we
will explore models with constant conditional mean, i.e.

E{Y, [ Tt =,

however the above expression can be generalized using AR or ARMA processes.

21.1 ARCH(p) process

The autoregressive conditionally heteroskedastic process (ARCH) was introduced in 1982 by
Robert Engle (Engle (1982)) to model the conditional variance of a time series. It is often
an empirical fact in economics that larger values in a time series are associated with larger
variance. Let’s define an ARCH process of order p as:

Yi=p+e

€ = OUy

» (21.1)
0} =w+ Z ae?
i=1

where u, is a standardized martingale difference sequence, i.e. E{u, | &, 1} = 0 and E{u? |
Foap=1

21.1.1 Moments

Proposition 21.1. The conditional mean of an ARCH(p) process (Equation 21.1) is equal to

E{Y, [ Fa) = p
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Proof: Proposition 21.1
Proof. Taking the conditional expectation of the process in Equation 21.1, one obtains:
Y, | Tt =p+He | Ty} =
=p+HBou, | Fyq} =
=p+ot{u | T} =
= H

since o, is known and not stochastic given the information at t —1 in &,_; and u, condi-
tionally on #,_; is a Martingale Difference Sequence with mean zero (Equation 18.3). [

Proposition 21.2. The one-step conditional variance of an ARCH (p) process (Equation 21.1)
is known given the information at time t — 1. For a general forecast horizon h > 1 it reads:

V{Ywh | T} = [E{J?Jrh | F}-

Proof: Proposition 21.2

Proof. The conditional variance of Y at time ¢+ h depends on the conditional expectation
of 02, i.e.

V{Y;t+h | T} = V{Ut+hut+h | T} =
= [E{Ut2+huf+h | Ty} — [E{Ut+hut+h | 7t}2 =
= [E{U?Jrh[E{u?Jrh | ffrt+h—1} | Fyh =
= [E{Ut2+h | F4}
since E{uy,p, | Fypq} =0and E{u? , | Fpppi} =1 O

Long-term variance ARCH(p)

The long-term (unconditional) expectation of the ARCH(p) variance o7 reads
w

—_—

1=

where w > 0. It is clear that, to ensure finite long-term variance, the following condition
on the ARCH parameters must be satisfied for all i € {1, ..., p}, i.e.

E{o?} =

P
Zai <1, «a;>0.
i=1
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@ Example: ARCH(1) process
Example 21.1. Let’s simulate an ARCH(1) process with normal residuals, i.e.

Yi=p+e
€ = 01Uy

2 _ 2
oy =w+are; 4

where u;, ~ N(0,1).

p: 0.5 w: 04 aq: 0.25

0 100 200 300

Figure 21.1: At the top, an ARCH(1) simulation with its long-term mean (red). At
the bottom, the corresponding stochastic variance with its long-term mean
(blue).

@ Example: ARCH(3) process
Example 21.2. Let’s simulate an ARCH(3) process with normal residuals, i.e.

Yi=p+e
€ = 01Uy

2 _ 2 2 2
Of =W+ a6 + Q96 o + Q3€;_3

where u;, ~ N(0,1).
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Figure 21.2: At the top, an ARCH(3) simulation with its long-term mean (red). At
the bottom, the corresponding stochastic variance with its long-term mean
(blue).

21.2 GARCH(p.q) process

As done with ARCH(p), with generalized autoregressive conditional heteroskedasticity
(GARCH) we model the dependency of the conditional second moment. It represents a more
parsimonious way to express the conditional variance. A GARCH(p,q) process is defined as:

Yi=n+e

€t = Oy
P q
2 _ 2 2
op =w+ E ep; + E B0t
=1 =1

where u, is a standardized martingale difference sequence, i.e. E{u, | &, ;} = 0 and E{u? |
Foap=1
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Long-term variance GARCH(p,q)

Regarding the variance, the long-term expectation of o7 reads

w
Zle o; — Zj‘zl /Bj,

where w > 0. It is clear that, to ensure finite long-term variance, the following condition
on the GARCH parameters must be satisfied:

p q
Dot Bi<1,
=1 =1

with o; > 0 and 8; > 0 for all i € {1,...,p} and j € {1,...,q}.

(21.2)

E{o?} = —

@ Example: GARCH(1,1) process
Example 21.3. Let’s simulate a GARCH(1,1) process with normal residuals, i.e.

Yi=p+e
€ = Ol

2 _ 2 2
o =w+age; g + Boiy

where u, ~ N(0,1).
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= A | AV.UAA |
o R

Figure 21.3: At the top, a GARCH(1,1) simulation with its long-term mean (red). At
the bottom, the corresponding stochastic variance with its long-term mean
(blue).

@ Example: GARCH(2,3) process
Example 21.4. Let’s simulate a GARCH(2,3) process with normal residuals, i.e.

Yi=p+e
€ = Ol

2 _ 2 2 2 2 2
o =wtage; | +agei o+ 5107 1 + Baoi o + B307 3

where u, ~ N(0,1).
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Figure 21.4: At the top, a GARCH(2,3) simulation with its long-term mean (red). At
the bottom, the corresponding stochastic variance with its long-term mean
(blue).

@ Example: GARCH(3,2) process
Example 21.5. Let’s simulate a GARCH(3,2) process with normal residuals, i.e.

Yi=p+e
€ = 01Uy

9 _ 2 2 2 2 2
op =wtage; g+ agep o+ azep g+ 51074 + Baoi s

where u, ~ N(0,1).
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Figure 21.5: At the top, a GARCH(3,2) simulation with its long-term mean (red). At
the bottom, the corresponding stochastic variance with its long-term mean
(blue).

21.3 IGARCH

Many variants of the standard GARCH process were developed in the literature. For example,
the Integrated Generalized Autoregressive Conditional Heteroskedasticity (IGARCH(p,q)) is
a restricted version of the GARCH, where the persistence parameters sum to one and imply a
unit root in the GARCH variance recursion, with the condition

p q
Z o; + Zﬁj =1.
i=1 =1

In GARCH(p, q), the sum of coefficients being less than 1 ensures stationarity (finite uncondi-
tional variance) while in IGARCH(p, q), the sum is exactly 1, so the process is nonstationary
in variance: the conditional variance has a persistent memory, and the shocks to volatility
accumulate over time. The process is strictly stationary under some conditions (see Nelson
(1990)), but it has infinite unconditional variance.
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@ Example: iGARCH(1,1) process
Example 21.6. Let’s simulate an iGARCH(1,1) process with normal residuals, i.e.

Yi=p+e

€ = Tyl

of =w+aogefy +(1—a)op
where u;, ~ N(0,1).

M: 0.5 w: 04 ay: 0.35 B4 0.65

101
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-5
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© 20
101
0-

0 100 200 300
t

Figure 21.6: At the top, an IGARCH(1,1) simulation with its mean (red). At the bottom,

the corresponding stochastic variance.

21.4 GARCH-M

The GARCH in-mean (GARCH-M) model adds a stochastic term into the mean equation.

This is motivated especially in financial theories (e.g.,
expected returns may depend on volatility, i.e.

Y, =p+roi +e
e, = o,

o? follows a GARCH(p, q) recursion
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The effect of the parameter A is a shift of the mean of the process. If Y, are, for example,
financial returns, a A > 0 would imply that higher volatility increases expected return, consis-
tent with risk-premium theories. Instead, when A < 0, it could reflect behavioral phenomena
or model misspecification. The unconditional mean of Y; becomes

E{Y,} = p+ AE{o}},
while the conditional mean

E{Y, n | o} = p+ AE{of,, | T4}

@ Example: GARCH-M(1,1) process
Example 21.7. Let’s simulate a GARCH-M(1,1) process with normal residuals, i.e.

Y, = p+ Aot + e,

e, = ou,

0} =w+agef |+ Broi
where u, ~ N(0,1).

p: 05 w: 04 a;: 015 B4: 035 A: 25

ﬁ

= |‘ FL,,. 1,” iy )l !ill‘hﬂ.llv" lu“ i LHIJw it “ u.
1 A 'WM RN LR i)' i )

0 100 200 300

Figure 21.7: At the top, a GARCH-M(1,1) simulation with its long-term mean (red). At
the bottom, the corresponding stochastic variance with its long-term mean
(blue).
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22 GARCH(1,1) moments

Let’s consider a very general setup for a GARCH(1,1) process where we do not assume that
the GARCH residuals

1. Have expected value equal to zero, i.e. E{u,} = 0.

2. Do not necessarily have a second moment that is constant and equal to one, i.e. E{u?}
is possibly time dependent (deterministic).

3. Do not necessarily have a fourth moment that is constant and equal to 3, i.e. E{u}} is
possibly time dependent (deterministic).

The process we refer to has the form of a standard GARCH(1,1), i.e.
Y, = oy,
o =w+a Y2 + B0} =w+ (aui + By)o7

where u, is a white-noise innovation with finite second and fourth moments. In the standard
GARCH case, u, is standardized so that E{u,} = 0 and E{u?} = 1; below we keep E{u?} and
E{u}} explicit. If E{u,} # 0, then Y, is not a centered innovation; the formulas in this section
are formulas for the moments of the variance recursion.

22.1 First moment o?

22.1.1 Short-term

Given the information at time ¢ — 1, the expected value of the GARCH variance h-steps ahead,
with A > 1, can be expanded as:

h—1 J h
Eof i | Tia} =w (1 + ZHAt—&—h—i) + o7 H)‘t+h—ja (22.1)

G=1 =1 j=1

with the convention that when h = 1 the summation is equal to zero and where
Aepnoi = aqE{ui )+ By (22.2)
The iteration between two consecutive times t + s and t + s — 1 reads

[E{U?+s | Ty =w+ /\t+s—1[E{Ut2+s—1 | Fi1}-
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Proof: GARCH(1,1) iterative expectation

Proof. We start the proof by recalling that the conditional variance at time ¢ is included
in the information set J,_;, i.e. it is known; therefore, at time ¢ one obtains simply

of =w+ Y2+ Bof .
Then, the GARCH variance at time t + 1 reads:

op = w+ a Y7 + Biof.
Taking the conditional expectation and recalling that Y, = o,u,

[E{Ut2+1 | Fia} = W+0‘1[E{Y152 | a1} +51‘7t2 =
=w+ a,02E{u?} + B0l =
= w+ (g E{ui} + By)o?

Therefore, denoting with \, = oy E{u?} + 3;, one obtains a recursive expression, i.e.
E{o? | To1} =w+ Mo
Iterating the expectation at time ¢ + 2 gives

oo | it =w+ A E{of o [ Ty}
=w+ Ay (w+ A7)
= w(l+ A1) + A Mo?

Then, at time t + 3

[E{Ut2+3 | T} =w+ b2 [E{C’t2+2 | Fia}
=w+ Ao (WA + A )+ A N07)
=w (14 Xjo+ Apodi1) + Ao A No7

@ Example: GARCH(1,1) iterative first moment

Example 22.1. Expanding the expression in Equation 22.1 with h = 1, one obtains

0 J 1
[E{Ugﬂ | Fiat =w (1 + ZH)‘t+1—i> + 07 H>‘t+1—j =
— L.

j=11i=1 j=1

=w+ o),




with h =2

<.

2

2 _

)‘t+2i> + o} /\t+2—j =
j=1

1
[E{Ut2+2 | Fiqt=w (1 + Z
=1
= w(l+ /\t+1) + Ut2<)‘t+1)‘t)

N
I
—

mula.

with h =3
2 J 3
E{ofs | T} =w (1 + H)‘t+3i> + 0} H)‘t+3fj =
j=1i=1 j=1
= w1+ X g + A A2) + 07 (Ao A A
and so on.
Difference.
Moment Step Formula Iteration (%)
E{o7 o | Fi 1} 0  1.200 1.200 0%
E{o? .| F, 1} 1 1.235 1.235 0%
E{o? o | T 1} 2 1.250 1.250 0%
E{o7 5| F, 1} 3 1.258 1.258 0%
E{o?.4 | F1 1} 4 1.261 1.261 0%
E{o7 5| T, 1} 5 1263 1.263 0%
E{o? s | F, 1} 6  1.263 1.263 0%
E{o? ;| T, 1} 7 1.264 1.264 0%
E{ot | F, 1} 8  1.264 1.264 0%
E{o?.o | T 1} 9 1.264 1.264 0%
E{o? 1| Fi 1} 10 1.264 1.264 0%

Table 22.1: Forecasted expectation of GARCH(1,1) variance with iteration and with for-

22.1.2 Long-term

If E{u?} is constant for all ¢, then A\ = o;E{u?} + 3; becomes a constant and the formula

simplifies to
E{of | Ti1} = 0% + A (0F — 0%),

where 02 denotes the long-term expected GARCH variance as h — oo, i.e.

Jm E{of | Tia} = T = T
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It follows that, under the standard assumption that u, ~ WN(0,1), one obtains the classic
expression

E{o7, ) | Fo1} = 0% + (o) + By) (07 — 02) (22.5)

where 02, denotes the unconditional expectation as Equation 22.4 with E{u?} = 1.

GARCH(1,1) long-term expectation

Proof. Let’s verify the formula in Equation 22.5 for constant A\, (Equation 22.2) for all ¢,
i.e.

A=a E{uf} + 5,

In this case the iterative formula (Equation 22.1) simplifies, i.e.

h—1 J h
[E{o-?+h|5tt—1}:w<1+ H)\> tQH)‘:
=11 J=1
h—1
= wZ)\j + af)\h =
=0

1— Ak
:w(l)\)+at2)\h
_ hiig2_ Y
_1—)\+)\ ( 1—>\)

Taking the limit as h — oo gives the long-term stationary variance, i.e.

. w
}}LI&[{U?+h|?t—l}:m:UgO <~ )\<1

Hence, the general expression becomes

Efo? | Fooa} = 0% + A (0f — 0%)

@ Example: GARCH(1,1) long-term first moment

Example 22.2.

Moment Formula MonteCarlo Difference (%)
o2 1.264 1.264  0.0014%

o0

Table 22.2: Forecasted long-term expectation of GARCH(1,1) variance with formula and
by Monte Carlo simulations.
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22.2 Second moment o?

22.2.1 Short-term

The second moment admits an iterative formula, i.e.

h i—1 h
o | T} = th+h—i H%Jrh—j + o} H’Yt+h—j (22.6)
i=1 j=1 j=1
where
Vt+h—j = a%[E{U;LJrhfj} + 51(2041”':{“%%73'} + ) (22.7)
while
bpyn—; = w(w+ 2)‘t+h—i[E{U§+h—i | Fea}) (22.8)

with A;,;,_; as in Equation 22.2.

Proof: Iterative formula for the second moment of GARCH(1,1) variance

Proof. Starting from
ot = W+ oy + Bio7)?

and substitute the definition of y? = o?u?, i.e.

ot = (W (qui + By)o7)? =
= W 4 2w(aqui + By)o} + (agui + B)*0}
Then, let’s take the conditional expectation on both sides:
[E{U?H | T} =+ E{(aqui + 81)* {0} | Tyq )+ 2w(enB{ui} + B)E{o7 | Ty 1} =
= w? + E{(aquf + B,)*}of + 2w,07
where \, = a;E{u?} + ;. Then note that:
E{(ayuf + 51)%} = E{ajui + 57 + 20, Byuf} =
= aiE{uy} + By 20nE{ui} + 1) =,
Hence, we can write the expectation in terms of the previous expectation.
[E{U?Jrl | Fia} = P +y,08 4+ 2wh07 =
= w(w+ 2)‘t0152) + ’YtafsL =
= b, + 01

where b, = w(w + 2)\,07). Iterating at time ¢ + 2:

[E{Ufw | Fia} = bt+1 + ’Yt+1[E{U?+1 | Fia}t =
= b1+ Verrbe T Ver1V0f
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where in this case
by = w(w + 2)‘t[E{U§+1 | 1))

At time t + 3

[E{Uirs | Fpq} = beio +’Yt+2[E{U;1+2 | Fpa} =
= by + Vesobii1 + Vero Vi1 + 7t+27t+1’7t0f51

O
@ Example: GARCH(1,1) iterative second moment
Example 22.3. With h =1
1 i—1 1
E{Ufﬂ | Fia} = Z b1 H’Yt+1—j +o; H7t+1—j =
i1 j=1 j=1
= b, +0f
With h =2
2 i—1 2
E{ofo | T} = ZbHH HW’HH + 0} HfYtJerj =
i=1 j=1 j=1
0 1
=byy H7t+27j + b | | Vot O Y1 =
j=1 j=1
= by + 0 oY
With h =3
3 i1 3
E{ofs | Fia} = th+3f¢ H7t+3fj + 0} H’YtJrij =
i=1 j=1 j=1
0 1 2
=bio | | Vess—j T 0 H’Yt+3fj + b, H Vers—j T Ot VeraVer1 Ve =
=1 =1 =1
=byo+0b +b + o}
t+2 t+17t+2 t V427V t4+1 t Vi+2 V4171

and so on.
Moment step Formula Iteration Difference
E{oto | Fi1} 0 1.440000 1.440000 0%
E{ot, | F, 1} 1 1.559380 1.559380 0%
E{o}o | Fi 1} 2 1.609123 1.609123 0%
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1.630762 1.630762 0%
1.640413 1.640413 0%
1.644775 1.644775 0%
E{ote | Ty 1} 1.646762 1.646762 0%
E{ot, | F, 1} 1.647669 1.647669 0%

[E{U?+3 | Fiq} 3
4
5
6
7
E{ot s | T} 8 1.648085 1.648085 0%
9
10
1)

[E{U§+4 | -7t71}
[E{Ut+5 | Fia}

E{oto | Fi 1} 1.648275 1.648275 0%

E{o} 10| Fiq} 1.648363 1.648363 0%

Table 22.3: Forecasted second moment of GARCH(1,1) variance with iteration and with
formula.

22.2.2 Long-term

If E{u?} and E{u}} are constant for all ¢, then the short-term second moment can be written
as

1— fyh )\h o "}’h
[E{O'?+h | .77571} = ’)/hO'zJt + (U)Q + QWAUgo)ﬁ + 2&))\(0’? — Gé)ﬁ (229)
where 02 denotes the long-term expected GARCH variance as h — oo, i.e.
2(1 4 aE{u?} + B;)
ol = lim E{o?, | T, ,} = W+ ayBui} + 5 . (22.10
T = 1 A [ Rl = ) e P 7 s M

It follows that, under normality u, ~ N(0,1), we have that E{u?} = 1 and E{u}} = 3.
Substituting, one obtains the same result as in Bollerslev (1986), i.e.
4 w (1 +a; +5)

o0 T (1=, — B)(1— 302 — 20,8, — B2)

GARCH(1,1) long-term second moment

Proof. Under the assumption of constant second and fourth moments of u, one can
simplify the expressions, i.e.

v = ofE{ut} + B, (204 E{u}} + 5,)
beipi = w(w + 2)‘[E{U§+h7i | Fi1})
A=aE{uf} + 5

Recalling the expression of the expectation of the GARCH variance with constant mo-
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ments in Equation 22.3 one can write

by, = w? + 2wAo2 + 20N T (07 — 02), r>0

Substituting the above expression into Equation 22.6, one obtains

>
i

E{ofn | T} =) (0 +2whod + 20X (0] —0%)) /" 17 + oy

[eo]

Il
[=}

h— h—1
= (w? 4+ 2wAo2) Z AT 4 2w (02 — 0%) Z N yh=1=r 4 gdqh
r=0

r=

—_

Notably
h—1
h—1—r _ 1— th
¥ =
r=0 11— 7
and .
—1
Z ATyh1er = A=t
r=0 A— Y
Hence,
1 —A~h P
ﬂz{af&ih | Fi1} = "ot + (W + 2wAod) 1 _’Ty + 2w (02 — Ugo)ﬁ

Taking the limit as h — oo, the terms involving \* and 4" converge to zero if A < 1 and
~v < 1, therefore
. w? + Qw)\ago
hlggo E{oyin | Feat = Tl
More explicitly,

w?(1+2725)
1= ofE{uf} — 20, B E{uf} — 5
W (1+N)
(1= N1 — afE{ui} — 20, By E{ui} — BY)
W (1 + o E{uf} + By)
(1 —oqE{u7} — 1) (1 — afE{uy} — 20, B E{ui} — B7)

hlggo E{ofy | T} =

Moment Formula MonteCarlo Difference

ot 1.648437 1.648339  0.0059%
Table 22.4: Forecasted long-term second moment of GARCH(1,1) variance with formula
and by Monte Carlo simulations.
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22.3 Variance o7

The conditional variance of Uf with A > 1 reads

V{Ut2+h | Fiq) = [E{Ufm | Foa ) — ([E{Ut2+h ‘ ‘?tfl})z'

Instead the long-term variance of o7 reads explicitly

V{oi} = 05 — (0%)*.

(oo}

@ Example: GARCH(1,1) iterative variance

Example 22.4.

Moment Formula MonteCarlo

Difference

Monte Carlo simulations.

V{2 }  0.0510995 0.0510449 0.1068%
Table 22.6: Forecasted long-term variance of GARCH(1,1) variance with formula and by

Moment step Formula Iteration Difference
V{o? 1 | T} 1 0.0352420 0.0352420 0%
V{o?o | T1} 2 0.0455820 0.0455820 0%
V{07 3 | Fy1} 3 0.0489759 0.0489759 0%
V{o? 4 | Fi1} 4 0.0502199 0.0502199 0%
V{o?s | F 1} 5 0.0507180 0.0507180 0%
V{o?s | T} 6 0.0509296 0.0509296 0%
V{o? 7 | T} 7 0.0510227 0.0510227 0%
V{o?s | F1} 8 0.0510646 0.0510646 0%
V{oZ o | F, 1} 9 0.0510835 0.0510835 0%
V{oZ 10| Fo1} 10 0.0510922 0.0510922 0%

Table 22.5: Forecasted variance of GARCH(1,1) variance with iteration and with formula.
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22.4 First moment o,

22.4.1 Short-term

The expected value of the GARCH std. deviation can be approximated as o,,; = (07,,,)
with a Taylor expansion.

1 V{02, | F, 1}
Efopn | Fea}t =~ \/[E{Ut2+h | T} — g[E{G2t+h| 7 : 1}%
t+h | -1

1/2

Approximated GARCH(1,1) std. deviation with Taylor expansion
Proof. Let’s X be a non-negative random variable, and let’s say one want to approximate:
E{VX]}.
Let f(x) = v/z and expand f(x) around the point u = E{X}, i.e.
1 1
VX ~ i+ ST X =) = g X = ),
and take the expectation
1 1
E(VX} & i+ 52 (X} — ) — S PE{(X — p)?),
where E{X} — pu = 0 and E{(X — p)?} = V{X}. Applying this result to the random

variable o2 ., With 1 < h and let’s approximate around the expected value with a Taylor
expansion, i.e.

(o —Hofn | Tead) V(o —Eofn | T1a})?

_ 2 2
Otph = \/Ut+h ~ \/[E{Ut+h | Tt
2 JHaL T 8 JHe TP

Taking the expectation gives the result.

1 Voiu | Fia}
YRR EANE

Eopn | Ferd = \JE{o2n | Tia) —
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Example 22.5.

@ Example: GARCH(1,1) std. deviation iterative expectation.

with formula.

Moment step Formula Iteration Difference
E{oy.o| F1} 0 1.095445 1.095445 0%
E{oy1 | T 1} 1 1.107896 1.107896 0%
{0y | Ty 1} 2 1.114145 1.114145 0%
E{oy.5 | T, 1} 3 1117128 1.117128 0%
E{oys | T4 1} 4 1.118522 1.118522 0%
E{o,.5| F, 1} 5 1.119168 1.119168 0%
E{oy.6 | T4 1} 6 1.119466 1.119466 0%
E{oy.7 | F, 1} 7 1.119603 1.119603 0%
E{o,s | T 1} 8 1.119666 1.119666 0%
E{oy 9| F 1} 9 1.119694 1.119694 0%
E{oyi10| Tia} 10 1.119708 1.119708 0%

Table 22.7: Forecasted expectation of GARCH(1,1) std. deviation with iteration and

22.4.2 Long term

The unconditional expected GARCH(1,1) std. deviation

1V{c2}
~ /g2 - 2%
Ooo ~ 0% SRR

Example 22.6.

@ Example: GARCH(1,1) std. deviation long-term expectation.

Moment

MonteCarlo

Difference

0o

1.120465

-0.0666%
Table 22.8: Long-term expectation of GARCH(1,1) std. deviation with approximated
formula and by Monte Carlo simulations.
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22.5 Variance o,

22.5.1 Short-term

The variance of the GARCH std. deviation can be approximated.

V[P{O-t2+h | T}

v"){o-tJrh ’ ‘(}thl} ~ 4[E[P{O_2 R | :}vt 1}7
t+ -

@ Example: GARCH(1,1) std. deviation iterative variance

Example 22.7.

Moment step Formula Iteration Difference

V{o, | Fy} 0.0071365 0.0071365 0%
V{opo | Foq} 0.0091134 0.0091134 0%
V{oy 3 | Ty} 0.0097353 0.0097353 0%
V{oy 4 | Ty} 0.0099561 0.0099561 0%
V{oy 5 | Ty} 0.0100427 0.0100427 0%
Y{o, 16 | Fy1} 0.0100790 0.0100790 0%
V{oy 7 | Fya} 0.0100948 0.0100948 0%
V{o,is | Fy1} 0.0101019 0.0101019 0%
V{o, 19 | 1} 0.0101051 0.0101051 0%
V{110 | Fia} 0.0101066 0.0101066 0%
Table 22.9: Forecasted variance of GARCH(1,1) std. deviation with iteration and with
formula.

O © 00O U W

—_

22.5.2 Long term

The long-term variance of the GARCH std. deviation can be approximated as

V{03 }

5
402,

V{o} ~
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@ Example: GARCH(1,1) std. deviation long-term variance

Example 22.8.

Moment Formula MonteCarlo Difference

V{o.}  0.0101078 0.0083973  16.9227%
Table 22.10: Long-term variance of GARCH(1,1) std. deviation with approximated for-
mula and by Monte Carlo simulations.

22.6 Third moment o,

22.6.1 Short-term
The expected value of o7, , can be approximated with a Taylor expansion, i.e. o}, = (7, ,,)*.
Then, we can approximate
s 3 Voi [ T}
E{U?-‘rh | Fiab ~ [E{Ut2+h | Fo1tz + 3 tJ; .
\/[E{Ut+h | T}

@ Example: GARCH(1,1) std. deviation iterative third moment.

Example 22.9.

Moment step Formula Iteration Difference
E{o} o | Fi 1} 0 1.314534 1.314534 0%
E{op | T o1} 1 1.383623 1.383623 0%
E{o} 5| T 1} 2 1.413526 1.413526 0%
E{o}. 5| i1} 3 1.426837 1.426837 0%
E{o} 4| Fo 1} 4 1.432849 1.432849 0%
E{o}.5 | Ty 1} 5 1.435585 1.435585 0%
E{o}. 6| Fy 1} 6 1.436836 1.436836 0%
E{o}. ;| Fi1} 7 1.437408 1.437408 0%
E{o}. | Fy1} 8 1.437670 1.437670 0%
E{o}.o| Fy 1} 9 1.437791 1.437791 0%
E{o}. 10| Ton} 10 1.437846 1.437846 0%
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Table 22.11: Forecasted third moment of GARCH(1,1) std. deviation with iteration and
with formula.

22.6.2 Long term

With a Taylor approximation, the long-term third moment of the GARCH std. deviation
reads

@ Example: GARCH(1,1) std. deviation long-term third moment.

Example 22.10.

Moment Formula MonteCarlo Difference

ol 1.437893 1.436717 0.0818%

o0

Table 22.12: Long-term third moment of GARCH(1,1) std. deviation with approximated
formula and by Monte Carlo simulations.

22.7 Covariance

Given the information at time ¢t — 1, the covariance between two GARCH variances at time
t+ h and t + s reads

|h—s]
H At—&—max(s,h)—i) W{Utz-s-mjn(s,h,) | ?t—l}

=1

C’U{Ut2+saaf+h | Fya) = (

It follows that the covariance between any variance at time ¢t + h with A > 1 and the variance
at time ¢, given the information at time ¢t — 1, is zero, i.e.

h
Co{o} - Ut2+h | Fia} = (H )‘t+hz‘> V{o? | F¢ 1} =0
i=1

for all h > 1 since the variance of o7, given &, , is zero.
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Proof: Iterative formula for the covariance between GARCH(1,1) variances

Proof. Without loss of generality, consider s < h. Then, leveraging the tower property
of the conditional expectation we can write:

E{o?,, - U?Jrh | Foa} = EHoi, - [E{Ut2+h | Frosat | Foa}

From our previous result we have:

h—s—1 J h—s

E{of i | T st =w |1+ Z H/\t+h—i + 070 H Atrhjo
j=1 i=1 J=1
Therefore, denoting as
[E{Gt2+h ‘ ‘?t-&-s—l} = Ah|s—1 + Ut2+th|sv

We obtain that the covariance by definition is:

h—s

CU{Ut2+370?+h | Ty =Vl | Foa} H At j>
j=1
O

@ Example: GARCH(1,1) covariance between variances.
Example 22.11.
Moment Formula MonteCarl®ifference
Co{ofi 11,0710 | Fiq} 0.0234411 0.0232789 0.6918%
Co{o?. 11,020 | F1 1} 0.0107530 0.0106654 0.8139%
Cv{o? 11,005 | Fiq} 0.0049316 0.0048749 1.151%
Co{o}. 11,007 | Fi 1} 0.0022608 0.0022160 1.981%
Co{02,11,0%6 | Fi1} 0.0010353 0.0009952 3.8812%
Co{of. 11,085 | Fi1} 0.0004730 0.0004578 3.2281%
Co{o? 11,024 | Fiv} 0.0002149 0.0002164 -

0.6999%
Co{o?. 11,025 | F 1} 0.0000962 0.0001088 -

13.1112%
Co{o?. 11,025 | Fi 1} 0.0000411 0.0000223 45.6042%
Co{of 11,080 | Fi1} 0.0000146 - 128.6395%

0.0000042
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Table 22.13: Forecasted covariance between GARCH(1,1) variances with formula and by
Monte Carlo simulations

For the covariance between the GARCH std. deviations, we apply a Taylor approximation
around the mean of o, , and o, ;, using the delta method:

Cv{a?+s,af+h | F4}

4\/[{Ut2+s | -rft}[E{Uerh | F}

Cv{gt+570t+h | I}~

Approximated GARCH(1,1) covariance with Taylor expansion

Proof. Considering the product of

(Ug-s-h - [E{Jz%-s-h | T4 })

1
Ut+h:\/ag+h%\/[E{at2+h|‘?t}+§ “ERER )
Ot+h t

and applying the covariance between o,,, and o, , with 1 < s < h, one obtains the
result. O

@ Example: GARCH(1,1) covariance between std. deviations

Example 22.12.

Moment Formula MonteCarl®ifference
Cv{o? 11,0210 | Fea} 0.0046915 0.0039386 16.0484%
Cv{o} 11,070 | Fiq} 0.0021521 0.0018290 15.0139%
Cv{o? 11,06 | F 1} 0.0009870 0.0008425 14.6484%
Co{o? 11,02 | Fiv} 0.0004525 0.0003847 14.9743%
Cv{o? 11,06 | Fii} 0.0002072 0.0001738 16.122%
Cv{o? 1,025 | F 1} 0.0000947 0.0000802 15.2739%
Cv{o? 11,024 | F 1} 0.0000430 0.0000387 10.1472%
Cv{o? 1,025 | F 1} 0.0000193 0.0000189 1.7336%
Cv{o? 11,025 | F 1} 0.0000082 0.0000039 52.1763%
Cv{o? 1,02, | F i} 0.0000029 - 122.0388%
0.0000006

Table 22.14: Forecasted covariance between GARCH(1,1) std. deviation with formula
and by Monte Carlo simulations
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Part V

Diagnostic tests
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23 Stationarity tests

23.1 Dickey—Fuller test

The Dickey-Fuller test tests the null hypothesis that a unit root is present in an autoregressive
(AR) model. The alternative hypothesis is different depending on which version of the test is
used; it is usually “stationary” or “trend-stationary”. Let’s consider an AR(1) model, i.e.

X, =p+ot+o0X, | +uy, (23.1)
or equivalently adding and subtracting X, ;
AX,=p+0t+(p—1)X,_ 1 +u, =p+0t +vX, ; +uy, y=¢—1, (23.2)
where AX, = X, — X, ;.
The set of hypotheses of the Dickey-Fuller test is:

Hy:v=0 < ¢=1 < (X, is non-stationary)
Hi:7<0 <= ¢<1 < (X, is stationary)

The Dickey—Fuller statistic is computed as

__ 7
Sd{7}
where 7 is the estimated parameter from the regression in Equation 23.2 and Sd{7} its standard

error. However, the statistic does not follow the usual Student-t distribution under the unit-
root null, so Dickey-Fuller critical values must be used.

DF

23.2 Augmented Dickey—Fuller test

The augmented Dickey-Fuller test is a more general version of the Dickey-Fuller test for a
general AR(p) model, i.e.

p
AX, =p+0t+¢X,  +> ¢,AX,  +u,. (23.3)

i=1
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The set of hypotheses of the augmented Dickey-Fuller test is:

Hy: ¢ =0 < (X, is non-stationary)
H,:¢p <0 < (X, is stationary)

The augmented Dickey—Fuller statistic (ADF) is computed as:

~

po_ 9
Sd{¢}

where éis the estimated parameter from the regression in Equation 23.3 and Sd{(ﬁ} its standard
error. As in the Dickey-Fuller test, the critical values are computed using a specific table.

23.3 Kolmogorov-Smirnov test

The Kolmogorov-Smirnov two-sample test (KS) can be used to test whether two samples came
from the same distribution. Let’s define the empirical distribution function F,, of n independent
and identically distributed ordered observations z ;) as

~ 1 n
B (@) = =D L o). (23.4)
1=1

The KS statistic quantifies a distance between the empirical distribution functions of two
samples. The distribution of the KS statistic under the null hypothesis assumes that the
samples are drawn from the same distribution, i.e.

H, + X, is stationary
M, + X, is not stationary

The test statistic for two samples with dimension n; and n, is defined as:

KS(Xn17Xn2> = SU‘p|F1xn1 (l‘) - Fx <ZE>|,
Vo

n2

and for large samples 7, is rejected at significance level « if:

1 ay (N +ng

Hence, since the statistic is always greater than or equal to zero, for a given statistic KS
the large-sample tail approximation reads:

ny,Mg

_ nyno 2
P(X > KS(x,,,x%,,)) = exp (—2nl+n2KS(xn1,xn2) ) .
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KS test for time series

To apply the test in a time series setting, use an index to split the original series into two
sub-series. Then the KS test can be applied as usual. This checks equality of marginal
distributions across the two sub-samples; it does not by itself test serial dependence or
covariance stationarity.

@ Example: KS-test for stationarity

Example 23.1. Let’s consider 500 simulated observations of the random variable X
drawn from a population distributed as X ~ N(0.4,1). Then, considering it as a time
series, let’s sample a random index to split the series at a point. Finally, as shown in
Table 23.1, the null hypothesis, i.e. the two samples come from the same distribution, is
not rejected at the significance level a = 5%.

100%

80% -

60%

cdf

40% -

20% -

0% +

X

Figure 23.1: Two samples cdfs and KS-statistic (blue) for a stationary time series.

Table 23.1: KS test for a stationary time series.

Index split « ny ny  KS(x, ,x,,) p.value€Critical level 7,
348 0.05 348 152 0.07093 0.34490.132 Non-
Rejected

214




@ Example: KS-test for non-stationarity

Example 23.2. Let’s consider 250 simulated observations of the random variable X
drawn from a population distributed as Y; , ~ N(0,1) and the following 250 from Y, , ~
N(0.3,1). Then the non-stationary series will have a structural break at point 250 and

the time series is given by:
Y;, t<250
X, = 1t Us
Yy, t>250
As in Example 23.1, let’s split the time series and apply the KS test. In this case, as shown

in Table 23.2, the null hypothesis, i.e. the two samples come from the same distribution,
is rejected at significance level a = 5%.

100%

80% -

60%

cdf

40% -

20% -

0% -+

-2 -1 0 1 2
X

Figure 23.2: Two samples cdfs and KS-statistic (blue) for a non-stationary time series.

Table 23.2: KS test for a non-stationary time series.

Index split « ny  ny  KS(x,,x%, ) p.valueCritical level 7,

166 0.06 166 334 0.1643 0.00250(8129 Rejected
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24 Autocorrelation tests

24.1 Durbin-Watson test

The aim of the Durbin-Watson test is to verify whether a sequence, usually regression
residuals, presents first-order autocorrelation. Specifically, let’s consider a sequence
X, =(Xy,...,X;, ..., X,,) modeled with an AR(1) model, i.e.

Xy = 01X 1+ uy, (24.1)
then, the null hypothesis #, of the test is the absence of autocorrelation, i.e.
Ho:91=0, Hy:¢,#0.
The Durbin-Watson statistic, denoted as DW, is computed as:

Z?zg(xi - 332‘—1)2
Zn 1:2 ~ 2<1 - ¢1>7
i=1"1

and under #; the DW statistic is approximately

DW(x,,) =

The test always generates a statistic between 0 and 4. However, there is not a known distri-
bution for critical values. Hence to establish if we can reject or not 7, when we have values
very different from 2, we should look at the tables.

24.2 Breusch-Godfrey

The Breusch-Godfrey test is a generalization of the Durbin-Watson test allowing multiple lags
in the regression. The null hypothesis J, of the test is the absence of autocorrelation up to
the order p, i.e.

Hy:pp =+ = d>p = (0 <= absence of autocorrelation

Hy:3j€{l,...,p}: ¢; #0 <= autocorrelation
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To evaluate ), an AR(p) model is usually fitted to the time series X, = (X, ..., X}, ..., X,,),
ie.

Xt == (Zlet_l + A + Qstt_p + ut' (24.2)
and then look at the F-test (Equation 15.18), which under J is distributed as a Fisher—
Snedecor (Equation 32.3), with p and n—p—1 degrees of freedom. Alternatively, it is possible
to use the LM statistic, i.e.

LM = nR? % x*(p),

where R? is the R-squared (Equation 15.15) of the AR(p) regression defined in Equation 24.2.

24.3 Box—Pierce test

Let’s consider a sequence of n IID observations with mean zero and finite variance, i.e. X, ~
IID(0,0%) and 0 < 02 < co. Then, the autocorrelation for a generic k-lag can be estimated
as:

~ Z:L:k+1 Lyt
Pe(Xn) = — =5 —
thl Ty

One can note that the numerator is a sum of IID random variables with variance 0. By CLT

as n — o0
n

1 d
Vi=— 2y ~ N(0,0%).
vn t=zk;rl neo

The denominator instead can be seen as

Taking the ratio of V| and V, gives

\/ﬁﬁk<Xn) . ﬁ oV Lap=kp1 Tt knzoo (0,0 )

£ DD GRS
n—oo
Therefore, as n — oo
~ d 1 ~ d
pp(X,) ~ NI(0,—] = Vnp(X,,) ~ N(0,1).
n—oo n n—o0

A classic result from Bartlett (1946) provides the covariance matrix of sample autocorrelations
of a stationary process for large n, i.e.

k—1
j=1
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with j # k. Under white noise assumption (p; = 0 for j > 0), this simplifies to

V{pp(X,)} ~

S |-

Hence, recalling that under normality np?(X,,) ~ x2(1) one can generalize the result consider-
ing p autocorrelations. More precisely, let’s define a vector containing the first p standardized
autocorrelations. Due to the previous result it converges in distribution to a multivariate
standard normal, i.e.

ﬁl (Xn>
o d
Pp(X5,)
To test the following set of hypothesis,
%O:plz'”:ppzo

}[11017&0,---,%#0

it is possible to recall that the sum of the squares of p-normal random variable is distributed
as a x2(p). Then, Box and Pierce (1970) proved that the statistic defined as

p
QY (X,,) =1 Y AX,) — X0,
k=1 0

is distributed as a x? with p degrees of freedom. In general, depending on the value of the
statistic on a sample x,,, one obtains that

QEP(XQ >q_, H,rejected
Q§P<Xt) < q_, H,not rejected

where ¢;_,, is the quantile with probability 1 — a of a x? random variable with p degrees of
freedom.

Large samples and heteroskedasticity.

Note that such tests, also known as Portmanteau tests, provide an asymptotic result valid
only for large samples. Moreover, the assumption of the test is that the observations are
IID; hence the test does not apply directly in the presence of heteroskedasticity.

24.3.1 Ljung-Box test

In general, the Box—Pierce test is an asymptotic test that holds as n — oo. For finite n, QSP
tends to underestimate the true correlation p,. Ljung and Box (1978) sharpened the analysis
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by deriving the finite-sample second moments of the residual autocorrelations when the model
is correct. They show (for k£ > 1):

n—k

V{ﬁk(Xn)} = m7

where n — k appears because the numerator of p, uses only n — k usable pairs. The extra
n + 2 reflects exact finite-sample algebra for sums of products and the random denominator
(sum of squares). Hence, instead of treating each p, as if it had variance 1/n (Box—Pierce
assumption), the Ljung-Box statistic rescales by (n + 2)/(n — k) to better match the finite-
sample distribution.

Standardizing p, and taking the square, one obtains the Ljung-Box statistic, i.e.
P

~2
QP X, =n(n+2) Y P L o)
k=1 0

In general, depending on the value of the statistic on a sample x,,, one obtains that

QI;B(XM >q_, H,rejected
Q;L)B(Xn> < q_, H,not rejected

where ¢, _,, is the quantile with probability 1 — « of the x?(p) distribution with p degrees

of freedom. If we reject H, the time series presents autocorrelation, otherwise if # is not
rejected we have no autocorrelation.
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25 Normality tests

Tests of normality are statistical inference procedures designed to test that the underlying
distribution of a random variable is normally distributed. There is a long history of these tests,
and there are a plethora of them available for use, i.e. Jarque and Bera (1980), D’Agostino
and Pearson (1973), Ralph B. D’agostino and Jr. (1990). Such kind of tests are based on the
comparison of the sample skewness and kurtosis with the skewness and kurtosis of a normal
distribution, hence their estimation is crucial.

Proposition 25.1 (Jarque-Bera test). Let’s consider an IID Gaussian sample with unknown
mean p and unknown variance o*

, 1.€.
X, ~ N(p,0?),
Standardizing the skewness and kurtosis under

%0 ; /Bl(Xn) = O) 52<Xn) = 37

we have that asymptotically

L N (0,1)
\/6 n—o0 ’ ’

paXn) =3 4 gy,
\/ﬂ n— oo

where by reads as in Equation 10.12, by as in Equation 10.16 and it is possible to prove that
the statistics Z,(X,,) and Z,(X,,) are independent.

(25.1)

Hence, since the sum of two independent squared standard normal random variables follows a
x2(2) distribution with 2 degrees of freedom, the Jarque-Bera statistic is obtained as

JB(X,) = Z,(X,)? + Zo(X,)? —> x*(2).

n—oo

However, if n is small the JB(X,,) statistic tends to over-reject the null hypothesis H, in-
creasing the type I error.
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@ Example: Jarque-Bera test

Example 25.1.

Non Rejection Area Rejection Area

0.5 1

0.44

0.34

0.24

0.14

0.0+

0 3581 5.991
JB statistic

Figure 25.1: Jarque-Bera test for normality with a simulated Normal sample of 50 obser-
vations with o = 0.05.

Proposition 25.2 (Urzua-Jarque-Bera test). Substituting in the JB-statistic from Equa-
tion 25.1 the exact sample moments of the skewness and kurtosis of a Normal sample instead
of the asymptotic moments, one obtains the UJB test (see Urzia (1996)), i.e.

7 bl(Xn) d

AXn) = X N (0,1),
U = = N

Zy(X.) = by(X,) —Efb(X,)} 4, 70,1 :
o W{bQ(Xn)} n—o0 L

where the exact moments are V{b,(X,,)} (Equation 10.14), E{by(X,,)} (Equation 10.18) and
V{by(X,,)} (Equation 10.19).

Hence, the Urzua-Jarque-Bera statistic adjusted for small samples is distributed asymptotically
2 .
as a x*(2), i.e.
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@ Example: Urzua-Jarque-Bera test

Example 25.2.

Non Rejection Area Rejection Area

0.5 1

0.44

0.34

0.24

0.14

0.0+

0 4.285 5.991
UJB statistic

Figure 25.2: Urzua-Jarque-Bera test for normality with a simulated Normal sample of 50
observations with o = 0.05.

25.1 D’Agostino skewness test

Starting from the statistic Z,(X,,) (Equation 25.2), let’s compute the fourth standardized

moment of by, i.e.
3(n? 427 —70)(n + 1)(n + 3)
(n—2)n+5)(n+7)(n+9) ’

Then, D’Agostino and Pearson (1973) proposed a statistic test for the skewness, defined as

sy o[ B0 | (B)' s

ﬁQ(b1> =

Q
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where

W2 =V 252(b1> —1- 17

1
V/In(w)’
2
w2 -1’

and Z7(X,,) ~ N(0,1). Notably, a more compact and equivalent expression reads

Z:(X,) = dsinh " (21()(")) .

(0%

o =

@ Example: D’Agostino test
Example 25.3.
Non Rejection Area Rejection Area
0.4+
0.34
0.2 1
0.1+
0.0+
—1.236(]..I482 (I) l.éGO
Skewness statistic
Figure 25.3: Skewness test with a simulated Normal sample of 50 observations with o =
0.05.
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25.2 Anscombe Kurtosis test

Starting from the statistic 22(Xn) (Equation 25.2), let’s compute the third standardized mo-
ment of by:

51(172) =

6(n? — 5n + 2) \/6(n+ 3)(n + 5)
(n+7(n+9)\ nin—2)(n—23)’

Then, Anscombe and Glynn (1983) proposed a statistic test for the kurtosis, defined as

1/3
. oA 2 1—2/A
ZZ(X")_\/j(l 9A |14 Z,(X,,) 2/(A—4)] ) (254)

2 4
aon gt s o]

where

B1(ba) | Bi(by) B1(b2)
and Z3(X,,) ~ N(0,1).

@ Example: Anscombe Kurtosis test
Example 25.4.
Non Rejection Area Rejection Area
0.4 1
0.34
0.2+
0.1+
0.0+ ®
—1.9I6OO (I) O.8I302 1.9I600
Kurtosis statistic
Figure 25.4: Kurtosis test with a simulated Normal sample of 50 observations with o =
0.05.
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25.3 D’Agostino-Pearson K? test

Following a same idea as in JB and UJB test, Ralph B. D’agostino and Jr. (1990) proposed
an alternative omnibus test for Normality based on the statistics Z;(X,,) (Equation 25.3) and
Z3(X,,) (Equation 25.4), i.e.

K*(X,) = (Z{(X,))* + (Z3(X,)* ~ x*(2).

@ Example: K2-test
Example 25.5.

Non Rejection Area Rejection Area

0.5 1

0.44

0.3 1

0.24

0.14

0.04

0 3.027 5.991
K2 statistic

Figure 25.5: Agostino normality test with a simulated Normal sample of 50 observations
with a = 0.05.

25.4 Kolmogorov-Smirnov test

The Kolmogorov-Smirnov test can be used to verify whether a sample is drawn from a reference
distribution. In the case of a sample with dimension n, the KS statistic is defined as:

KS, = sup|Fx — F(z)|, (25.5)
Va "
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where F, denotes the empirical distribution (Equation 23.4). The test statistic KS, follows
the Kolmogorov distribution Fig defined as follows

o0
RV KS, < 1) = 1 =23 (-1t 9
k=1

The null distribution of this statistic is calculated under the null hypothesis that the sample
is drawn from the reference distribution F, i.e.

Hy FXH(X) = F(X),
Hy FXTL(X> #+ F(X).
On large samples, J(, is rejected at a given significance level « if:

where ¢, represents the critical value and ngl the quantile function of the Kolmogorov distri-
bution.

@ Example: KS test for normality (1)

Example 25.6. Let’s simulate 500 observations of a stationary normal random variable,
ie. X, ~N(0.2,1).

Table 25.1: KS-test for normality on a Normal’s random sample with o = 0.05.

n ol KS,, Critical Level o
5000 5% 0.8651 1.358 Non-Rejected

1. Simulated stationary sample

2. Set the interval values for upper and lower band. This is done to avoid including
outliers, however it is possible to use also the minimum and maximum.

Empirical cdf

Compute the KS-statistic as in Equation 25.5.

5. Compute the rejection level

- W

@ Example: KS test for normality (2)

Example 25.7. Let’s simulate 500 observations from stationary Student-t random vari-
ables with increasing degrees of freedom v, i.e. X,, ~ t(v). Then, we compare the obtained
result with a standard normal random variable, i.e. NV(0, 1). It is known that increasing
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the degrees of freedom of a Student-t distribution implies convergence in distribution
to a standard normal. Hence, for sufficiently large v, we expect the null hypothesis of
normality not to be rejected.

Table 25.2: KS-test for normality on t-student’s random samples with o = 0.05.

v n o KS,, Critical Level I

1 5000 5% 9.356 1.358 Rejected

) 5000 5% 2.974 1.358 Rejected

10 5000 5% 1.751 1.358 Rejected

15 5000 5% 1.462 1.358 Rejected

20 5000 5% 1.285 1.358 Non-Rejected
30 5000 5% 1.190 1.358 Non-Rejected
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26 Value at Risk test

The Value at Risk (VaR) of a random variable X is a measure of risk that represents the
lower-tail threshold exceeded with probability «. Formally,

P(X < VaR%(X)) = a.

If the random variable X has known distribution F'y and quantile function gy, the Value at
Risk is defined as

VaR*(X) = qx(a),

where gy is the quantile function of X.

Normal Logistic Student-t(5)
0.4 - ﬂ 0.25- (\
0.20 1 0.3
0.3-
> 0.15-
2 0.2- 0.2
[}
Q 0.101
0.1- 0.14
0.05 -
0.0- 0.00 - 0.0
-8 -164 8 -8 -2.94 8 -8 -2.02 8
X

Figure 26.1: Value at Risk for different distributions with a = 0.05.

Another important measure of risk is the Expected Shortfall (ES) that, given a certain level
«, represents the average of the lower-tail quantiles up to . More precisely,

ESY(X) = ;/ VaR"(X)dy
0
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The Expected Shortfall is also called conditional value at risk (CVaR) or superquantile.

Table 26.1: Value at Risk (VaR) and Expected Shortfall for different distributions.

Distribution a VaR*(X) ES*(X)
Normal 0.05 -1.644854 -2.062713
Student-t 0.05 -2.015048 -2.890129
Logistic 0.05 -2.944439 -3.970305

@ Example: VaR for a Normal ARMA-GARCH process
Example 26.1. Let’s consider a process Y, following an ARMA(2,2)-GARCH(1,1), i.e.

Yi=pu+9Y, 1+ Y, 5 +0ie, 1 + 06, 5 +e
€ = 04Uy

2 _ 2 2
o =w+aje; 4+ Bop

with u, ~ N(0,1). The conditional expectation E{Y; | #,_;} is equal to
pe =p+ 1Y+ @Y o+ 0164 +0se o
while the conditional variance is
VY, | Ty} =of

Since u, is normally distributed, the conditional distribution of Y, given 7, ; is also
normal, i.e.

Y;S\t—l ~ N(Mt?"?)
Therefore, the conditional Value at Risk (VaR) with lower-tail probability « is

VaR(tTt—l =t orq(a)

where g(a) is the quantile with probability « of a standard normal.

26.1 Test on the number of violations

Let’s define a violation of the conditional VaR with level « as

Vi = Ly,<varg, )
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The violation indicator V; is Bernoulli distributed, i.e.
V, ~ Bernoulli(«),
with mean and variance equal to

E{V;}=a, V{V}=a(l-a)

26.1.1 Asymptotic variance

If the violation indicators are IID, then we can standardize V, and apply the central limit
theorem (CLT) to obtain that

o 1 & V. —« d
=% () e
converges in distribution to a standard normal. Under the null hypothesis 7, i.e.
Ho:PY, < VaR?itfl} =a
that is equivalent to saying that the VaR is correctly specified, we reject J¢, if
Ity is rejected <= TY < q,, OR TY > g,

where g, is the quantile with level a € (0, 1) of a standard normal.

26.1.2 Empirical variance

Let’s define the total number of violations of the conditional VaR as

Sn_ivi’

and let’s use it to estimate the empirical variance of the number of violations. Instead of using
the theoretical variance a(1 — «), let’s compute

a(l—a)—>b;:‘<1—5").

Hence, we obtain a new statistic
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that converges in probability to T{ and therefore in distribution to a standard normal. In
general, the relation between T and T3 is

Under the null hypothesis 7, i.e.
Ho: P{Y, < VaR{, 1} =a

we reject H ) if
Iy is rejected <= Ty < q,0, OR Ty > g,

where ¢, is the quantile with level o € (0, 1) of a standard normal.

@ VaR test is not rejected
Example 26.2. Let’s consider an AR(2)-GARCH(1,2) process of the form

Yi=pn+¢1Y 1 +0Y, o +e
€ = OUy

2 _ 2 2 2
of =w+age; |+ B1o; |+ By0i 4

where wu, is a standardized Student-t innovation with 25 degrees of freedom, namely a
distribution close to the normal one.

Then, we compute the VaR with o = 0.05 as in Example 26.1 using the quantile ¢, of a
standard normal instead of the true distribution.
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Figure 26.2: AR(2)-GARCH(1,2) simulation with Normal-theory VaR (red) and

empirical-innovation VaR (blue) at a = 0.05.

Finally, let’s perform a test on the number of violations.

Table 26.2: Test for a Student-¢ with 25 degrees of freedom at o = 0.05 on the number
of violations of the theoretical VaR at o = 0.05.

N'n, « «
n @ o ta)2 T Ty tos2 Ho(Ty) Ho(Ty)
50005%  5.08%  -1.96 0.2596 0.2576 1.96 Non- Non-

Rejected Rejected

@ VaR test is rejected
Example 26.3. Let’s consider an AR(2)-GARCH(1,2) process of the form

Yi=pn+¢1Y 1 +0Y, o+e

2 _ 2 2 2
of =w+age; |+ Byo;  + Byoi o

where u, is a standardized Student-t innovation with 5 degrees of freedom, namely a
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heavy-tailed distribution far from the normal one.
Then, we compute the VaR with o = 0.05 as in Example 26.1 using the quantile ¢, of a

standard normal instead of the true distribution.
M: 05 ¢ 034 @: 0.14 w: 04 a4 0.05 By 025 B, 0.15

| it (b L RHLRRD o L LA S
1. iMi Iy ’\lHUII N ,JHW‘I N\M ;\“,HI“’IWF\L lj |lqi“.. Lyl I ~H’J“W‘|,W "‘u‘»“l"»-m i "M] i i (i ‘.Ih .M | ‘”\‘Hld‘ W, |

3000 4000 5000

I lOIOO ZOIOO
(red) and

0
simulation with Normal-theory VaR

Figure 26.3: AR(2)-GARCH(1,2)
empirical-innovation VaR (blue) at a = 0.05.

Finally, let’s perform a test on the number of violations.

Table 26.3: Test for a Student-¢ with 5 degrees of freedom at o = 0.05 on the number of
violations of the theoretical VaR at o = 0.05.

Ho(Ty) Ho(Ty)

N,
n o ﬁ ta/2 T(ll Tg ta/Q
50005%  4.5% -1.96 -1.622 -1.705 1.96 Non- Non-
Rejected Rejected
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27 Bernoulli random variable

0.6 PB=1

04P[B =0)

-0{ —O
P(B =0) 0.2-

B=0 B=1 B=0 B=1

Figure 27.1: Distribution (left) and density (right) functions of a Bernoulli random variable.

27.1 Distribution and density

Definition 27.1. To construct the distribution function for a Bernoulli random variable, one
can use the linear combination of two Heaviside functions (Equation 1.10), i.e.

Fg(z)=H(zx)(1—p)+ H(z—1)p. (27.1)

Given that the distribution function is specified in terms of Heaviside functions, it is possible
to take the derivative with respect to x to obtain the density function, i.e.

fplx) =6(x)(1 —p) +d(x —1)p, (27.2)

where §(z) is the Dirac function (Equation 1.11).
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27.2 Characteristic function

Proposition 27.1. The characteristic function of a Bernoulli random variable reads explicitly:

¢p(t) = pe” + (1 —p), (27.3)
and similarly the moment generating function
¥p(t) =pe' +(1—p). (27.4)

Proof: Proposition 27.1

Proof. By the definition of the characteristic function, one has to compute the following
expectation, i.e.

op(t) = E{e" X} =
= [ sty — 1)+ (- p)a)dy =
— p/ ey — 1)dy + / e (y)dy —p/ e (y)dy =
_ pez;of_i_ et _ peit0 — - -

=pe' + (1—p)

where, thanks to the fundamental property (Equation 1.12) of the Dirac delta the final
expression simplifies. O

27.3 Moments

Proposition 27.2. The n-th moment of a Bernoulli random variable with probability p reads
E{B"} =P(B=1)=p,

for alln € N.

Proof: Proposition 27.2

Proof. Let’s consider the characteristic function of the Bernoulli (Equation 27.3) and
take the derivative with respect to t, i.e.

0,0p5(t) = ipe" = E{B} = 8t¢iB(t> — peit.
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Hence, the above expression evaluated in t = 0 gives

Thanks to the exponential structure the n-th derivative reads

Oppp(t) = i"pet = E{B"} = Ms<t> _ et

Therefore, all the n-th moments are exactly equal to p. The same result is obtained with
the moment generating function (Equation 27.4). O
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28 Exponential distribution

— A=01 — A=02 — A=03 — ) — A=01 — A=02 — A=03 —
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0 10 20 30 40 50 0 10 20 30 40 50
X X

Figure 28.1: Distribution (left) and density (right) functions of an Exponential random vari-
able.

An exponential random variable X is defined only on the positive real line, i.e. X € [0, 00),
and its distribution depends on a parameter A > 0 called rate.

28.1 Distribution

The distribution function of an exponential random variable reads
Fy(r)=1—e? 2€]0,00). (28.1)
Symmetrically, the survival function Fy(z) = 1 — Fy () reads
Fy(z)=e? 2¢€]0,00).
Taking the derivative with respect to x of Equation 28.1 gives the density function, i.e.

fx(@) =Xxe, 2 €[0,00),
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28.2 Quantile

The quantile function of an exponential random variable is defined as

4x(0) = =3 logl —a), a€[0,1],

Proof. The quantile function of a random variable is implicitly defined as the level of X =
qx(a) such that the distribution function computed in gy («) gives a probability equal to .
More precisely, one must solve for gy («) such that:

1
a = Fx(gx(a)) =1—e %= = gy(a) = D log(1 — a)
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29 Calculus

29.1 Fundamental limits

Table 29.1: Fundamental limits

hmx—>0 SiIalcOC = hmr—)O ln(1m+$) =1 hmr—)O el =
lim, ,o(1+1) =e lim,,_,q w =log, e lim, .o % =Ina
29.2 Derivatives
Table 29.2: Fundamental derivatives

Function f(x) Derivative f'(x)
y=a, a €R y =0
y=z", neN y = nz" 1
y=z% a€R y = ax* !
y:m%,n>0 y’—%x%_l
y=sinx y = coszx
Y = CosT y = —sinzx
Yy =tanz y’—cosgm—l—ktaan
y = cotx Y __sin121: = —(1+cot’z)
y = arcsinx y = 11_362

_ / 1
Y = arccosx ) T /122
y = arctan z Y 1:12
y = arccot x y = ﬁ
y=a" y =a*Ina
y = em y/ = em
yzloga:x y/: acﬁla
y=Inz y = %
flx) =c-g(z) fz)=c-g'(z)
flx) = g(x) + s(z) fi(@)=g'(z) +5'(x)
)= 35 f(a) = 42
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Function f(z)

Derivative f'(z)

¢ Derivative of the product:

¢ Derivative of the ratio:

9(z)

¢ Derivative of the composition:

Vm’x

@ Example derivative of the composition
For example f(g(z)) = In(1 4 2z), then f(x) = In(z) and g(x) = 1 + 2z, hence

In(1+2x)](z) = [1 + 2z)(x) - [In(x)]' (1 + z).

29.2.1 Taylor series

o £(n)(g
fay =3 L )

el n.

29.3 Integrals

fla) + f(a)(x —a) +

f"(a)
2!

Table 29.3: Fundamental integrals

(x —a)®+ ...

(29.1)

Immediate General
Ja"dx = f:ll +c J flz)dx = f(grnlﬂ +c

[ 2dz =log(z) + ¢
Ja®dz =log,(e) +c
Jetdr =e" +c

[ sin(z)dz = — cos(z) + ¢
J cos(z)dz = sin(z) + ¢

J;g)) dx =log(f(x))+ ¢
[l f'(z)dx = ! @ log, (e) + ¢
[emf (z)dr = ef® + ¢
[ sin(f(2))f (z)dz = —cos(f(z)) + ¢
Jcos(f(z))f (z)dx = sin(f(z)) + ¢
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Immediate General
J e de = tan(z) + ¢ J ;; fzgg)zdx tan(f () + ¢
J mdl’ = cot(z) + ¢ J sin;/(é;)z dz = cot(f(z)) +c

1 _ . x _
i =l = arcsin(z) + ¢ J 1—f(1:) dz = arcsin(f (EB)))
S ﬁdw = arcsin(%) + ¢ J \/ﬁ dx = arcsin(12) +

1 — f' (@)
| Ade = arctan(z) + ¢ J mdm = arctan(f(z)) +
29.3.1 Fundamental theorem

b
= / f(z)dr = /f’(m)d:z: = +C.

29.3.2 Integration by parts

/a ’ Ho)g (@) =
/a ’ Ho)dgla) =

or in compact form:

29.4 Useful relations

¢ Newton binomial

b

- [ r@gads

a

[f(z)g(@)],_,

b
@)@ / o(@)df(@)de

n
k

>

k=0

(a+0b)"

(e
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30 Probability

Definition 30.1 (Absolutely continuous). Consider a measure space (€2, B), then a measure
1 is said to be absolutely continuous with respect to v, namely u << v, iff:

u<<v < v(B)=0 = u(B)=0 VBe B

Definition 30.2 (Concentration). Consider a measure space (2, B), then a measure ;1 con-
centrates on B € B, if u(B¢) = 0.

Definition 30.3 (Mutually singular). Consider a measure space (€2, B), then two measures p
and v are said to be mutually singular if for any disjoint set AN B = (), A, B € B we have
that p concentrates on A and v concentrates on B.

Definition 30.4 (sigma-finite). Consider a measure space (2, B), then a measure y is said to
be sigma-finite if exists a countable partition By, B,, ..., C {2 such that Vi we have that B, € B
and pu(B;) < oo. In other words, a measure is sigma-finite, when we are able to divide the
sample space in a countable partition of sets such that each one is in B and has finite measure.
Note that this do not imply that the measure of €2 is finite. In fact, consider for example the
Lebesgue measure m on R, then we obtain m(R) = co. However, since we can partition R
in a countable series of intervals, each one with finite length, then the Lebesgue measure is
sigma-finite.
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31 Linear Algebra

31.1 Vector multiplication

Consider a vector of this form,

U1
y = yz )
nx1 .
Yn
then
Yi o WY e Uil
Yy Y=y ¥y =Y =4 - ¥ o Yl
nx1l nx1 nx1l 1xn nxn . . .
Ynlr - YnYi - Y
and
n
T 2
nx1 nx1 1xn nx1 ; ! 1x1

31.2 Matrix multiplication

Consider a matrix of this form,

Typ e Xy Ty
X = |z Lij Tik | >
nxk N . .

LTy - Ty Ty,
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then
n 2
Zi:1 Ti1

T n
=X X =) T
o
Zizlxikxil

and

kx1

31.3 Special matrices

31.3.1 Basis vector

e, =(10

n
Zizl L1255

Z?:l x?j
Ezl:l LipLsj

n

Zizl Li1Y;

T n
m = X y = Z¢:1 LiY;
nxk px1 .

n

Zizl LirY;

0).

n

Zizl Li1Lik
o

Zizl LiiTik | »

.
Zi:l xz2k

(31.1)

The standard basis vector of length p with 1 in the first position and 0 elsewhere.

31.3.2 Matrix of ones

In mathematics, a matrix of ones (also called an all-ones matrix) is a matrix where every entry

1 11
(1) J3_(1 ! 1)
1 11

equals 1, i.e.

11
J372 == 1 1 J2’3 == (
11

1 11
1 11

(31.2)

)

In general, When two indices are provided, e.g., J3 5, the first indicates the number of rows
and the second the number of columns. When only one index is given, e.g., Js, it denotes a
square matrix of size 3 x 3. Some basic matrix operations include:

® Jn,l : Jl,n = Jn
° Jl,n 'Jn,l = Jl =1
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31.3.3 Identity matrix

In linear algebra, the identity matrix of size n is the n X n square matrix with ones on the
main diagonal and zeros elsewhere, i.e.

1 0 0 0
1 0 100 0100
01 00 1 0010
0 0 01

31.4 Determinant

The determinant is a scalar value that can be computed from a square matrix. It provides
important information about the matrix, such as whether it is invertible, its volume-scaling
factor in linear transformations, and the linear dependence of its rows or columns. For a matrix
A € R™", the determinant is denoted det(A). Consider two matrices A,,,,, and B then
the determinant satisfies some properties.

nxn?

Scalar: adet(A) = a™ det(A) for a € R.
Transpose: det(AT) = det(A).
Multiplication: det(AB) = det(A) det(B).
Inverse: det(A!) =
Rank: if

o det(A) # 0 then rank(A) = max = n.
o det(A) = 0 then rank(A) < max = n.

CU e

1
det(A) "

The determinant of an n X n matrix can be computed by expanding along any row or column.
Expanding along the i-th row gives:

det(A) = i:(—l)”ja-det(l\/lij). (31.4)

)

where M, ; is the sub-matrix without the i-th row and the j-th column. For example considering
a 2 X 2 matrix, the determinant simplifies to a well-known formula:

A= (Z 2) — det(A) = ad — be. (31.5)
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@ Determinant of a 3 x 3 matrix with Laplace recursion

Let’s consider a generic 3 x 3 matrix, i.e.

ap; G2 Qi3
A=|ay ay ay]|,

Q31 Q32 0A33

=a; My —a;pMyy +a;3My;
where the sub-matrices M;;, M, and M5 read explicitly as:
a3y d33 a3; a3
Then, the determinant of 2 x 2 matrices is easily computable as:
det(M,; ) = det <a22 a23) = Q2033 — (3037

A3z Q33

a a

_ 21 Qo3 _

det(M;,) = det < ) = Qg1 Q33 — Q9303
Qg1 Qs3

Qg1 Qg2
det(M13) == det == a21a32 - a22a31
az; Qazg

obtains:

det(A) = ay1(ag0a33 — Ag3a35) — A19(A21a33 — Ag3a31) + a13(a1a30

then, let’s fix the row ¢ = 1 and develop the Laplace expansion (Equation 31.4), i.e.

det(A) = (—1)1+1a11M11 + (—1)1+2a12M12 + (—1)1+3a13M13 =

_ [ Q22 Qg3 _ (@21 Qa3 _ [ @21 Qa9
Mll - ) M12 - ) M13 - .
gy  A3z2

Finally, coming back to Equation 31.6 and substituting the result in Equation 31.7, one

(31.6)

(31.7)

— Q9903

31.5 Trace

The trace of a square matrix A € R™*" is the sum of its diagonal elements

. It is also equal to

the sum of the eigenvalues \; of A, counted with algebraic multiplicity, i.e.

tr(A) = Zaii = ” A

n
=1 =1

Some properties of the trace operator includes:

248

(31.8)



U = W N~
—+
=

e e e e
>

31.6 Derivatives

31.6.1 Gradient

Let f be a function such that f: R™ — R, namely

Iz (51)—>f(><)

~—————
xeR™

then its gradient is a function V; : R" — R™ defined as

0
- %(@
0
V.- (;1> S| e ™) (31.9)
f : : 4 :
z, of
x€ER™ E(X)
and computed at the vector z = (z4,...,2,).

31.6.2 Jacobian

Let f be a multivariate function from R™ — R™, i.e.

(fﬁ ) ( f1(x) )

1 N :

T, fin (%)
xeRn f(x)cR™

then its Jacobian is a function J, : R" — R™ x R" that takes as input a vector in R™ and
returns as output a matrix m x n. More precisely:

V] (x) L) g )
Ji(x) = : = : : : (31.10)
Vi, () Yn(x) Gu(x) .. Go(x)
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31.7 Lagrange Multipliers

In order to solve a constraint minimization problem, one can minimize the Lagrangian, i.e.
L(0, ) = f(0) — A" g(0), (31.11)

where A is the vector of the Lagrange multipliers. In fact, minimizing L(6, \) is equivalent
to find the value of # that minimize f(#) under the constraint g(#) = 0. It is possible to prove
that the minimum is found as:

0 = argmin L(0, \) < {80L(§’ i) - (()) (4) (31.12)

rEX
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32 Notable relations between distributions

32.1 Chi squared

The chi2 distribution with v degrees of freedom, namely x?(v), is defined as the sum of v-
independent and identically distributed standard normal random variables squared for ¢ =
1,...,v, ie.

Z, ~N(0,1) Vi
ZiJ_Zj Vi#j

The chi-squared distribution x?(v) is a special case of the gamma distribution, i.e.

X ~x2(v) = XNGamma<a:g,9:2)

Table 32.1: Moments of a x? random variable

Expectation Variance Skewness Excess Kurtosis

8 12
12

v 2v »

Sum of x? random variables
The sum of two x? is again x? if and only if x?(v;) and x?(v5) are independent, formally:
X2(1) LxP(vy) = X3(1n) + X2 (1) ~ X2 (g + 1)

If they are not independent their sum is not x2(2) distributed.

32.1.1 Relations with others distributions

d

L 120w — 1.
V—00
x2w)-v 4
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3. If x ~N(0,%) then
XT8N x ~ o\ 2(k).

4. A generalization of property 3. to non-central distributions: if x ~ N (u, ) then

XIS % ~ \2(k,0), 6 =TS

32.2 Student-t

The Student-t distribution with v degrees of freedom, namely ¢(v), is defined as the ratio of
two independent random variables. In specific, a standard normal random variable Z and the
square root of a x2(v) divided by its degrees of freedom v, i.e.

Z ~N(0,1)
V ~x2%(v) = X = \/\/DVZ ~ t(v) (32.2)
Z 1V

Given a location parameter p and a scale parameter o the Student-t random variable admits
the following stochastic representation:

VY
Ni% ~t(p,o

2

X=pu+o V)

Table 32.2: Moments of a Student-t random variable X ~ t(u, o, v).

Expectation Variance Skewness Excess Kurtosis

I Yoo 0 S v>4

v—2 v—4)

32.2.1 Relations with others distributions

1 t) -5 N(0,1).

V—00

32.3 Fisher—-Snedecor

The Fisher—Snedecor distribution with v; and v, degrees of freedom, often denoted as F, is
defined as the ratio of two independent chi2 random variables, each one divided by its degrees
of freedom, i.e.

V;

V, ~ 2 5
L X2(”1) = X =2 ~F(ug, 1) (32.3)

Vo ~ x*(vp) 2

Va
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Table 32.3: Moments of a F random variable

Expectation Variance Skewness Excess Kurtosis
Vay 203 (vy +v5—2)
Vy—2

(2v1+v5—2)/8(vy—4) vy (509—22) (11 419 —2)+(vg—4) (15—2)?
R R N e R R [ e R L

32.3.1 Relations with others distributions

d
L vy Py, v) — X*(1y).
Uy —+00

2. If X ~ F(vy,vy) then X1 ~ F(vy,14).
3. If X ~t(v), then X?> ~ F(1,v) and X2 ~ F(v,1).
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